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PREFACE

This book is intended to provide a thorough introduction to the theory of general
relativity . It is intended to serve as both a text for graduate students and a reference
book for researchers . These two goals are somewhat contradictory, and to the extent
that they are, part I of the book emphasizes the first goal . It treats the topics usually
covered in introductory relativity courses : basic differential geometry, Einstein's
equation, gravitational radiation, the standard cosmological models, and the
Schwarzschild solution . More emphasis is placed on the second goal in part II of the
book, which treats a wide variety of advanced topics . However, even here I have
attempted to explain all the basic ideas at an introductory level .
If I were teaching a one term introductory course on general relativity, I would
cover most of the material of part I together with much of appendices B and C . For
a full year course, I then would choose several chapters from part II as the basis for
the material covered in the second term . For example, chapters 8 and 9 and parts of
chapter 12 could comprise a one term course on global methods . Chapter 7, supplemented by current literature, could serve as the basis for a course on methods for
obtaining solutions . Chapter 10 and appendix E, supplemented by further reading,
could be used for a course on the dynamics of general relativity . Chapter 12 (supplemented by background material from chapters 8, 9, and 11) and chapter 14 could
comprise a course on the classical and quantum properties of black holes . It should
be noted that the chapters in part II of the book are largely independent of each other
and, for the most part, can be read out of sequence with the following major
exceptions : prior reading of chapter 8 is essential for chapter 9, and chapter 8
together with parts of chapters 9 and 11 are essential for the first two sections of
chapter 12 .
One of the most difficult issues which arises during the writing of a book on
general relativity is where in the book to present the rather substantial amount of
mathematical material that is needed . Much of this material (e .g ., tensor calculus and
curvature) is required even for the formulation of general relativity . Some material
(e.g ., Lie derivatives and Killing fields) could be avoided initially but soon becomes
necessary to make the discussion clearer and to simplify computations . Finally, some
of the mathematical material (e .g ., many of the theorems on topological spaces) is
not really needed until part II of the book . If all this material were presented at the
beginning of the book, it would comprise a truly formidable obstacle to learnin g
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general relativity . On the other hand, if the mathematical results were introduced
only "as needed" in the later chapters, the mathematical discussion would become
greatly fragmented and these fragments would interrupt the discussion of physical
issues . The best solution I could find to this problem was to put all the mathematical
material essential for the formulation of general relativity into chapters 2 and 3, and
then to put the remaining mathematical topics into appendices A, B, and C . In this
way, the reader can get to chapter 4 without unnecessary detours, but the discussion
of all the mathematical topics remains intact and can be referenced as needed in the
text . Thus, it should be emphasized that appendices A, B, and C are an essential part
of this book . The results derived in appendices B and C are used in many places
throughout the book, and the definitions and results on topological spaces which are
compiled in appendix A are referred to frequently in chapters 8 and 9 .
One other somewhat unusual organizational feature of the book is that the Lagrangian and Hamiltonian formulations of general relativity also have been put in an
appendix . Often, the Hamiltonian formulation is presented in conjunction with the
initial value formulation of general relativity, but since the statements and proofs of
the initial value results do not rely upon the Hamiltonian formulation, I found it
logically clearer to discuss them independently . This left the Lagrangian and Hamiltonian formulations as topics which are unlinked to the material in the other
chapters, too short to comprise a whole chapter on their own, and too important to
omit . Thus, they ended up being treated in appendix E .
Problems are given at the end of each chapter in text . There is significant variation
in the amount of thought and computation required to solve the problems, but there
are very few trivial, "mechanical" exercises and none which are, in my opinion,
inordinately difficult (i .e., I think I can solve them) . Part of my purpose in giving
some of the problems (particularly in the second half of the book) was to introduce
important side points for which I did not want to make a detour in the text . Hence,
even the reader who is determined not to do any exercises may still wish to read the
problems .
I have benefited from numerous interactions with many colleagues while planning
and writing this book . The influence of Robert Geroch should be apparent to readers
familiar with his viewpoints on general relativity . Some of the arguments used in
chapter 3 are adopted directly from the notes from a course we taught jointly in 1975 .
I particularly wish to thank colleagues who took the time and trouble to read parts
(and, in a few cases, all) of the book and send me their suggestions for improvements . These include Abhay Ashtekar, Arvind Borde, S . Chandrasekhar,
David Garfinkle, John Friedman, Robert Geroch, James Hartle, James Isenberg,
Bernard Kay, Karel Kuchai, Liang Can-bin, Roger Penrose, Michael Turner, and
William Unruh . Additional thanks are due David Garfinkle for checking most of the
equations .
I wish to thank Susan Lancaster and Roxy Boersma for typing drafts of the
manuscript and Fred Flowers for typing the final product on a word processor .
Support by NSF grant PHY 80 26043 to the University of Chicago during the writing
of this book is gratefully acknowledged . Finally, I wish to thank my wife, Veronica,
for the considerable amount of patience displayed during the three years it took me
to write this book .

NOTATION AND CONVENTIONS

In this book we shall follow the sign conventions of Misner, Thorne, and Wheeler
(1973) . In particular, we use metric signature - + + +, we define the Riemann
tensor by equation (3 .2 .3), and we define the Ricci tensor by equation (3 .2.25) .
However, we shall make one important exception to these conventions . We choose
to use the metric signature - + + + because it is generally much more convenient
than the alternative choice + - - - in that it induces a positive definite (rather than
negative definite) metric on spacelike hypersurfaces . Unfortunately, for the reasons
explained in chapter 13, it is much more convenient to use the metric signature
+ - - - for the treatment of spinors . Furthermore, the standard references on
spinors all use this signature . Hence, in chapter 13-and only in chapter 13-we will
change our metric signature convention to + - - - . The confusion which might
result from this should be minimized by the fact that the equations of chapter 13 are
written in spinor notation, so the reader need only remember to change the sign of
the metric when transcribing equations from spinor notation to tensor notation for use
elsewhere in the book . With regard to these changes of sign, it is useful to note that
the derivative operator, Da, associated with the metric is unaffected by a sign change
of the metric . Hence, the Riemann tensor with index structure Rabid also is unaffected, since it is defined purely in terms of Da . (However, it should be noted that
some authors define the Riemann tensor with sign opposite that of equation [3 .2.3] ;
see Misner, Thorne, and Wheeler (1973) for a table of sign conventions.) Similarly,
it is conventional to take the stress-energy tensor Tb and Maxwell field tensor Fab to
be unaffected by a change of metric signature . However, each raising or lowering
of an index on Rid, Tom, Fab, and any other tensor results in a change of sign .
Throughout most of this book, we shall use "geometrized units," where the
gravitational constant, G, and the speed of light, c, are set equal to one . However,
for the convenience of the reader we have restored the G's and c's in section 5 .4 and
in many of the formulas elsewhere in the book where observational predictions are
made . A conversion table from "geometrized" to "nongeometrized" units is given in
appendix F .
Our notation differs from standard conventions in one important respect . Most
relativity texts use an index notation for components of tensors . Usually, greek
indices are used to denote space or time components of a tensor, while Latin indices
are used to denote purely spatial components, although in some references (e .g .,
Landau and Lifshitz 1962) these conventions are reversed . This index notatio n
xi
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provides an extremely efficient scheme for denoting tensor operations such as contraction, covariant differentiation, and the taking of outer products . However, this
standard notational convention suffers from the serious drawback that it is impossible
to distinguish a relation between tensors from a relation which holds only for tensor
components with respect to a specially chosen basis . We shall overcome this
difficulty by employing an abstract index notation discussed by Penrose (1968) and
Penrose and Rindler (1984) and used extensively by Geroch . In our notation, Latin
indices on a tensor do not represent components but are part of the notation for the
tensor itself, much like the arrow used to denote a vector in ordinary threedimensional space . Thus, in this book any equation involving tensors which employs
Latin indices represents a relation between tensors ; the taking of basis components
need not even be contemplated . The complete rules for interpreting the notation are
given in section 2 .4. On the other hand, greek indices on a tensor represent components, as in the usual convention . Any equation employing greek indices is a
relation between tensor components and, usually, holds only with respect to a
specially chosen basis . Unfortunately, in our notation we cannot denote purely
spatial tensor components without introducing yet another alphabet . However, only
rarely in this book do equations arise which hold only for spatial components, and
in such cases we simply shall state explicitly for which components a given equation
applies .
For the benefit of the reader who is not well versed in mathematical notation, we
list below the definitions of some of the standard mathematical symbols used frequently in the text :
U

n
C
E
{I}

x

0

R
Rn
C
Cn

--~
0
I I
Cn
cm

A U B denotes the union of sets A and B
A n B denotes the intersection of sets A and B
A C B denotes that A is a subset of B
B - A denotes the complement in B of the set A
p E A denotes that p is an element of A
l p E A I Q} denotes the set consisting of those elements p of the
set A which satisfy condition Q
Cartesian product ; A X B is the set {(a, b) I a E A and b E B}
the empty set

the set of real numbers
the set of n-tuples of real numbers
the set of complex numbers
the set of n-tuples of complex number s
f : A --3- B denotes that f is a map from the set A to the set B
f og denotes the composition of maps g :A --+ B andf:B ~ C, i .e .,
forp E A we have (f og)(p) = f[g(P)] •
f [A] denotes the image of the set A under the mapf, i.e ., the set
the set of n-times continuously differentiable function s
the set of infinitely continuously differentiable (i .e ., smooth)
functions
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In addition, a number of symbols defined in the book appear frequently and are not
always redefined each time they are used . Hence, for the convenience of the reader
we list these symbols below, together with the section of the book where they are
defined :
S
int(S)

S

VP

V*
I+ (S)
J +(S)
D+ (s)
H + (5 )

+

°

the closure of the set S (appendix A)
interior of the set S (appendix A)
boundary of the set S (appendix A )
Lie derivative with respect to the vector field vQ (appendix C)
the set of smooth functions from a manifold M into R (section
2.2)
tangent space at point p of a manifold (section 2 .2)
dual space to V (section 2 .3)
chronological future of the set S (section 8 .1)
causal future of the set S (section 8 .1 )
future domain of dependence of the closed, achronal set S
(section 8 .3)
future Cauchy horizon of the closed, achronal set S (section 8 .3)
future null infinity (section 11 .1 )
spatial infinity (section 11 . 1 )

The symbols 1-(S), J-(S), D -(S) , H-(S), and J- are defined as above with "past"
replacing "future ." D (S) denotes D+(S) U D -(S), and H(S) denotes H+ (S) U
H- (S). Finally , round and square brackets around tensor indices denote , respectively, symmetrization and antisymmetrization, as defined by equations (2 .4 . 3)
and (2 .4.4).

PART I

FUNDAMENTALS

ONE

INTRODUCTION

1.1 Introductio n
General relativity is the theory of space, time, and gravitation formulated by
Einstein in 1915 . It is often regarded as a very abstruse and difficult theory, partly
because the new viewpoint it introduced on the nature of space and time takes some
effort to get used to since it goes against some deeply ingrained, intuitive notions,
and partly because the mathematics required for a precise formulation of the ideas
and equations of general relativity (namely, differential geometry) is not familiar to
most physicists . Although it has been universally acknowledged as being a beautiful
theory, the potential relevance of general relativity to the rest of physics has not been
universally acknowledged and, indeed, probably for this reason, the subject has lain
nearly dormant during much of its history .
Strong interest in general relativity began to be revived starting in the late 1950s,
particularly by the Princeton group led by John Wheeler and the London group led
by Herman Bondi . Although it is difficult to determine the reasons for trends in
physics, two developments-relating general relativity to other areas of physics and
astronomy-have contributed greatly to the sustained interest in general relativity
which has continued since then . The first is the astronomical discovery of highly
energetic, compact objects-in particular, quasars and compact X-ray sources . It is
likely that gravitational collapse and/or strong gravitational fields play an important
role here, and if so, general relativity would be needed to understand the structure
of these objects . The modern theory of gravitational collapse, singularities, and black
holes was developed beginning in the mid-1960s largely in response to this impetus .
A second factor proMoting renewed interest in general relativity is the realization
that although gravitation may be too weak to play an important role in laboratory
experiments in particle physics, nevertheless it is of great importance to our further
understanding of the laws of nature that a quantum theory of gravitation be developed . In order to make progress toward this goal, a deeper understanding of some
aspects of the classical theory of gravitation-general relativity-may be needed .
Interest in this program has been greatly strengthened by the prediction of quantum
particle creation in the gravitational field of a black hole, as well as by advances in
the study of gauge theories in particle physics .

But even aside from the potential impact of general relativity on astronomy and
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on other branches of physics, the theory in its own right makes many remarkable
statements concerning the structure of space and time and the nature of the gravitational field. After one has learned the theory, one cannot help feeling that one has
gained some deep insights into how nature works .
The purpose of this book is to present the theory of general relativity . We will take
a more modern, geometrical viewpoint than Einstein had, and we will, of course,
discuss the recent advances and developments, but the essential content of the theory
is the one Einstein gave over half a century ago . We begin in this chapter by
discussing the structure of space and time and the basic ideas of relativity theory from
an intuitive, physical point of view. More complete introductory discussions are
given by Geroch (1978a) and Wald (1977a) . The remainder of this book will be
devoted to making these ideas mathematically precise and exploring their consequences .
1 .2 Space and Time in Prerelativity Physics and in Special Relativity
Perhaps the greatest obstacle to understanding the theories of special and genera l
relativity arises from the difficulty in realizing that a number of previously held basic
assumptions about the nature of space and time are simply wrong . We begin,
therefore, by spelling out some key assumptions about space and time . In both the
past and modem viewpoints, space and time have at least the following structure in
common . We can consider space and time (= spacetime) to be a continuum composed of events, where each event can be thought of as a point of space at an instant
of time . Furthermore, all events (or, at least, all events in a sufficiently small
neighborhood of a given event) can be uniquely characterized by four numbers : in
ordinary language, three numbers for the spatial position and one for the time . As
will be discussed in chapter 2, a mathematically precise statement of these ideas is
that spacetime is a four-dimensional manifold .
However, prior to relativity theory it was believed that spacetime had the following additional structure : Given an event p in spacetime, there is a natural, observerindependent notion of events occurring "at the same time" as p . More precisely,
given two events p and q, one of the following three mutually exclusive possibilities
must hold: (1) It is possible, in principle, for an observer or material body to go from
event q to event p, in which case one says q is to the past of p. (2) It is possible to
go from p to q, in which case one says q is to the future of p . (3) It is impossible,
in principle, for an observer or material body to be present at both events p and q.
In prerelativity physics, events in the third category are assumed to form a threedimensional set and define the notion of simultaneity with p, as is illustrated in
Figure 1 .1 .
The belief that the causal structure of spacetime has the character shown in Figure
1 .1 turns out to be wrong . In special relativity theory the above classification of the
causal relationships between events still holds . The crucial difference is that events
in category (3) form more than a three-dimensional set ; the causal relation between
p and other events has the structure sketched in Figure 1 .2 . The events in category
(3) can be further subdivided as follows : (i) Events that lie on the boundary of the
set of points to the future of p . These events cannot be reached by a material particle

1 .2 Space and Time in Prerelativity Physics and in Special Relativit y
t im e
spa ce

Future

Simultaneous

Post
Fig . 1 . 1 . A diagram show ing the causal structure of spacetime in prerelativity
physics . G iven an event p, all other events in spacetime either are to the future of p,
to the past of p , or simultaneous w i th p . The s imultaneous events form a
three-dimensional surface in space ti me .

starting at p but can be reached by a light signal emitted from p. They form the
"future light cone" of p (a three-dimensional set) . (ii) Events on the past light cone
of p, defined similarly . (iii) Events in category (3) which are on neither the past nor
the future light cone . These events are said to be spacelike related top and comprise
a four-dimensional set .
A key fact closely related to the above is that in special relativity there is no notion
of absolute simultaneity ; there are no absolute three-dimensional surfaces in spacetime as in Figure 1 .1 . As we shall see below, an observer still can define a notion
of which events occur "at the same time" as a given event-thus defining a threedimensional surface in spacetime-but the notion he gets depends upon his state of
motion . (On the other hand, the light cones of Fig . 1 .2 are absolute surfaces .) The
notion that there is absolute simultaneity is a deeply ingrained one . The fact that there
is no such notion is one of the most difficult ideas to adjust to in the theory of special
relativity .

Future

Spocelike re l ated p

`Future light cane
t l ight con e

Past
Fig . 1 .2 . A diagram showing the causal structure of spacetime in special re l ativity .
The " light cone" of p rather than a "surface of simu ltaneity" with p now plays a
fundamental role i n d etermining the c ausal relationship of p to other events .
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In special relativity (as in prerelativity physics) one has the notion of inertial,
"nonaccelerating" motion, namely the motion a material body would undergo if
subjected to no external forces . An inertial observer can label the events of spacetime
in the following manner . He can build himself a rigid frame and label the grid points
of the frame with the Cartesian coordinates x, y, z of the (assumed Euclidean)
geometry of the frame . He can then have a clock placed at each grid point and can
synchronize each clock with his by a symmetrical procedure, e .g ., by making sure
that a given clock and his give the same reading when they receive a signal sent out
in a symmetrical manner by an observer stationed halfway between the two . (Because the causal structure of spacetime is that of Figure 1 .2, not Figure 1 .1, synchronization is not a trivial issue .) The observer may carry the grid, complete with
synchronized clocks, in a nonrotating manner . Each event in spacetime can now be
labeled with the coordinates x, y, z of the grid point at which the event occurred and
the reading t of the (synchronized) clock at that event . The labels t, x, y, z assigned
to events in this manner are referred to as global inertial coordinates .
If two such inertial observers go through this procedure, one may compare the
coordinate labels they assign to events . In prerelativity physics (where the same
labeling procedure works, the only difference being that clock synchronization is
trivial), if observer 0 labels an event p with coordinates t, x, y, z and 0' moves with
velocity v in the x-direction, passing observer 0 at the event labeled by
t = x = y = z = 0, the coordinate labels that 0' assigns to event p are
= t,
(1 .2.1)
t'
(1 .2 .2)

x' = x - vt,
y'

=

Y,

z' = Z .

(1 .2 .3)
(1 .2 .4)

In special relativity, however, the labeling by 0' will be related to that of 0 by a
Lorentz transformation,

t' =
X,

(t

= (x

- vx/c2)/ ( 1 - v2/c2)' / 2,
- vt) l (1 - v 2 /c 2)' / 2,

(1 .2 .5)
(1 .2 .6)

Y, = Y ,

(1 .2 .7)

z' = z,

( 1 .2 .8)

where c is the speed of light . Equation (1 .2 .5) shows that the notion of simultaneity
determined by 0 (namely, t =constant) differs from that determined by 0'
(t' = constant), as illustrated in Figure 1 .3.
1 .3 The Spacetime Metri c
In the previous section, we gave a prescription for how an inertial observer 0 can
label the events in spacetime with global inertial coordinates t, x, y, z . However, a
fundamental tenet of special relativity is that there are no preferred inertial observers .
As seen above, a different inertial observer using the same procedure assigns differ-

1 .3 The Spacetime Metric

t

7

L
X
o'

0
P
.- ,
,-

"*-Surface of
simultaneity for 0'
'Surface of
simultaneity for 0

Fig . 1 .3 . A spacetime diagram illustrating the fact t h at i n special relativity the
inertial observers 0 and 0' disagree over the definition of simultaneity wit h event p .

ent labels t', x', y', z' to the events in spacetime . Thus, the coordinate labels
themselves do not have intrinsic significance since they depend as much on which
observer does the labeling as they do on the properties of spacetime itself . It is of
great interest to determine what quantities have absolute, observer-independent
significance, i .e ., truly measure intrinsic structure of spacetime . This is equivalent
to determining what functions of global inertial coordinates are independent of the
choice of inertial frame .
In prerelativity physics the answer is the following . The time interval At between
two events has absolute significance ; all observers will agree on the value of At .
Furthermore, the spatial interval I D I I between two simultaneous events is observer
independent . However, these quantities (or functions of them) are the only ones with
absolute significance . For example, observers moving with nonzero relative velocity
will disagree over the spatial interval between nonsimultaneous events .
In special relativity neither the time interval nor the space interval between
"relatively simultaneous" events (i .e ., events determined to be simultaneous by a
particular observer) has absolute significance . The quantity which is observer independent is the spacetime interval, I, defined by
I = - (At)2 + 12 [(A x)2 + (Ay)2 + ( Az)2 1 .

C

( 1 .3 . 1 )

Indeed, the Poincard transformations (the set of all possible transformations between
global inertial coordinates) consist precisely of the linear transformations which
leave 1 unchanged . The spacetime interval I and functions of 1 are the only observerindependent quantities characterizing the spacetime relationships between events .
What is truly remarkable about the expression for I is that it is quadratic in the
coordinate differences, just like the distance function in Euclidean (i .e ., flat, positive
definite) geometry . Indeed, the only difference is the minus sign in front of (At)2,
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allowing I to become zero or negative . We shall refer to I as the metric of spacetime
in analogy to an ordinary Euclidean metric . (More precisely, the metric of spacetime
in special relativity will be defined later to be a tensor field associated with the
formula for the spacetime interval between two "infinitesimally nearby" events ; see
eq. [4 .2.2] below .) As we shall see in chapter 3, this difference in metric signature
makes very little difference in the mathematical analysis of metrics . In particular
definitions of geodesics ("straightest possible lines") and curvature carry through in
the same way for metrics with the signature of I as for ordinary positive definite
metrics . It is interesting to note that, as discussed more fully in chapter 4, the paths
in spacetime of inertial observers in special relativity are geodesics of the spacetime
metric, and the curvature associated with I is zero, i .e ., the spacetime geometry in
special relativity is flat .

1.4 General Relativity
Prior to special relativity, the prerelativity notions of space and time pervadedamong many other things-the formulation of the laws of physics . When these
notions were overthrown, the task remained of modifying and reformulating physical
laws to be consistent with the spacetime structure given by the theory of special
relativity. Maxwell's theory of electromagnetism was already consistent with special
relativity . Indeed, its incompatibility with prerelativity notions of spacetime structure unless preferred inertial frames were introduced led directly to the discovery of
special relativity. Newton's theory of gravitation is not consistent with special
relativity since it invokes notions of instantaneous influence of one body on another,
but it might be thought that one could simply modify it to fit within the framework
of special relativity .
However, two key ideas motivated Einstein not to follow this path but rather to
seek an entirely new theory of spacetime and gravitation-a theory that revolutionized our notions of space and time every bit as much as special relativity already
had done .
The first idea is that all bodies are influenced by gravity and, indeed, all bodies
fall precisely the same way in a gravitational field . This fact, known as the equivalence principle, is expressed in the Newtonian theory of gravitation by the statement
that the gravitational force on a body is proportional to its inertial mass . Because
motion is independent of the nature of the bodies, the paths of freely falling bodies
define a preferred set of curves in spacetime just as in special relativity the paths in
spacetime of inertial bodies define a preferred set of curves, independent of the
nature of the bodies . This suggests the possibility of ascribing properties of the gravitational field to the structure of spacetime itself. As already mentioned in the
previous section, the paths of inertial bodies in special relativity are geodesics of the
spacetime metric . Perhaps, then, the paths of freely falling bodies are always geodesics, but the spacetime metric is not always that given by special relativity . What we
think of as a gravitational field would then not be a new field at all, but rather would
correspond to a deviation of the spacetime geometry from the flat geometry of special
relativity. We shall discuss these ideas further in chapter 4 .

Problem
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The second much less precise set of ideas which motivated the formulation of
general relativity goes under the name of Mach's principle . In special relativity as
in prerelativity notions of spacetime, the structure of spacetime is given once and for
all and is unaffected by the material bodies that may be present . In particular,
"inertial motion" and "nonrotating" are not influenced by matter in the universe .
Mach as well as a number of earlier philosophers and scholars (in particular, Riemann) found this idea unsatisfactory . Rather, Mach felt that all matter in the universe
should contribute to the local definition of "nonaccelerating" and "nonrotating" ; that
in a universe devoid of matter there should be no meaning to these concepts . Einstein
accepted this idea and was strongly motivated to seek a theory where, unlike special
relativity, the structure of spacetime is influenced by the presence of matter .
The new theory of space, time, and gravitation-general relativity-proposed by
Einstein states the following : The intrinsic, observer-independent, properties of
spacetime are described by a spacetime metric, as in special relativity . However, the
spacetime metric need not have the (flat) form it has in special relativity . Indeed,
curvature, i .e., the deviation of the spacetime metric from flatness, accounts for the
physical effects usually ascribed to a gravitational field . Furthermore, the curvature
of spacetime is related to the stress-energy-momentum tensor of the matter in spacetime via an equation postulated by Einstein . In this way, the structure of spacetime
(as embodied in the spacetime metric) is related to the matter content of spacetime,
in accordance with some (but not all!) of Mach's ideas . Thus far, the predictions of
general relativity have been found to be in excellent agreement with experiments and
observations (see section 6 .3 below and Will 1981) .
Most of the remainder of this book is devoted to exploring the consequences of
this theory . Our first task, however, is to give a precise, mathematical expression to
the ideas discussed in this chapter . To begin with, we must give a precise formulation
of the notion that spacetime is a four-dimensional continuum . This will be accomplished with the definition of a manifold given in section 2 .1 . We must then introduce
the basic mathematical framework needed to discuss curved geometry : vectors and
tensors (2 .2), the metric (2 .3), derivative operators (3 .1), curvature (3 .2), and
geodesics (3 .3) . Almost all of the discussion we shall give applies equally well to
the differential geometry of ordinary surfaces (positive definite metric) as to the
geometry of spacetime (metric of Lorentz signature) . After development of these
mathematical tools and techniques, we will then be in position to begin our study of
general relativity in chapter 4 .

Problem
1 . Car and garage paradox : The lack of a notion of absolute simultaneity in special
relativity leads to many supposed paradoxes . One of the most famous of these
involves a car and a garage of equal proper length . The driver speeds toward the
garage, and a doorman at the garage is instructed to slam the door shut as soon as
the back end of the car enters the garage . According to the doorman, "the car Lorentz
contracted and easily fitted into the garage when I slammed the door ." According to
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the driver, "the garage Lorentz contracted and was too small for the car when I
entered the garage ." Draw a spacetime diagram showing the above events and
explain what really happens . Is the doorman's statement correct? Is the driver's
statement correct? For definiteness, assume that the car crashes through the back wall
of the garage without stopping or slowing down .

Two

MANIFOLDS AND TENSOR FIELD S

In this chapter we lay the foundations for a precise, mathematical formulation of
general relativity by obtaining some basic properties of manifolds and tensor fields .
As defined in section 2 .1, an n-dimensional manifold is a set that has the local
differential structure of IIB" but not necessarily its global properties . In section 2 .2 we
define tangent vectors as directional derivative operators acting on functions defined
on a manifold . We obtain there some important properties of coordinate bases of the
tangent space and tangents to curves . Tensors are introduced in section 2 .3, and the
notion of a metric is defined . Finally, in section 2 .4 we introduce the abstract index
notation for tensors, which we shall use throughout the remainder of this book . We
will use a fair number of standard mathematical symbols in this chapter, and the
reader unfamiliar with these symbols should consult the section "Notation and
Conventions" at the beginning of this book .

2.1 Manifold s
As mentioned in the previous chapter, our experience tells us that spacetime is a
"four-dimensional continuum" in the sense that it requires four numbers to characterize an event. In prerelativity physics as well as in special relativity it is assumed that
this is globally true, i .e ., that all events in spacetime can be put into one-to-one
continuous correspondence with the points of f1$4 . However, in general relativity we
will be solving for the spacetime geometry and we do not wish to prejudice in
advance any aspects of the global nature of spacetime structure . Our situation is very
similar to that of hypothetical investigators of the structure of the surface of Earth
prior to the explorations of Columbus and Magellan . Such investigators might notice
that in their vicinity they can characterize positions on the surface of the Earth by two
numbers . However, they would be making a serious error is they were to extrapolate
from this fact to the conclusion that the entire collection of points on the surface of
the Earth can be put into one-to-one correspondence with points of R2 in a continuous
manner. Thus, what is needed as a mathematical basis for beginning the investigation
of spacetirne structure (as well as the surface of the Earth) is a precise notion of a
manifold, that is, a set in which the vicinity of every point "looks like" R" but which
may have quite different global properties .
In the case of the Earth, our investigators might be aware that its surface "lives"
in the higher dimensional Euclidean space R3 of all space points (at least, accordin g
11
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to prerelativity notions of space and time) . Thus the study of two-dimensional
surfaces embedded in R ; would provide an adequate mathematical framework to
analyze the structure of the Earth's surface, and one could avoid making an abstract
definition of manifolds . However, in general relativity, spacetime itself does not (as
far as we know) naturally live in a higher dimensional Euclidean space, so an abstract
definition is much more natural . Indeed, such a definition turns out to be extremely
useful even for the study of ordinary surfaces in X83 .
Before defining the notion of a manifold we remind the reader that an open ball
in [F8" of radius r centered around point y = (y', . . . , y") consists of the points x
such that I x - y I < r, where
n 1i/z
x - Yl= (xµ -yµ) z
µ=1

An open set in R" is any set which can be expressed as a union of open balls . This
notion of open set makes [F8" a topological space in the sense discussed in appendix A.
Basically, a manifold is a set made up of pieces that "look like" open subsets of
R" such that these pieces can be "sewn together" smoothly . More precisely, an
n-dimensional, Cx, real manifold M is a set together with a collection of subsets {O. }
satisfying the following properties :
(1) Each p E M lies in at least one O ,,, i .e ., the {O~} cover M.
(2) For each a, there is a one-to-one, onto, map qi,, :Oa -~ U,,,, where U, is an
open subset of R" .
(3) If any two sets O , and Op overlap, o,, fl Op ;# 0 (where 0 denotes the empty
set), we can consider the map qiR o tp,-1 (where o denotes composition) which takes
points in qi,,[O,, fl Op] C U,, C fF8" to points in iJrp[Oa fl O,,] C U, c R" (see Fig .
2 .1) . We require these subsets of lib" to be open and this map to be C°`, i .e ., infinitely
continuously differentiable . (Since we are dealing here with maps of R" into lib", the
advanced calculus notion of Cx functions applies . )
Each map pia is generally called a chart by mathematicians and a coordinate
system by physicists . We shall use these terms interchangeably . In order to prevent
one from defining new manifolds by merely deleting or adding in a coordinate
system, it is convenient also to require in the definition of M that the cover {O,, }and
chart family { 0~, } is maximal, i .e., all coordinate systems compatible with (2) and
(3) are included . The definition of Ck or analytic manifolds is the same as above with
the appropriate change in requirement (3) . To define a complex manifold, one merely
replaces R" by C" above .
We can define a topology on the manifold M by demanding that all the maps qi"
in our maximal collection be homeomorphisms (see appendix A for definitions) .
Indeed, it is perhaps more natural to proceed by defining a manifold to be a topological space satisfying the above properties, with each pia a homeomorphism . (We
have not done so simply in order to avoid introducing the machinery of topological
spaces in the main text .) Viewed as topological spaces, we shall consider in this book
only manifolds which are Hausdorff and paracompact; these terms are explained in
appendix A .
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Fig. 2 .1 . An illustration of the map qip o qr,- ' arising when two coordinate systems
overlap .

Euclidean space, [f8", provides a trivial example of a manifold, which can be
covered by a single chart (0 =fly", 41 = identity map) . A more interesting example
of a manifold is the 2-sphere S2 ,
,
)
(
)
(
)
SZ = {(X 1 , X z X 3 E R 3 I X l z + X Z z +

(

)2
X3

1
=

1

The entire 2-sphere SZ cannot be mapped into R2 in a continuous, 1-1 manner, but
"pieces" of SZ can, and these can be "smoothly sewn together ." For example, if we
define the six hemispherical open sets O for i = 1, 2, 3 b y
o± =

{(x', xz, x3) E

s2 l

± x` > 0}

,

then 10-'2'1 covers S z. Furthermore, each O c an be mapped homeomorphically into
the open disk D = {(x, y) E (fB 2 J x z + y2 < 1} in the plane via the "projection maps"
fl : 0 1 ---> D, f :O - -> D, etc . , defined by f j (X 1 , XZ, X ) = W, x), etc . The overlap functions f o (f)- ' can be checked to be C ' in their domain of definition
(problem 1) . Thus, S 2 is a two-dimensional manifold. In a similar m an ner, the
n-dimensional sphere S " is seen to be a manifold .
Given two manifolds M and M' of dimension n and n ' , respectively , we c an make
the product space M X M' consisting of all pairs (p ,p ') with p E M and p' E M'
into an (n+n')-dimensional manifold as follows . If tp~ :0 " - -> U , and 4i ' : 0~ --3- U~
are charts, we define a chart qr,,g :0,,.B ---> U,,p C R"'on M X M' by taking O,,g _
Oa X Os, U,,o = U,,, x UR, and setting
(p, p ') = [da(p), qfh(p')] . It is easily
checked that the chart family { qi,,,e } satisfies the properties required to define a
manifold s tructure on M X V . Most manifolds we will consider in this book can be
expressed as products of Euclidean space R" with spheres S '.
With the structure on manifolds given by the coordinate systems, we may now
define the notion of differentiability and smoothness of maps between manifolds . Let
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M and M' be manifolds and let { 0, } and { qiR} denote the chart maps . A map
f: M --.* M ' is said to be C' if for each a and ,8, the map tpR o f o ~i~ ' taking Ua C f~"
into UR C R"' is C °° in the sense used in advanced calculus. Iff :M - -> M' is C',
one -to-one, onto, and has C' inverse, fis called a diffe omorphism and M and M' are
said to be diffeomorphic . Diffeomorphic manifolds have identical manifold s tructure.
2.2 Vectors
The concept of a vector space is undoubtedly familiar to most readers . In prerelativity physics it is assumed that space has the natural structure of a threedimensional vector space once one has designated a point to serve as the origin ; the
natural rules for adding and scalar multiplying spatial displacements satisfy the
vector space axioms .' In special relativity, spacetime similarly has the natural structure of a four-dimensional vector space . However, when one considers curved
geometries (as we do in general relativity), this vector space structure is lost . For
example, there is no natural notion of how to "add" two points on a sphere and end
up with a third point on the sphere . Nevertheless, vector space structure can be
recovered in the limit of "infinitesimal displacements" about a point . It is this notion
of "infinitesimal displacements" or tangent vectors which lies at the foundation of
calculus on manifolds . Therefore, we will devote considerable attention below to
giving a precise mathematical definition of this concept .

Fig . 2 .2 . The tan ge n t pl ane at point p of a sp here in ff83 .

For manifolds like the sphere, which arise naturally as surfaces embedded in {f8",
the intuitive notion of a tangent vector at point p is a vector lying in the tangent plane
illustrated in Figure 2 .2 . For manifolds embedded in R", this idea can be made
mathematically precise . However, in many situations-most importantly in general
relativity-one is given a manifold without an embedding of it in fly" . Thus, it is
important (and, in the long run, much more useful) to define a tangent vector in a
way that refers only to the intrinsic structure of the manifold, not to its possible
embeddings in {f8".
1 . See, e . g . , Royden (196 3) for the list of vector space axiom s .
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Such a definition is provided by the notion of a tangent vector as a directional
derivative . In fly" there is a one-to-one correspondence between vectors and directional derivatives . A vector v = (v', . . . , v") defines the directional derivative
operator I v'`(a/axµ) and vice versa . Directional derivatives are characterized by
their linearity and "Leibnitz rule" behavior when acting on functions . Thus on a
manifold M let 5; denote the collection of C ' functions from M into R . We define
a tangent vector v at point p E M to be a map v : 9; - + R which (1) is linear and (2)
obeys the Leibnitz rule :
(1) v (af + bg) = av (f) + by (g), for all f, g E 9; ; a, b E R ;
Note that (1) and (2) imply that if h E 9~ is a constant function, i .e ., h (q) = c for
all q E M, then v (h) = 0, since from (2) we have v (h z) = 2cv(h) whereas from (1)
we have v (h z) = v(ch) = cv(h) .
Though it may not be obvious at first glance, this definition does indeed make
precise and give intrinsic meaning to the concept of an "infinitesimal displacement ."
In the first place, it is easy to see that the collection, V p, of tangent vectors at p has
the structure of a vector space under the addition law (v, + vz)(f) = VI(f) + V2(f)
and scalar multiplication law (av)(f) = av (f ) . A second vital property of Vp is given
by the following theorem :
THEOREM 2 .2.1 . Let M be an n-dimensional manifold . Let p E M and let V denote
the tangent space at p . Then dim VP = n .
Proof. We shall show that dim Vp = n by constructing a basis of Vp, i.e ., by
finding n linearly independent tangent vectors which span VP. Let (P :O ---> U C Ifs"
be a chart with p E 0 (see Fig . 2 .3) . Iff E 9; , then by definition f o 0-' : U ---> R
is C ' . For µ = 1, . . . , n define Xµ : 9 ---> R b y
dX)A ~ qf
(P )

Fig . 2 .3 . A diagram illustrating the definition of the directional derivatives, Xµ,
used in theorem 2 .2 .1 .
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where (x', . . . , x") are the Cartesian coordinates of R" . Then Xl, . . . , Xn are
tangent vectors, and it is easily seen that they are linearly independent . To show that
they span UP we make use of the following result from advanced calculus (see
problem 2) : If F : III" --,* lIB is C°°, then for each a = (a', . . . , a") E R" there exist
C°° functions Hµ such that for all x E R" we hav e
n

F(x) = F(a) + Z (xµ - a")H,, (x) (2 .2 .2)
u= 1

Furthermore, we have

a
Hu (a) = d F
xµ
a

-

(2.2.3)

We apply th is result here, letting F = f o qi- ' and a = di(p) . Then, for all q E 0
we have

(
n
(
.f 4) _ .f P) + I Lxµ ° qj (R) - x`` ~ (p) ]H, , (qj ( q)) (2 .2.4)
µ= 1

Let v E YP. We wish to show that v is a linear combination of X,, . . . , X . To do
so, we apply v to f, using equation (2 .2.4), the linearity and Leibnitz properties of
v, and the fact that v applied to a constant [such as f(p)] vanishes . We obtain

µ= I

9= P

P

n

(2 .2 .5)
µ=1

But by equation (2.2 .3), Hµ o qr(p) is just XA (f ) . Thus, for all f E 5, we have

V(f) In v "'Xu( f)

(2 .2 .6)

µ= l

where the coefficients v" are the values of v applied to the function x" - qi,
v " = v (xA o 0

(2 . 2 . 7)

Thus, we have expressed an arbitrary tangent vector v as a sum of the Xµ,
n

V

=

71

U µ XN,

(2 .2 .8)

A= J

which completes the proof . ❑
The basis {Xµ } of V introduced in the proof of theorem 2 .2. 1 is called a coordinate
basis and is of considerable importance in its own right . Frequently, one denotes Xµ
as simply a/ax'` . Had we chosen a different chart, qi', we would have obtained a
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different coordinate ba sis {XP'} . We can, of course , express Xµ in terms of the new
basis {X ,; }. Using the chain rule of advanced calculu s, we have
n

X, l _

dx. l v
xµ

d
Y=1 O( p )

(2 .2 .9)

X

where x'v denotes the with component of the map ~i' o qi-' . Hence, from equations
(2.2.8) and (2 .2.9) we find that the components v" of a vector v in the new
coordinate basis are related to the components vl' in the old basis b y
n

ax i v

1J~° _ 1 vA dxµ

(2 . 2 .10)

µ= 1

Equation (2 .2.10) is known as the vector transformation law .
A smooth curve, C, on a manifold M is simply a C ' map of R (or an interval of
R) into M, C : II$ --), M. At each point p E M lying on the curve C we can associate
with C a tangent vector T E U as follows . For f E 9 we set T(f) equal to the
derivative of the function f o C : R --9- 0$ evaluated at p, i .e . , T (f) = d (f o C)/dt.
Note that the above coordinate basis vector Xµ associated with a chart 41 is the tangent
to the curves on M obtained by keeping all coordinate values except xµ constant.
Notice also that when we choose a coordinate system tP , the curve C on M will get
mapped into a curve xµ(t) in III" . Then, for any f E 5 , we have
(fo
dx" = = E dx'`Xµ
(f)
T(f) _ ~ (f ° C)
tv 1)
dt dx'` dt dt
)
µ

(2.2 .11)

R

Thus, in any coordinate basis, the components T" of the tangent vector to the curve
are given by
Tu_dx"
dt

(2 .2.12)

In the discussion above, we fixed a point p E M and considered the tangent space,
U, at p . At another point q E M we could, of course, define U . It is important to
emphasize that, given only the structure of a manifold, there is no natural way of
identifying V with V ; that is, there is no way of determining whether a tangent vector
at q is "the same" as a tangent vector at p . In chapter 3, we shall see that when
additional structure is given (namely, a connection or derivative operator on the
manifold), one has a notion of "parallel transport" of vectors from p to q along a
curve joining these points . However, if the curvature is nonzero, the identification
of V. with Vq obtained in this manner will depend on the choice of curve .
A tangent field, v, on a manifold M is an assignment of a tangent vector, v I P E VP,
at each point p E M. Despite the fact that the tangent spaces VP and Vq at different
points are different vector spaces, there is a natural notion of what it means for v to
vary smoothly from point to point . If f is a smooth (C ' ) function, then at each
p E M, v, P (f) is a number, i .e ., v (f) is a function on M. The tangent field v is
said to be smooth if for each smooth function f, the function v (f) is also smooth .
Since the coordinate basis fields Xµ are easily verified to be smooth, it follows that
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a vector field v is smooth if and only if its coordinate basis components, vim, are
smooth functions .
In the heuristic discussion above, we described tangent vectors as "infinitesimal
displacements ." We shall now show that precise meaning can be given to this idea .
Let M be a manifold . A one-parameter group of diffeomorphisms 0, is a C°° map
from R X M --,- M such that for fixed t E UB, 0, :M -9- M is a diffeomorphism and
for all t, s E ff8, we have 0, o cis = 0r+s• (In particular, this last relation implies that
01=o is the identity map.) We can associate to cat a vector field v as follows : for fixed
p E M, 0, (p) : Ifs ~ M is a curve, called an orbit of 0, which passes through p at
t = 0 . Define v I p to be the tangent to this curve at t = 0 . Thus, associated to a
one-parameter group of (finite) transformations of M is a vector field, v, which can
be thought of as the infinitesimal generator of these transformations .
Conversely, given a smooth vector field, v, on M we can ask if it is possible to
find integral curves of v, that is, a family of curves in M having the property that
one and only one curve passes through each point p E M and the tangent to this
curve at p is v I P. The answer is yes : If we pick a coordinate system in a neighborhood
afp as in the proof of theorem 2 .2 .1, we see that the problem of finding such curves
reduces to solving the system ,

dX µ
dt

= Uµ

(x', , x")

(2 .2.13)

of ordinary differential equations in III", where vµ is the µth component of v in the
coordinate basis {a/ dx'`} . Such a system of equations has a unique solution given a
starting point at t = 0, and thus every smooth vector field v has a unique family of
integral curves (see, e .g ., Coddington and Levinson 1955) . Given the integral
curves, for each p E M we define 0, (p) to be the point lying at parameter t along
the integral curve of v starting at p . Except for potential problems arising from the
possibility that the integral curves of v may extend to only a finite value of the curve
parameter, 0, will be acne-parameter group of diffeomorphisms .
Finally, we note that given two smooth vector fields v and w it is possible to define
a new vector field, [v, w], called the commutator of v and w, by
[v,w](f) = v[w(f)] - w[v(f)]

(2 .2 .14)

(see problem 3) . We note that the commutator of any two vector fields Xµ and X,
occurring in a coordinate basis vanishes . (This fact follows directly from the
definition of the coordinate basis given in the proof of theorem 2 .2 .1 together with
the equality of mixed partial derivatives in R" .) Conversely, given a collection
Xl, . . . , X, of nonvanishing vector fields which commute with each other and are
linearly independent at each point, one can always find a chart for which they are the
coordinate basis vector fields (see problem 5) .

2.3 Tensors ; the Metric Tenso r
Given the notion of displacement vectors, the notion of tensors arises when one
considers other quantities of interest . It turns out that many quantities have a linear
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(or multilinear) dependence on displacements . Consider, for example, a measurement of the magnetic field (say, in the context of prerelativity physics) . For each
probe orientation, a number is recorded : the magnetic field strength in that given
direction . Since there is an infinite number of possible orientations of the probe, in
principle an infinite number of readings would be needed to determine the magnetic
field . However, this is not necessary because the magnetic field strength has a linear
dependence on the probe orientation . All that is required is readings in three linearly
independent probe directions ; the reading in any other probe direction is equal to a
linear combination of these readings .
This fact gives rise to the notion of the magnetic field as a vector or, more
precisely, a dual vector . One could define a dual vector as a collection of three
numbers (i .e ., the probe readings) associated with a basis of spatial displacement
vectors (the three independent probe directions) which transform in an appropriate
manner when the basis is changed . However, we will give below a simpler and more
direct definition of a dual vector as a linear map from spatial displacement vectors
into numbers . We have defined the magnetic field as a dual vector here, but, as we
shall see at the end of this section, because space has a metric defined on it, we can
naturally associate to any dual vector an ordinary (spatial displacement) vector .
In a similar manner, other quantities that occur in physics have a similar linear
dependence on spatial displacement vectors but may be functions of more than one
such vector. For example, for an ordinary material body in equilibrium, consider the
plane with normal vector n passing through a point p in the body . At p, one could
measure the force per unit area, F, in the 7-direction exerted on the matter on one
side of the plane by the matter on the other side . One finds that F depends linearly
on the choice of n and 7 . Thus, although there is an infinite number of possible
choices of n and 7, the value of F for any n and ~ can be calculated by knowing
3 x 3 numbers, namely the values F takes when n and l point in basis directions .
This motivates the definition of a tensor which will be given below : A tensor is a
multilinear (i .e ., linear in each variable) map from vectors (or dual vectors) into
numbers . The tensor which maps the pair of vectors (n, l) into the value of F is
known as the stress tensor of the material body at p .
We give now the precise mathematical definition of tensors and discuss their
properties . Let V be any finite-dimensional vector space over the real numbers . (The
case of prime interest for us is the tangent space, V = V .) Consider the collection,
V", of linear maps f :V ---> R . If one defines addition and scalar multiplication of such
linear maps in the obvious way, one gets a natural vector space structure on V . We
call V` the dual vector space to V, and elements of V* are called dual vectors . If
vl, . . . , v„ is a basis of V, we can define elements v'', . . . , v"' E V` by

v'`*(vv)

= SA"

(2 .3 .1 )

where Su„ = 1 if µ = v and 0 otherwise . (This defines the action of vµ' on the basis
elements ; its action on an arbitrary vector v E V is determined by this and linearity .)
It follows directly (problem 6) that {v'`*} is a basis of V', called the dual basis to the
basis {vµ} of V . In particular, this shows that dim V* = dim V . The correspondence
vµ H v" gives rise to an isomorphism between V and V*, but this isomorphism
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depends on the choice of basis {v}, so there is no natural way of identifying V` with
V (unless more structure is given on V, such as a preferred basis or, as described
below, a metric) .
We now can apply the above construction starting with the vector space V`,
thereby obtaining the double dual vector space to V, denoted V** . A vector v" in V*'
is a linear map from V' into R . However, V" is naturally isomorphic to the original
vector space V. To each vector v in V we can associate the map in V`* whose value
on the vector (o* E V' is just c )"(v) . In this way, we obtain cone-to-one linear map
of V into V** which must be onto since dim V =dim V . Thus, taking the double
dual gives nothing new ; we can naturally identify V** with the original vector space
V. This identification will be assumed in the discussion below .
We now are ready to define the notion of a tensor . Let V be a finite dimensional
vector space and let V* denote its dual vector space . A tensor, T, of type (k, 1) over
V is a multilinear map

T : , V`x

•,~xxVx . xV-~ff8
k
l

In other words, given k dual vectors and l ordinary vectors, T produces a number,
and it does so in such a manner that if we fix all but one of the vectors or dual vectors,
it is a linear map on the remaining variable .
Thus, according to the above definition, a tensor of type (0, 1) is precisely a dual
vector . Similarly, a tensor of type (1, 0) is an element of V** . However, since we
identify V'* with V, a tensor of type (1, 0) is nothing more than an ordinary vector .
Because of the identification of V"* with V, we may view tensors of higher type in
many different (though, or course, equivalent) ways . For example, a tensor T of type
(1, 1) is a multilinear map from V* X V ---> R . Hence, if we fix v E V, T(•, v) is an
element of V**, which we identify with an element of V. Thus, given a vector in V,
T produces another vector in V in a linear fashion . In other words, we can view a
tensor of type (1, 1), as a linear map from V into V, and vice versa . Similarly, we
can view T as a linear map from V* into V* .
With the obvious rules for adding and scalar multiplying maps, the collection
J(k, 1) of all tensors of type (k, 1) has the structure of a vector space . Because of the
multilinearity property, a tensor is uniquely specified by giving its values on vectors
in a basis {vµ} of V and its dual basis {v Y*} of V* . Since there are n k+l independent
ways of filling the slots of a tensor of type (k, 1) with such basis vectors (where
n k+l
n = dim V = dim V), the dimension of the vector space 3-(k, 1) is
We now introduce two simple but important operations on tensors, which will be
used commonly in what follows . The first is called contraction with respect to the
ith (dual vector) and jth (vector) slots and is a map C : J(k, 1) --* 5-(k- 1, l-1)
defined as follows . If T is a tensor of type (k, 1), then
n

CTT(. . .,v~', . . . ; . . .,vQ, . . .)
(2 .3 .2)
Q= I
where {u,} is a basis of V, {vP*} is its dual basis, and these vectors are inserted into
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the ith and jth slots of T. [Note that the contraction of a tensor of type (1, 1), viewed
as a linear map from V into V, is just the trace of the map .] The tensor CT thus
obtained is independent of the choice of basis {vu}, so the operation of contraction
is indeed well defined (see problem 6) .
The second operation on tensors is the outer product . Given a tensor T of type
(k, 1) and another tensor T' of type (k', l'), we can construct a new tensor of type
(k+k', 1+1') called the outer product of T and T' and denoted T 0 T', by the
following simple rule . Given (k+k') dual vectors v'*, . , , , uk+k ' * and (l+l') vectors
wl, . . . , w1+,', we define T (9 T' acting on these vectors to be the product o f

T( tJI#,

.

.

.

,

vk*

;

W

l,

.

.

, w) and T I(V k+l* ,

.

.

.

.

, vk+k'*e wl+l ,

.

.

.

, wl+l' ) •

Thus, one way of constructing tensors is to take outer products of vectors and dual
vectors . A tensor which can be expressed as such an outer product is called simple.'
If {v} is a basis of V and {v v*} is its dual basis, it is easy to show that the n k+ 1 simple
tensors {vµ, 0 • • (9 v,k (9 vVl' 0 • • • 0 v°, "} yield a basis of GI(k, 1). Thus,
every tensor T of type (k, 1) can be expressed as a sum of simple tensors in this
collection
n

E

T =

7' FA l

. . .µkVl

. . . P r V"

U vl *

(2.3 .3)

kt , . . ., v1 = 1

The basis expansion coefficients, T µ I µk y~ • • • v~ ~ are called the components of the
tensor T with respect to the basis {vµ} . Note that we follow the standard convention
in the notation for components of using superscripts for labels µ ; associated with
vectors and subscripts for labels v; associated with dual vectors .

In terms of components, we have the following formulas for contraction and outer
product . Suppose the tensor T has components Tµ ► "'~`k~, . . . v~ as in equation (2 .3 .3) .
Then, the contraction, CT, of T has components given b y
•
(CT)AI
1

. .
. . . a. .
kk - 1 . .~
~+µl
. µk -1 V1 . . . Q . . .
y~
. v ~
vJ- ~
l- I

(2 .3 .4)

u= 1

If T' has components T "µt
components given b y
S lit . . . FA k+k ' Y~

.. .

V1+11

then the outer product S =
=

TILL

. . . F~k

v i . . . Pr 7' fAk + l

. . . Ak + k

'

y r+i . . . V1+11

T (9 T' has
(2 .3 . 5)

The above discussion applies to an arbitrary finite-dimensional vector space V. Let
us now consider the case of prime interest for us, where V is the tangent space, Vp,
at point p of a manifold M . In this case, VP is commonly called the cotangent space
at p and vectors in VP are called cotangent vectors . We also commonly refer to
vectors in VP as contravariant vectors and vectors in VP as covariant vectors . As
discussed in section 2 .2, given a coordinate system, we can construct a coordinate
basis a/ax', . . . , a/ax^ of V p . The associated dual basis of VP is usually denoted
as dx', . . . , dx". [Thus, we stress that dx'` is merely the symbol for the linear map
2 . In many references, a tensor of type (0, l) which can be expressed as the totally antisymmetric part
of a simple tensor (see eq . [2 .4 .4] below) also is referred to as simple .
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defined by dx"`(a/axv) = S"`v .] If we change coordinate systems, we already
showed that the components v'"" of a vector v in the new basis are related to its
components v"` in the old basis by the vector transformation law ,

It

I

ax µ '

(2 .3 .6)

VIA,Av
ax
_ 1 "` e`

If mµ denotes the components of a dual vector w with respect to the dual basis
W'`}, then from equations (2 .3 .1) and (2.3 .6) it follows that under a coordinate
transformation its components become
dX "'

(2.3 .7)

w µ_ E OA ax, J `,
µ=1
In general, the components of a tensor T of type (k, 1) transform as
T I ui . . . Akvl

n

11

dx+ µ 1

Tu 1 . . .µkv 1 . . .v! axµ J

dx vI
ax,,,!

(2.3 .8)

l+,l, . . .,v~ = 1

Equation (2 .3 .8) is known as the tensor transformation law .
In other treatments, equation (2 .3 .8) often is used as the defining property of a
tensor . The definition we have given here has the advantage that it generally is much
easier to define a quantity as a tensor by displaying it as a multilinear map on vectors
and dual vectors than it is to display it as a collection of numbers associated with a
coordinate system which changes according to equation (2 .3 .8) when we change
coordinate systems . In fact, as we shall illustrate throughout this book, it is rarely
worthwhile to introduce a basis and take components of a tensor at all, let alone to
worry about how these components change under a change of basis .
An assignment of a tensor over U for each point p in the manifold M is called a
tensor field . The notions of smoothness of a function and of a (contravariant) vector
field v were already defined in section 2 .2. A covariant vector field w is said to be
smooth (C°°) if for each smooth vector field v, the function w (v) is smooth . A tensor
T of type (k, l ) is said to be smooth if f o r all smooth covariant vectors fields (0', . . . ,
Wk and smooth contravariant vector fields vl, . . - , vr, T(wl, . • , wk, v1, • • , vr)
is a smooth function . The notion of a tensor field being Ck is defined similarly .
We now introduce the notion of a metric . Intuitively, a metric is supposed to tell
us the "infinitesimal squared distance" associated with an "infinitesimal displacement ." As discussed above in section 2 .2, the intuitive notion of an "infinitesimal
displacement" is precisely captured by the concept of a tangent vector . Thus, since
"infinitesimal squared distance" should be quadratic in the displacement, a metric,
g, should be a linear map from V. X V. into numbers, i .e . a tensor of type (0, 2) . In
addition the metric is required to be symmetric and nondegenerate . By symmetric,
we mean that for all v 1, vz E U we have g (v 1, vz) = g (vz, v 1) . By nondegenerate,
we mean that the only case in which we have g (v, vl) = 0 for all v E U is the case
v, = 0 . Thus, a metric, g, on a manifold M is a symmetric, nondegenerate tensor
field of type (0, 2) . In other words, a metric is a (not necessarily positive definite)
inner product on the tangent space at each point .
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In a coordinate basis, we may expand a metric g in terns of its components gµv
as
g = Z gµydxµQx dx°

(2 .3 .9)

µ, v

Sometimes the notation ds2 is used in place of g to represent the metric tensor, in
which case we write equation (2 .3 .9) as
ds 2 = E g,,v dx"`dx°

(2 .3 .10)

v

where, following standard practice, we have omitted writing the outer product sign
between dx - ` and dxv . The notation of equation (2 .3 .10) conveys the intuitive flavor
of a metric as representing "infinitesimal squared distance . "
Given a metric g, we always can find an orthonormal basis vi, . . . , v„ of the
tangent space at each point p, i .e., a basis such that g(vµ, v„) = 0 if µ # v and
g('UN,, 'UN,) = ± 1 (see problem 7) . There are, of course, many other orthonormal
bases at p, but the number of basis vectors with g (vµ, vµ) = + 1 and the number with
g(vµ, vµ) = -1 are independent of choice of orthonormal basis (problem 7) . The
number of + and - signs occurring is called the signature of the metric . In
ordinary differential geometry, one usually deals with positive definite metrics, i .e .,
metrics with signature + + . . . + . On the other hand, the metric of spacetime has
a signature - + + + . Positive definite metrics are called Riemannian ; metrics with
signatures like those on spacetime (one minus and the remainder plus) are called
Lorentzian .
As defined above, at each point p E M a metric g is a tensor of type (0, 2) over
V, i.e., a multilinear map from Vp X V --> R . However, we can also view g as a
linear map from V into Vp via v -- .* g (•, v) . Because of the nondegeneracy of g, this
map is one-to-one and onto . In particular the inverse map exists. Thus, we can use
g to establish a one-to-one correspondence between vectors and dual vectors . Indeed,
given a metric g we could use this correspondence to entirely circumvent the necessity of introducing dual vectors . Normally this is done and accounts for why the
concept of a dual vector is not more familiar to most physicists . However, in general
relativity we shall be solving for the metric of spacetime ; since the metric is not
known from the start, it is essential that we keep the distinction between vectors and
dual vectors completely clear .

2.4 The Abstract Index Notation
In the previous section we introduced the notion of tensors and defined a number
of operations that can be performed on them . However, if one performs even the
simplest manipulations, serious notational problems arise for the following reasons :
(1) Tensors of high type are functions of many vectors and dual vectors . In operations
such as contraction one has to keep track of which slots are involved . Introduction
of a new symbol to denote, say, a particular contraction of a given tensor becomes
extremely cumbersome and can make simple operations appear very complicated .
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(2) As mentioned above, a given tensor can be viewed in a variety of equivalent
ways . It is important that a simple, consistent notational scheme be developed so that
the same expressions are written down regardless of the viewpoint taken .
A notation which solves the above problems and is used in most relativity texts
as well as most older differential geometry texts is the following . As noted in section
2 .3, if we introduce a basis, we can characterize a tensor by its components
TAI ' ' ' µk y, . . . v, . The notation consists of writing all equations in terms of these components . This solves problems (1) and (2), since one has unique, simple expressions
for operations such as contraction and outer products in terms of components .
However, this component notation has a serious drawback . If we do not specify
how the basis we use is to be chosen, the equations we write down will be true tensor
equations, having basis-independent meaning . However, in some cases it will be
convenient to use a particular type of basis, e .g ., a coordinate basis adapted to the
symmetries of a particular spacetime . If we do this, then the equations we write down
for the tensor components may be valid only in this basis . It is important to make
a clear distinction between equations that hold between tensors and equations for
their components that hold only in a special basis . However, this distinction is
blurred by the component notation .
We shall use a notation, the abstract index notation, which in practice is merely
a slight modification of the component notation . It has all the advantages of the
component notation but avoids the above drawback . The idea is not to introduce a
basis but to use a notation for tensors that mirrors the expressions for their basis
components (had we introduced a basis) . The rules are as follows . A tensor of type
(k, 1) will be denoted by a letter followed by k contravariant and l covariant, lowercase Latin indices, T°k* * *"kb, . . .br. Thus, for example, T°b`de denotes3 a tensor of type
(3, 2) . The Latin indices here should be viewed as reminders of the number and type
of variables the tensor acts on, not as basis components . Any lowercase Latin letters
can be placed in any slot, but in any equation the same letter must be used to
represent the same slot on both sides of the equation . Mirroring the component
expression, equation (2 .3 .4) (but omitting the summation sign), we denote the
contraction of a tensor by using the same letter as for the tensor but repeating the
index on the contracted slots . Thus, T bcbe denotes the tensor of type (2, 1), obtained
by contracting T °b`ae with respect to the second contravariant and first covariant slots .
The outer product of two tensors is denoted by simply writing them adjacent to each
other (and omitting the Q sign) . Thus, T°bcdeS g denotes the tensor of type (4, 3)
obtained by taking the outer product of T°bcde and S°b •
Using the index notation, one only can write down true tensor equations, since no
basis has been introduced . If we were to introduce a basis, one could of course take
components and write equations for them . To distinguish between equations for
components and the (very similar looking) tensor equations in the index notation, w e
3 . More precisely, we may view T"b' de as consisting of the tensor T and the elements a, b, c, d, e
of a labeling set which mark the "slots" of this tensor . See Penrose and Rindler (1984) for further
discussion .
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adhere to the following conventions . Component labels in the component notation
always will be denoted with greek letters as has been done above . Thus, for example,
T"`vAQp denotes a basis component of the tensor T`b`ae• Given any tensor equation
expressed in the index notation, the corresponding equation (with greek letters
replacing Latin ones in the superscripts and subscripts) holds for the basis components
in any basis . Conversely, for any equation relating basis components which is a true
tensor equation (i .e ., is valid independently of how the basis is chosen), the corresponding tensor equation in the index notation is valid .
Thus, the distinction between the index notation and the component notation is
much more one of spirit (i .e ., how one thinks of the quantities appearing) than of
substance (i .e ., the physical form the equations take) . The main advantages of the
index notation are that one is not forced to introduce a basis unnecessarily and one
is assured that all equations written in the index notation are equations holding
between tensors, since only true tensor equations can be expressed in this notation .
In the cases where one wishes to write a nontensorial equation for the basis components in a particular basis, the component notation may, of course, still be used .
In this manner a clear distinction can be seen in the notation between true tensor
equations and equations for components holding in a particular basis .
Additional notational rules apply to the metric tensor, both in the index and
component notations . Since a metric g is a tensor of type (0, 2), it is denoted gab . If
we apply the metric to a vector, v °, we get the dual vector gab'U b. It is convenient to
denote this vector as simply va, thus making notationally explicit the isomorphism
between V and Vpdefined by gam . The inverse of gab (which exists, as remarked at
the end of section 2 .3, on account of the nondegeneracy of gab) is a tensor of type
(2, 0) and could be denoted as (g'') " . It is convenient, however, to drop the inverse
sign and denote it simply as g°b . No confusion arises from this since the upper
position of the indices distinguishes the inverse metric from the metric . Thus, by
definition, g°bgb, = S° " where S° , (viewed as a map from V into Vp) is the identity
map . If we apply the inverse metric to a dual vector cvQ, we denote the resultant vector
g` b Wb as simply w° . In general, raised or lowered indices on any tensor denote
application of the metric or inverse metric to that slot . Thus, for example, if T ° de
A
is a tensor of type (3, 2), then T°ycde denotes the tensor gqg ge'T`f`ti; . This notation
is self-consistent since the tensor resulting from the successive raising and lowering
of a given index is identical to the original tensor . Furthermore, the notation also is
self-consistent when applied to the metric itself, since gab = g°`gbdgcd, i.e., gab is the
tensor gab with its indices raised .
The index notation may also be used to express the symmetry properties of
tensors . A tensor Tab of type (0, 2) takes a pair of vectors (v°, w°) into a number
T,,bv°wb . We may wish to consider the new tensor obtained by interchanging the
order in which the tensor Tab acts on this pair of vectors, i .e., the tensor which takes
(v°, w°) into T,,bvbw° . In the index notation this new tensor is denoted Tom . Thus, for
example, the equation Tab = Tba says that the tensor Tab is symmetric . Similar notational rules apply to any pair of covariant or contravariant indices of tensors of
higher type .
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It is convenient to introduce a notation for the totally symmetric and totally
antisymmetric parts of tensors . If T,,b is a tensor of type (0, 2), we define

Tob) = 2 (T~v

(2.4.1 )

+ Tb.)

1

(2.4. 2)

More genera lly, for a tensor Tai . . . a, of type (0, 1) we defi ne

1
Tal . . .al) = l1 E T,) • . .a„cq

(2 .4.3)
( 2 .4.4)

where the sum is taken over all permutations, 7r, of 1, . . . land &, is + 1 for even
permutations and -1 for odd permutations . Similar definitions apply for any group
of bracketed covariant or contravariant indices ; e.g., we have
(abk _ 1
abc
bac
abc
bac
T [de ] - 4 ~ T de + T
de - 7'
ed - T ed~

(2.4 . 5)

A totally antisymmetric tensor field T, . . .a, of type (0, 1),
T, . . . a, = TQ, . . . aj

i

(2 .4 .6)

is called a differential 1 -form . Some properties of differential forms are obtained in
appendix B . If one is dealing strictly with differential forms, it is sometimes convenient to drop the index notation and denote an l-form T,,, . . . a, as simply T. However,
except for some isolated instances of dealing with differential forms and a few cases
where the index notation can be confusing, such as with commutators and Lie
derivatives (see appendix C), we will use the index notation throughout the book .

Problems
1 . a) Show that the overlap functions f o (f )-' are C°°, thus completing the
demonstration given in section 2 .1 that S2 is a manifold .
b) Show by explicit construction that two coordinate systems (as opposed to the
six used in the text) suffice to cover S2 . (It is impossible to cover S2 with a single
chart, as follows from the fact that S2 is compact, but every open subset of R2 is
noncompact ; see appendix A . )
2 . Prove that any smooth function F :III" ---> ff8 can be written in the form equation
(2 .2 .2) . (Hint : For n = 1, use the identit y
F(x) - F(a) = (x - a) F'[t(x - a) + a] dt
0

then prove it for general n by induction .)

Problems 2 7

3 . a) Verify that the commutator, defined by equation (2 .2 .14), satisfies the linearity and Leibnitz properties, and hence defines a vector field .
b) Let X, Y, Z be smooth vector fields on a manifold M. Verify that their commutator satisfies the Jacobi identity :

c) Let Y1, . . . , Y„ be smooth vector fields on an n-dimensional manifold M such
that at each p E M they form a basis of the tangent space V . Then, at each point,
we may expand each commutator [Y,,, Yp ) in this basis, thereby defining the functions
C y,,p = - C YR. by

L Y. , Y's I = 2 C y«p Yy
Use the Jacobi identity to derive an equation satisfied by C" p . (This equation is a
useful algebraic relation if the C yap are constants, as will be the case if Y1, . . . , Y„
are left [or right] invariant vector fields on a Lie group [see section 7 .2] . )
4 . a) Show that in any coordinate basis, the components of the commutator of two
vector fields v and w are given by
C djV

[V, w Y'

- ~

vv

dXv - wv

Ov

OIX v

b) Let Y, . . . , YR be as in problem 3(c) . Let Y'*, . . . , Y"* be the dual basis .
Show that the components (Yy*)µ of YY* in any coordinate basis satisf y
a (y, „ ) µ

- a ( u ) ~ C '' a9(Y '1* )µ ( Y 11 }) v
a
a, R

(Hint : Contract both sides with (Yo) '(YP)" )
5. Let Y1, . . . , YR be smooth vector fields on an n -dimensional manifold M which
form a basis of V at each p E M. Suppose [Y,,, Yp ] = 0 for all a, f3 . Prove that in
a neighborhood of each p E M there exist coordinates y l , . . . , y„ such that
Y, . . . , Y„ are the coordinate vector fields, Yµ = a/7yµ . (Hint: In an open ball of
R ", the equations df/ ax ,' = Fµ with µ = 1, . . . , n for the unknown function fhave
a solution if and only if aF/o'►xv = dF/axµ . [See the end of section B .1 of appendix
B for a statement of generalizations of this result .] Use this fact together with the
results of problem 4(b) to obtain the new coordinates . )

6 . a) Verify that the dual vectors {v µ'} defined by equation (2 .3 .1) constitute a basis
of Vw .
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b) Let vi, . . . , v„ be a basis of the vector space V and let v'*, . . . , v"* be its
dual basis . Let w E V and let w E V * . Show that

c) Prove that the operation of contraction, equation (2 .3 .2), is independent of the
choice of basis .
7 . Let V be an n-dimensional vector space and let g be a metric on V
a) Show that one always can find an orthonormal basis vl, . . . , v„ of V, i .e ., a
basis such that g (vim, vp) = ± &a. (Hint : Use induction .)
b) Show that the signature of g is independent of the choice of orthonormal basis .

8 . a) The metric of flat, three-dimensional Euclidean space is
dsz=dxz+dyz+dz z
Show that the metric components gµ„ in spherical polar coordinates r, 0, 0 defined
by

cos B = z/r

,

tan 0 = y/ x
is given by
ds2 = dr2 +

r

2

d 0 2 + r2 sin2 B dO 2

b) The spacetime metric of special relativity is
ds2 = -dt2 + dx2 + dyz + dz z
Find the components, g,,,, and g""', of the metric and inverse metric in "rotating
coordinates," defined by
t'=t

,

x' (x2 + y2)1/2 cos( - wt)
y' _ (xz + yz)'/2 sin( - wt)
Z' = z
where tan 0 = y/x .

,
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CURVATURE

Our intuitive notion of curvature arises mainly from two-dimensional surfaces which
are embedded in ordinary three-dimensional Euclidean space . We normally think of
a surface as curved because of the way it bends in ff83 . In chapter 9, we will capture
this notion by defining the extrinsic curvature of a surface embedded in a higher
dimensional space . However, our interest here is to investigate the curvature of
spacetime . Our spacetime manifold M with spacetime metric gab is not naturally
embedded (at least so far as we know) in a higher dimensional space . Thus we wish
to develop an intrinsic notion of curvature that can be applied to any manifold
without reference to a higher dimensional space in which it might be embedded .
Such a notion of curvature can be defined in terms of parallel transport . On a
surface such as a plane (Fig . 3 .1) or sphere (Fig . 3 .2), we have an intuitive notion
(which will be made mathematically precise below) of what it means to keep a vector
"pointing in the same direction" (but always in the tangent space of the manifold) as
one moves it along a path . On the plane, if one parallel-transports a vector around
any closed path, the final vector always coincides with its initial value . However, this
is not so on the sphere . The vector shown in Figure 3 .2 comes back rotated with
respect to its initial value when carried along the path shown . This basic idea allows
us to characterize the plane as flat, the sphere as curved, and more generally allows
us to characterize the curvature of any manifold intrinsically once we are told how
to "parallel transport" vectors along curves .
An alternative characterization of curvature also can be given as follows . A
geodesic is a curve whose tangent is parallel-transported along itself, that is, it is a
"straightest possible" curve . A space will be curved if and only if some initially
parallel geodesics fail to remain parallel, i .e ., Euclid's fifth postulate fails .
Given only the manifold structure of space, we do not have a natural notion of
parallel transport. The reason is that the tangent space V. and V of two distinct points
p and q are different vector spaces and hence there is no way of saying that a vecto r

P

5Q:///

Fig . 3 . 1 . The parallel transpo rt of a vector, v° , around a closed cu rv e in the plane .
The vector v° always "comes back" pointing in the same direction as it did initially .
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Fig . 3 .2 . The paral lel transport of a vector, v°, around a closed curve on the
sphere . In the case shown here of a closed curved co mp osed of three mutual l y
orthogona l segments of great circles, the vector v° comes back rotated by 90° .

at p is the same as a vector at q . Thus, the definition of parallel transport requires
more than just the manifold structure . It is not difficult to convince oneself that a
notion of how to parallel-transport vectors should be equivalent to the knowledge of
how to take derivatives of vector fields . If we know how to parallel-transport vectors
along a curve, we can define the derivative of a vector field in the direction of the
curve ; similarly, given a notion of derivative, we can define a vector to be parallel
transported if its derivative along the given curve is zero . It turns out to be most
convenient to work directly with the notion of a derivative operator, and we shall do
so in this chapter . The failure of a vector to return to its original value when parallel
transported around an infinitesimal closed curve translates into the lack of commutativity of derivatives . Thus, the notion of curvature can be defined in terms of the
failure of successive differentiations on tensor fields to commute . This is the route
we shall follow in section 3 .2.
From where does this extra structure needed to define parallel transport or a
derivative operator arise? We will show in section 3 .1 that given a metric (of any
signature), there is a unique definition of parallel transport which preserves inner
products of all pairs of vectors . Thus, the existence of a metric gives rise to a unique
notion of parallel transport and, thus, to an intrinsic notion of the curvature of the
manifold. This is the notion of the curvature of a spacetime (M, gab) in which we are
interested . However, it is more convenient to proceed by giving a general definition
of the notions of derivative operator, parallel transport, and curvature before specializing to the case where they arise from a metric, and we shall proceed in this manner .
Derivative operators and parallel transport are defined in section 3 .1, and curvature is defined in section 3 .2 . In much of our discussion in these sections, we shall
follow closely the treatment given in unpublished notes of Geroch . Geodesics are
introduced in section 3 .3, and the geodesic deviation equation-which characterizes
curvature in terms of the failure of initially parallel geodesics to remain parallel-is
derived . Finally, section 3 .4 discusses methods for computing curvature .
3 . 1 Il,priivateve Operators and Parallel Transport
A derivative operator, V, (sometimes called a covariant derivative) on a manifold
M is a map which takes each smooth (or merely differentiable) tensor field of type
(k, 1) to a smooth tensor field of type (k, l + 1) and satisfies the five properties listed
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below . In the index notation, if T" akb ~ • • • b, E J (k, 1), we denote the tensor field
resulting from the action of V on T by O, T" akbl . . .b,. It is often notationally
convenient to attach an index directly to the derivative operator and write it as OQ,
although this is to some extent an abuse of the index notation since Da is not a dual
vector . Expressed in the index notation, the five conditions required of a derivative
operator are
1 . Linearity : For all A, B E J(k, 1) and a, /3 E R ,
a l "'ak

Vc (a

a l "'a k

8

CYQ
cA

al

. . . ak

b~ . . .b~

+ n

F7V
~

B Q . . .a k
l
bk . . . b!

2. Leibni tz rule : For all A E J(k, 1), B E J (k', l'),
. . .ak

[

0e ffa

.

.

. Ck,
Bc
b ~ . . . b~ dj . . .dj

,

[

Ve A Qk

QQ , .
+ t

. . . ak

b l ., . b~

. Q kb
t

]Bc 1 .

. .

. . .b [ QeBc1 ,
!

k,

c d, . . .dl ,
.,ck'

d t "' dj

3 . Commutativity with contraction : For all A E J (k, 1) ,
Od(f]°t

. . .

. . .a kbk

. . . c . . . b) = OdA a I

c

. . . c . . .akbl

. . . c . . .b
l

4. Consistency w ith the notion of tangent vectors as direction al derivatives on scalar
fields: For all f E 9i and all to E V
t (f)

= ta oa.f

5. Torsion free :' For all f E !P,

va vbf = vb

V

.

The fifth condition is sometimes dropped, and indeed there are theories of gravitation where it is not imposed . However, in general relativity the derivative operator
is assumed to satisfy condition 5, and, unless otherwise stated, all derivative operators considered in this book will be assumed to be torsion free .
It is worth noting that the conditions 4 and 5 together with the Leibnitz rule allow
us to derive a simple expression for the commutator of two vector fields v°, wb in
terms of any derivative operator K . Applied to any smooth function f, we hav e
[v,w](f) = v{w(f)} - w{v(f) }
= Ua

)
aV (
V )
1V
a (wbvbf - w
a vb bf

= {V° pawb - w°pavb}Vbf

(3 . 1 . 1)

Thus we have
D
['p, W 1b = 'Da Da W b - yV° a'Ub

(3 . 1 .2 )

1 . If condition 5 is not imposed, it can be shown that there must exist a tensor Tab antisymmetric in
a and b such that VaVbf - VbVaf = -T`abVf (see problem 1) . T`ab is called the torsion tensor, and thus
our condition 5 states that the torsion tensor vanishes .

32 Curvature
Our first important task is to show that derivative operators exist . Let cjr be a
coordinate system and let {a/ax "I and {dxµ} be the associated coordinate bases . Then
in the region covered by these coordinates we may define a derivative operator,
aQ, called an ordinary derivative, as follows . For any smooth tensor field T°, - - "°kb j • • • b,
we take its components Tµ , ' ' Akv, . . . v, in this coordinate basis and define
a, Tal ak6 j • . •b , to be the tensor whose components in this coordinate basis are the
partial derivatives a(TA ' "'µk , , . . .,,,)/ax° . All five conditions follow immediately from
the standard properties of partial derivatives . Indeed, by the equality of mixed partial
derivatives, the fifth condition holds for all tensor fields, not just scalar fields . Thus,
given a coordinate system ip , we can construct an associated derivative operator aa .
Of course, a different choice of coordinate system fir' will yield a different derivative
operator aQ, that is, the components of the tensor a, T a, ' ' ' akb, . . . b, in the new (primed)
coordinates will not be equal to the partial derivatives of the primed components of
T°' ' "akb, . . . b,with respect to the primed coordinates . Thus, a given ordinary derivative
operator is coordinate dependent, i .e ., it is not naturally associated with the structure
of the manifold .

How unique are derivative operators? By condition (4), any two derivative operators Va and Va must agree in their action on scalar fields . To investigate their possible
disagreements on tensors of the next highest rank, let Wb be a dual vector field and
consider the difference Da (fcob) - Da (fc ) b) for an arbitrary scalar field f. By the
Leibnitz rule we hav e
Va (.f(Ob)

-

V. (.fWb) = (V .f

)wb

.f Va wb -

+

_ .f (Va (Ob -

(Va.f

)wb - .f VaWn
(3 .1 .3)

Va Wn)

where we have used property (4) again . Now at a point p, t.cob and Vacvb each depend
on how wb changes as one moves away from p . However, equation (3 .1 .3) shows
that their difference t wb - K cob depends only on the value of w6 at point p . To see
this, we suppose that cob equals cab at p and show that we get the same answer if we
replace wb by we . By problem 2 of chapter 2, it follows that since wb - cvb vanishes
at p we can find smooth functions, f(,,), which vanish at p and smooth dual vector
fields, µe', such that
n

( 3 . 1 .4)

we ~ wb = ~ f~>µb ~
a= 1

Hence, using equation (3 .1 .3), at point p we have
l(0 b - W b) - ~a ( Wb - Wb)
a

since each f~~ = 0 at p . Thus, we have
Vawb - VaWb = Qa wb - Qa Wb

which proves our asse rtion.

,

(3 .1 .6)
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Thus, we have shown that 0a - Da defines a map of dual vectors at p (as opposed
to dual vector fields de fined in a ne ighborhood of p) to tensors of type (0, 2) at p.
By prope rty (1), this map i s linear . Consequently (Da -- DQ) defines a tensor of type
(1 , 2) at p, which we will denote as C ` 6. Thus , we have shown that given any two
.
derivative operators Va and 0a there exists a tensor field C °ab such that
VQ l.ob = Va Wb - C cab W,

(3 .1 .7 )

This displays the possible disagreements of the actions of % and 0a on dual vector
fields .
A symmetry property of C`ab follows immediately from condition (5) . If we let
wb = Vbf = tbf, we find
V. vnf - V. vbf - C cab V

(3 .1 .8 )

Since both % Vbf and 't t1bf are symmetric in a and b, it follows that C`ab must also
have this property

( 3 . 1 . 9)

C`ab = C`b,

Equation (3 .1 .9), of course, need not hold if the torsion-free requirement is dropped .
The difference in the action of 0Q and Da on vector fields and all higher rank tenso r
fields is determined by equation (3 .1 .7), the Leibnitz rule, and property (4) . For
every vector field t° and one-form field wQ, property (4) tells us tha t

(Da - ~a)(wbtb) = 0

(3 . 1 .10)

On the other hand, by the Leibnitz rule, we hav e

~a)(Wb tb )

- EC

`a6w, )tb + cob( Va - ~a)tb

(3 .1 .11 )

Thus, index substituting on contracted indices, we fin d

wA (Da - Va)tb + Cbac t`] = 0

(3 .1 .12)

for all wb . This implies
Vntb

=V

atb + C bac t

c

(3 .1 .13)

Continuing in a similar manner , we can derive the general formula for the action
of Va on an arbitrary-"tensor field in terms of Da and Crab . For T E 0_(k, 1) we find
D T bi

. . .y
k

=

O Tbi

. '. . bk + C6j ad T b] . . . d . . .6
k

C dacj T b i

. . . b c'

1

. . .d . . . cl

( 3 .1 .1 4)

Thus, the difference between the two derivative operators Da and Da is completely
characterized by the tensor field C`~ . Conversely, it is not difficult to check that if
DQ is a derivative operator and C` ab is an arbitrary smooth tensor field which is
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symmetric in its lower indices, then R defined by equation (3 .1 .14) will also be a
derivative operator . This shows that there is a great deal of freedom involved in the
choice of a derivative operator, as on an n-dimensional manifold C` ab has n2(n+ 1)/2
independent components to be specified at each point .
The most important application of equation (3 .1 .14) arises from the case where ~Q
is an ordinary derivative operator aQ . In this case, the tensor field C`a6 is denoted I'`ab
and called a Christoffel symbol . Thus, for example, we write
Qa t 6 = datb + rbactc

(3 . 1 . 1 5 )

Since we know how to compute the ordinary derivative associated with a given
coordinate system, equation (3 .1 .15) (and, more generally, eq . [3 .1 .14] with as and
I'bQcreplacing % and C6 a,) tells us how to compute the derivative Da if we know F .
Note that, as defined here, a Christoffel symbol is a tensor field associated with the
derivative operator K and the coordinate system used to define aQ . However, if we
change coordinates, we also change our ordinary derivative operator from as to aQ
and thus we change our tensor Fab to a new tensor I'" . Hence the coordinate
to the components
components of I'`ab in the unprimed coordinates will not be related
a'
of I"`abin the primed coordinates by the tensor transformation law, equation (2 .3 .8),
since we change tensors as well as coordinates .
Given a derivative operator Da we can define the notion of the parallel transport
of a vector along a curve C with a tangent t° . A vector v° given at each point on the
curve is said to be parallelly transported as one moves along the curve if the equation
t° Vavb = 0
(3 . 1 . 16)
is satisfied along the curve . More generally, one can define the parallel transport of
a tensor of arbitrary rank by
ta

Da T bi

. . .bkc'

. . . Cl =

0

(3 .1 .17)

Choosing a coordinate system and using equation (3 .1 .15), we can express equation (3 .1 .16) as
taaQvb + t°I'bA , v` = 0

(3 .1 .I8)

or, in terms of components in the coordinate basis and the parameter t along the
curve,
dt v +

I tµr ,A v A = 0

(3 .1 .19)

µ, A

This shows that the parallel transport of va depends only on the values of Va on the
curve, so we may consider the parallel transport properties of vectors defined only
along the curve as opposed to vector fields . Furthermore, from the properties of
ordinary differential equations it follows that equation (3 .1 . I9) always has a unique
solution for any given initial value of Va . Thus, a vector at a point p on the curve
uniquely defines a "parallel transported vector" everywhere else on the curve . We
may use this notion of parallel transport to identify (i .e., map into each other) the
tangent spaces U and V of points p and q if we are given a derivative operator and
a curve connecting p and q. The mathematical structure arising from such a curve-
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dependent identification of the tangent spaces of different points is called a connection . Conversely, one could start with the general notion of a connection and use
it to define the notion of derivative operator .
As we have seen above, given only the manifold structure, many distinct derivative operators are possible and no one of them is naturally preferred over the others .
However, we show now that if one is given a metric gab on the manifold, a natural
choice of derivative operator is uniquely picked out . This is because the metric gives
rise to a natural condition which we may impose on the notion of parallel transport .
Given two vectors va and w', we demand that their inner product g,,b vaw6 remain
unchanged if we parallel-transport them along any curve . Thus we require

r°aacg &V 6w ,> =

0

(3 .1 .20)

for vb and w' satisfying equation (3 .1 .16) . Using the Leibnitz rule, we obtai n

(3 . 1 . 21 )

tavbW c Qagbc = 0

Equation (3.1 .21) will hold for all curves and parallelly transported vectors if and
only if
Vagb,

= 0

(3 . 1 .22 )

which is the additional condition we wish to impose on % . That this equation
uniquely determines Da is shown by the following theorem .
THEOREM 3 .1 .1 . Let gab be a metric . Then there exists a unique derivative operator
% satisfying %gy, = 0 .
Proof. Let Da be any derivative operator, e .g ., an ordinary derivative operator
associated with a coordinate system . We attempt to solve for Crab so that the
derivative operator determined by Da and C` ab will satisfy the required property . We
will prove the theorem by showing that a unique solution for C`ab exists.
By equation (3 .1 .14), C` b must satisfy
d
d
Qa gbc = Dagbc - C abgdc - C acg bd

(3 .1 .23)

that is,

(3 .1 .24)

Ccab + C bac = fagbc

By index substitution, we also hav e

be + c b, = vbga,

(3 .1 .25)

Cbca + cacti = tgab

(3 .1 .26)

G

We add equations (3 .1 .24) and (3.1 .25) and then subtract equation (3 .1 .26) . Using
the symmetry property of C`ab, equation (3 .1 .9), we find
ZCcab = fagbc + fbgac -

that

fcgab

r

(3 .1 .27)

is,
Ccab

1
= 2gcdlf

L

l
Sbd + fbSad - Odgab t

(3 . 1 . 28)

36 Curvature

This choice of C`ab solves equation (3 .1 .22) and is manifestly unique, which completes the proof . ❑
Thus, a metric gab naturally determines a derivative operator R . For the remainder
of this book, when a metric is present we will always choose the derivative operator
to be this natural one . Furthermore, equations (3 .1 .14) and (3 .1 .28) tell us how to
compute V. in terms of any other derivative operator % . In particular, in terms of an
ordinary derivative operator the Christoffel symbol i s

r`ab = 21 g "df aagbd +

a6Sad - adSab

}

(3 . 1 .29)

and thus the coordinate basis components of the Christoffel symbol ar e

1
rPµv - 2 ~ g ~

agµ~
ax + axv axa

dg" dg'.,

(3 .1 .30)

Thus, we can compute I'`Qb (and thence Da) by taking partial derivatives of the
coordinate basis components of the metric .

3.2 Curvature
In the previous section we showed th at given a derivative operator, there exists a
notion of how to parallel transport a vector from p to q along a curve C . However,
the vector in V which we get by this paral l el transport procedure starting from a
vector in V. will, in general, depend on the choice of curve connecting them . As
already indicated in the discussion at the beginning of this chapter, we can use the
path dependence of parallel transport to define an intrinsic notion of curvature . In this
sect ion we carry out this program by first defining the Riemann cu rvature tensor in
terms of the fa ilure of successive operations of differentiation to commute when
applied to a dual vector field . Then we show that this tensor is directly related to the ,
path-idependent nature of parallel transport ; specifically, the failure of a vector to
return to its original value when parallel transported around a small closed loop is
gove rned by the Riemann tensor . In the next section we will show that the Riemann
tensor also fully desc ribes the other characterization of cu rvature mentioned above :
the failure of in itially parallel geodesics to remain parallel .
Let Da be a derivative operator . Let co,, be a dual vector field and let f be a smooth
function . We calculate the action of two derivat ive operators applied to fu,Q,
V. Vb ( fWc) - V. ( Wc Vbf + f Vb(0c)
= M Vbf *c + Vbf Va wc + Vaf Vb Wc + f Va Qb W ,

.

(3 .2 . 1 )

If we subtract from this the tensor Vb K (fco,), the first three terms of the right-hand
side of equation (3 .2 .1) will cancel the corresponding terms of the expression for
06 Da (fco,) and we obtain the simple result ,

( Va 7n -

Vb Va)(.f(O,)

= .f(Da 76 - Vn K)w,

(3 .2.2)

By exactly the same reasoning as given above in the discussion of derivative operators (see eq . [3 .1 .30, it follows that the tensor (% Vb - Vb % )co, at point p depends
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only on the value of co, at p. Consequently, (0Q Vb - Vy Da) defines a linear map from
dual vectors at p to type (0, 3) tensors at p ; i.e ., its action is that of a tensor of type
(1, 3) . Thus, we have shown that there exists a tensor field R,,b,d such that for all dual
vector fields w,, we have

Vb Va W ,

VQ Vb (.J, -

(3 .2 .3 )

= RabcdGld

R"b' d is called the Riemann curvature tensor .
We first show that Rabid is directly related to the failure of a vector to return to its
initial value when parallel transported around a small closed curve . We can conveniently construct a small closed loop at p E M by choosing a two-dimensional
surface S through p and choosing coordinates t and s in the surface [with the
coordinates of p chosen, for simplicity, to be (0, 0)] . Consider the loop formed by
moving At along the s = 0 curve, followed by moving As along the t = At curve,
and then moving back by At and As as illustrated in Figure 3 .3 . Let v° be a vector
atp (not necessarily tangent to S) and let us parallel transport v° around this close d

(o, A s )
P

lot,os ►
(At,0)

S

Fig . 3 .3 . The parallel transport of a vector v° around a small closed loop . As
derived in the text , to second order in At and As, the change in v° is governed by
the R iemann tensor at p .

loop . It is easiest to compute the change in va when we return to p by letting WQ be
an arbitrary dual vector field and finding the change in the scalar v°coa as we traverse
the loop . For small At the change, St, in vacua on the first leg of the path i s

S, = At ° (vawa) I
oft

(3 . 2 . 4)
(nr/ 2 ,o)

where, by evaluating the derivative at the midpoint, we have ensured that this
expression is accurate to second order in the displacement At . We may rewrite S 1 as
S

1

=

At

T b ob (v a Wa ) I (fit /2, 0)

s

= At v°T 6 0bWa I( o t/ z,o)

(3 .2 .5)

where Tb is the tangent to the curves of constant s and Tb V6va = 0 by equation
(3 .1 .16) . Similar expressions hold for the changes 82, S3, and S4 on the other parts
of the path . The two "At variations," S, and S3, combine to yield
Sl + S3

=

A t{v° T b Vb CO Q I toy/z, o> - v °T b Vb Wn I ( or/2, As) }

(3.2 .6)

and Sz and S4 combine similarly . Since the term in brackets vanishes as As -0, 0, this
shows that to first order in At and As, the total change in vawa (and thus the total
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change in va) vanishes ; i .e., parallel transport is path-independent to first order in
At and As . To calculate the second order change in vawa, we need to evaluate the
term in brackets in equation (3 .2 .6) to first order . We do this by the following
procedure : We consider the curve t = At/2 and imagine parallel transporting v° and
Tb Vbcoa along this curve from (At/2, 0) to (At/2, As). Now to first order in As, v°
at (At/2, As) equals the parallel transport of va at (At/2, 0) along this curve since,
as remarked above, parallel transport is path-independent to first order. On the other
hand, to first order, the term Tb Vb WQ at (At/2, As) will differ from the parallel
transport of that quantity from (At/2, 0) by the amount OsS` V,(T b Vb G1Q), where S'
is the tangent to the curves of constant t . Hence, the term in brackets is just this
quantity contracted with v° . Thus, to second order in At, As, we find
A
V
)
S~ + Sg = -At
S U °S,Vc(Tb b Wa

s

( 3 .2 . 7)

where, to this accuracy, we may evaluate all tensors at p . Adding the similar
contribution for SZ and S4, we find the total change in v°WQ is
(
) = A
V j
S vaWa
t AS V°lTcVc(Sb% WJ - Sc Qc(Tb b w I
= At

=

AS D°7'' .S b(VcVb - VbVc) Wa

At A

c

S U a7' .SbRc6ad Wd

;

( 3 .2 . 8)

where in the second line we used the fact that the coordinate vector fields T° and Sb
commute (see the end of section 2 .2 and eq . [3 . 1 .2]) and we used the definition of
the Riemann tensor equation (3 .2.3) in the last step . But equation (3 .2 .8) can hold
for all wQ if and only if the total change in v ° (accurate to second order in At and As)
is

&v° =

At AS

vdT`SbR,bd°

(3 . 2.9)

This is the desired result . It shows that the Riemann tensor indeed directly measures
the, path dependence of parallel transport .
Using equation (3 .2 .3) we may-by a procedure completely analogous to the
derivation of equation (3 .1 .14)-express the action of the commutator of derivative
operators on arbitrary tensor fields in terms of the Riemann tensor . To find the
expression for a vector field ta, we let coQ be a dual vector field . Then using property
5 of derivative operators together with the Leibnitz rule and equation (3 .2 .3), we find
0 = (Va06 - Vb ~n ~~ tcWc ~
= Val wcVbtc + t C Qb(Oc) - Vb lWcVatc + rc Qa(,c)
= W~ (%Vy - Ob Va ) t c + tc(Va Vb - Vb Oa) W c
= Wc (Va Vb

Vb Va ) t c + tcWdRabcd

( 3 . 2 .1 0)

Thus, we obtain
(Va 06 - Vb Va) t c = -Rnbd c t d

3 .2 . 11

3 .2 Curvature 3 9

By induction, for an arbitary tensor field T" ' ' ' `kd, . . . a, we find
(0 6
.V

V6 Va) T c .

. . .c
k

R

c

c . .,e . . . ck

d~ •• • d~
abe iT
- i d,••-d,
i=]
I
+

I

Raydj e7•

c, .

. .ckdl

. . .e . . .dl

-

( 3 .2 . 1 2 )

j= 1

Next we establish four key properties of the R iemann tensor :
(3 .2 .13)
1 . R,,bc d = -Rbac d .
(3 .2.14)
2. R[a~3 d = 0 .
3 . For the derivative operator % naturally associated with the metric, K gy, = 0, we
have

(3 .2.15 )

Rabca = -Ra6dc

4 . The Bianchi identity holds :
V[Q Rbcl de

(3 . 2 . 16)

=0

Property (1) follows trivially from the definition of Rab,d, equation (3 .2.3). To
prove property (2), we note that for an arbitrary dual vector field, coQ, and any
derivative operator Va, we have

pQ Vbw,] =

0

(3 .2 .17)

This equation can be proven from equation (3 .1 .14), substituting an ordinary derivative da for 't, and using the commutativity of ordinary derivatives and the symmetry
of C` b = I'`ab, equation (3 .1 .9) . (In differential forms notation, it is the statement
that d2w = 0 [see appendix B] .) Thus, we hav e

0 = 2V[a Vb wc] - V[a Vb &) c]
for all wd, which proves property (2) .

-

=

R [abc]d wd

(3 .2 .18 )

Property (3) follows from equation (3 .2 .12) applied to the metric gam . We find
0 = ( VQ Vb

- Vb Va ) g cd = Rabce Sea

+ Rabd `S~c =

R.av ca

+ Rabdc

9 ( 3 . 2.

19 )

which yields property (3) . It follows from properties 1, 2, and 3 that the Riemann
tensor also satisfies the following useful symmetry property (see problem 3) :
Rid = R cda b

(3 .2 .20)

Finally, to prove the Bianchi identity, property (4), we apply the commutator of
derivative operators to the derivative of a dual vector field . We obtain, using equation (3 .2.12),
(VaVb - Qb Va)VcWd = Rb,eVe Ctld + RQbdV, Wf

(3 .2. 21 )

On the other hand, we have
QQ (Vb Q, Wd - VVb Wd) _ Va (R bcdeWe) = we VaR bcde + R y~.de ~a We

(3 . 2 .22)
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If we antisymmetrize over a, b, and c in equations (3 .2.21) and (3 .2 .22), the
left-hand sides become equal . Equality of the right-hand sides yield s
R [ nbc]e Ve 4Wd + R [ab j d jfV,1Wf

= we V[a Rbc]de

+

R[bc j d je %] We

,

(3 .2 .23 )

where the vertical bars indicate that we do not antisymmetrize over d . The first term
on the left-hand side vanishes by equation (3 .2.14) while the second terms on both
sides cancel each other . Thus, we obtain, for all co, ,

we V[aRt,, ]de = 0

(3 .2 .24 )

which yields property (4) .
It is useful to decompose the Riemann tensor into a "trace part" and a "trace free
part ." By the antisymmetry properties (1) and (3), the trace of the Riemann tensor
over its first two or last two indices vanishes . However, its trace over the second and
fourth (or equivalently, the first and third) indices defines the Ricci tensor, RQ, ,
R.c = R nbc b

(3 .2.25)

By equation (3 .2 .20), Rab satisfies the symmetry propert y
R . =Rya

(3 .2 .26)

The scalar curvature, R, is defined as the trace of the Ricci tensor :
R = RQa

(3. 2 . 27)

The "trace free part" is called the Weyl tensor, Cabcd, and is defined for manifolds of
dimension n ? 3 by the equatio n
Rabcd =

Caa,d + n ? 2( S a[cRd~ - S b[cRdla) - (n 1 ) ( n - 2)R ga[c8d]b

(3 . 2. 28)

The Weyl tensor satisfies the symmetry properties (1), (2), and (3) of the Riemann
tensor as well as being trace free on all its indices . It also behaves in a very simple
manner under conformal transformations of the metric (see appendix D) and for this
reason is sometimes called the conformal tensor .
Contraction of the Bianchi identity (3 .2 .16) leads to an important equation
satisfied by Rab . We find
a
(3 .2 .29)
Oa Rya + a Rya - c Rbd = 0
Raising the index d with the metric and contracting over b and d, we obtai n
Va Rc °-F-Vy Rcb -~ R = 0

(3 .2. 30 )

or

vacab = o

(3 .2.31 )

where
1
G ab =R a n -

2 R g ab

(3 .2 .32)
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The tensor G,,b is called the Einstein tensor. It appears in Einstein's equation, and the
twice contracted Bianchi identity, equation (3 .2 .31), plays an important role in
ensuring consistency of Einstein's equation (see chapters 4 and 10) .

3.3 Geodesics
Intuitively, geodesics are lines that "curve as little as possible" ; they are the
"straightest possible lines" one can draw in a curved geometry . Given a derivative
operator, 0a, we define a geodesic to be a curve whose tangent vector is parallel
propagated along itself, i .e . a curve whose tangent, T°, satisfies the equatio n

T°VaTb = 0

(3 .3 .1 )

Actually, in order to satisfy the intuitive requirement that the curve be "as straight
as possible," one might require only that the tangent vector to the curve point in the
same direction as itself when parallel propagated, and not demand that it maintain
the same length . This would yield the weaker condition,
T°Va Tb = a Tb

(3 .3 .2)

where a is an arbitrary function on the curve . However, it is easy to show that given
a curve which satisfies equation (3 .3 .2) we can always reparameterize it so that it
satisfies equation (3 .3 .1) (see problem 5) . Thus, there is no true loss of generality
in considering only curves which satisfy equation (3 .3 .1) . A parameterization which
yields equation (3 .3. 1) is called an affine parameterization . Thus, our definition of
a geodesic requires it to be affinely parameterized . (Some other references apply the
term geodesic to any curve satisfying eq . [3 .3 .2] . )
We can get some insight into the nature of the geodesic equation by writing out
the components of this equation in a coordinate basis . In a coordinate system 4i, the
geodesic is mapped into a curve x1`(t) in R" . By equation (3 .1 .19), the components,
T'`, of T° in this coordinate basis satisfy
F~

dr +

I'"ovTaT v = 0

(3.3 .3)

o, v

However, by equation (2 .2 .12), the components Tµ are simpl y
TA = dxµ
dt

(3 .3 .4)

Thus, in a coordinate basis, the geodesic equation becomes
Q
d2
x +µ
rLdx
dx v

dt2 o,~°
v dt dt

= 0

(3 .3 .5)

Equation (3 .3 .5) is a coupled system of n second order ordinary differential
equations for the n functions xµ(t) . From the theory of ordinary differential equations, it is known that a unique solution of equation (3 .3 .5) always exists for any
given initial value of xµ and dxµ/dt. This means that given p E M and any tangent
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vector, Ta E VP, there always exists a unique geodesic through p with tangent T° .
Notice that the solutions of the equations of motion in ordinary mechanics share this
property: Given an initial position and velocity, a unique solution exists .
Indeed, the existence and uniqueness of geodesics allow us to use them to construct coordinate systems that are very convenient for some computational purposes .
Let p E M. We define a map, called the exponential map, from the tangent space
V to M by mapping each T° E VP into the point in M lying at unit affine parameter
from p along the geodesic through p with tangent T° . For large T° one might
encounter a singularity before the affine parameter t = 1 is reached . Also geodesics
may cross, thereby making the exponential map fail to be one-to-one . However, one
can show that there always exists a (sufficiently small) neighborhood of the origin
of V on which the exponential map is defined and is one-to-one (see, e .g ., Bishop
and Crittenden 1964) . Since V is an n-dimensional vector space, we may identify
it with flan, and hence use the exponential map to give us a coordinate system, called
Riemannian normal coordinates at p . These coordinates have the property that all
geodesics through p get mapped into straight lines through the origin of D . From
equation (3 .3 .5) it follows that in this coordinate system the Christoffel symbol
components I"`P„ vanish at p . This fact makes Riemannian normal coordinates
particularly useful if one is performing calculations at a given point .
In the case where the derivative operator % arises from a metric g ,,b a second type
of coordinate system, called Gaussian normal coordinates, or synchronous coordinates, often is useful for calculations in situations where one is given a hypersurface
S, i.e ., an (n - I)-dimensional embedded submanifold of the n -dimensional manifold M (see appendix B) . At each point p E S, the tangent space V of the manifold
S can be naturally viewed as an (n - 1)-dimensional subspace of the tangent space
V of M. Thus, there will be a vector n° E V p, unique up to scaling, which is
orthogonal (with respect to the metric gab) to all vectors in V . This vector, n°, is said
to be normal to S . In the case of a Riemannian metric, n' cannot lie in VP; in the case
of a metric of indefinite signature, n a could be a null vector, gin°nb = 0, in which
case it does lie in V and S is said to be a null hypersurface at point p . If S is nowhere
null, we may normalize n a by the condition gabn°n b = ±- 1 . Gaussian normal coordinates may be defined for any non-null hypersurface as follows (see Fig . 3 .4) . For
each p E S we construct the unique geodesic through p with tangent n' . We choose
arbitrary coordinates (x', . . . , x°-') on (a portion of) S and label each point in a
neighborhood of (that portion of) S by the parameter t along the geodesic on which
it lies and the coordinates x', . . . , xn-' of the point p E S from which the geodesic
emanated . The geodesics emanating from S may eventually cross or run into singularities, but in a (sufficiently small) neighborhood of each p E S, the map q --3- (x',
. . . ,x
n-1
, t) defines the chart we wished to construct .
Gaussian normal coordinates satisfy the important property that the geodesics
remain orthogonal to all the hypersurfaces Sr defined by the equation t = constant .
This is true by construction for the hypersurface So = S . To show that this remains
true for all Sr in the domain of validity of the construction, it suffices to show that
the geodesic tangent field n a remains orthogonal to all of the coordinate basis fields
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Fig . 3 . 4 . The constru ction of Gau ssian norm al coordinates starting from the
hy persurface S . The geodesics orth ogonal to S eventually may cross, but unti l they
do, Gau ssian normal coordinates are we ll define d and the surfaces, S,, of constant t
remain orthogonal to the geodesics .

X,, . . . , Xn_ , which generate the tangent space to S , Denoting by X° any one of
these fields, we have
nb Ob ( naXa ` = na n bQbX a

=

n
I

2

axbvb n a
XbVb(n°na )

=

0

(3 .3 .6)

where the first equality comes from the geodesic equation, the second from the fact
that n° and X6-being elements of a coordinate basis on M-commute, the third
follows directly from the Leibnitz rule, and the last follows from the fact that the
normalization condition n°rca = ± 1 on S is preserved by parallel transport so that
n°na is constant on M . Since naX° =0 on S, equation (3 .3 .6) shows that this
condition is preserved off of S, which yields the desired result .
A further property of geodesics of a derivative operator arising from a metric is
that they extremize the length of curves connecting given points as measured by the
metric . For a smooth (or merely differentiable) curve C on a manifold M with
Riemannian metric gab, the length, 1, of C is defined b y
l = f (gam T°Tb)' 12 dt

(3 .3 .7)

where T° is the tangent to C and t is the curve parameter . For a metric of Lorentz
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signature - + + • • • +, a curve is said to be timelike if the norm of its tangent is
everywhere negative, gab T°T b < 0; it is said to be null if gab T °T b = 0; it is said to
be spacelike if gab T°Tb > 0 . For spacelike curves, the length may again be defined
by equation (3 .3 .7) ; for null curves the length is zero; for timelike curves, we change
the sign in the square root and use the term proper time, z, rather than length ,

z = J (-SST°T6)'12 dt

(3 .3 .8)

The length of curves which change from timelike to spacelike is not defined . Note
that since a geodesic tangent is parallel transported and thus its norm is constant,
geodesics in a Lorentz manifold cannot change from timelike to spacelike or null .
Note also that the length (or proper time) of a curve does not depend on the way in
which the curve is parameterized . If we define a new parameterization s = s (t), the
new tangent will be S° = (dt/ds)T° and the new length will be

if

f

LSabSaS q,1 2 ds = J [gabT°Tb]1 / 2 dt ds = l

(3 .3 .9)

We wish now to derive the condition on a curve which makes it extremize the
length between its endpoints, i .e ., wish to find those curves whose length does not
change to first order under an arbitrary smooth deformation which keeps the endpoints fixed . We will perform the calculation of the change in length of a curve under
a small deformation by choosing a chart and working in fly" . (In chapter 9 we shall
repeat this calculation without introducing coordinates and will calculate also the
second variation of arc length .) For definiteness, we consider a spacelike curve .
Writing equation (3 .3 .7) in the coordinate basis, we hav e
b dx j ` dx v l / z

l =a ,~ dt dt dt

(3 .3 .10)

where C (a) = p and C (b) = q are the endpoints of the curve . The extremization
problem for l is mathematically identical to the extremization problem for the action
in Lagrangian mechanics . The variation in l i s

=

jb dxdx2 dx"d(Sxp
1:
)Sl
t
Sµv dt dta, S"a
dt dt 0
+ 2 ax° ~ dt dt d
µ, v
/3
(3.3 .11 )

Without loss of generality (since length is parameterization independent), we may
assume that the original curve was parametrized so tha t
dx"'dx
gabTaTb = 1 S dt dt
µ, v

With this choice of parameterization, the extremization condition is
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0 =

b dx"d(&xP)
gaa dt dt
a, /3

1 ag«adxadx P 5x
P dt
2 ax ° dt dt

(g,",dx" )
Cit
dt

1 ag«a dx"dx'' &adt
2 A ax a dt dt

d

'b

a . /3

{

(3 .3 . i2 )

(Na boundary terms occur in the integration by parts since Sxp vanishes at the
endpoints .) Equation (3 .3 .12) will hold for arbitrary W if and only if
d2x" ag ap CIX A CIX a

-

a

g"P dt2

a, A

1 agaadx a dx''

ax'' dt dt + 2 ~ axa dt dt - 0

(3 .3 .13)

Using our formula for I'°aA, equation (3 .1 .30), we see that equation (3 .3 .13) is just
the geodesic equation (3 .3 .5) . (Had we not chosen the parameterization
gaT°Tb = 1 for C, we would have obtained the geodesic equation in the form
[3 .3 .2].) Thus, a curve extremizes the length between its endpoints if and only if it
is a geodesic .
An identical derivation shows that the curves which extremize proper time between two points are precisely the timelike geodesics . These derivations also show
that the geodesic equation (with affine parameterization) can be obtained from
variation of the Lagrangian,

L = dx"`dx
gµv dt dt
µ, v

(3 .3 .14)

In many cases, the most efficient way of computing the Christoffel symbol I'"`av in
a given coordinate basis is to start with the Lagrangian, equation (3 .3 .14), write
down the corresponding Euler-Lagrange equations, and read off rµQV by comparison
with equation (3 .3 .5) .
On a manifold with a Riemannian metric, one can always find curves of arbitrarily
long length connecting any two points . However, the length will be bounded from
below, and the curve of shortest length connecting two points (assuming the lower
bound in length is attained) is necessarily an extremum of length and thus a geodesic .
Thus, the shortest path between two points is always a "straightest possible path ."
However, a given geodesic connecting two points need not be the shortest path
between them . For a manifold with a Lorentz metric, given two points that can be
connected by a timelike curve, one can always find timelike curves of arbitrarily
small proper time connecting the points (see Fig . 9 .5 of chapter 9) . In some spacetimes the proper time of timelike curves connecting the two given points need not
be bounded from above ; but if a curve of greatest proper time exists, it must be a
timelike geodesic. Again, however, a given geodesic need not maximize the proper
time between two points . In chapter 9 we shall introduce the notion of conjugate
points along a geodesic and will show that their absence is the necessary and
sufficient condition for a geodesic to be a local maximum of proper time (or, in the
Riemannian case, a local minimum of length) between two points .
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Our final task is to derive the geodesic deviation equation, the equation which
relates the tendency of geodesics to accelerate toward or away from each other to the
curvature of the manifold . This gives another characterization of curvature, and it
also plays an important role in motivating Einstein's equation (see section 4 .3) and
in arguments relating to the singularity theorems (see chapter 9) .
Let y, (t) denote a smooth one-parameter family of geodesics (see Fig . 3 .5), that
is for each s E QB, the curve ys is a geodesic (parameterized by affine parameter t);

x°

r
Fig . 3 .5 . A one-parameter family of geodesics y,, wi th t an gen t T" and deviation
v ec tor X ° .

and the map (t, s) --3, y, (t) is smooth, is one-to-one, and has smooth inverse . Let 2
denote the two-dimensional submanifold spanned by the curves y, (t) . We may
choose s and t as coordinates of Y_ The vector field Ta = (a/aria is tangent to the
family of geodesics and, thus, satisfie s

T°Va Tb = 0

(3.3 . 1 5)

The vector field Xa = ( a/ as)° represents the displacement to an infinitesimally
nearby geodesic, and is called the deviation vector . There is "gauge freedom" in X°
in the sense that X° changes by addition of a multiple of T° under a change of the
affine parameterization of the geodesics ys (t), t -+ t' = b (s)t + c (s) (see problem
5) . It is worth noting that in the case where the geodesics arise from the derivative
operator associated with a metric gam, X° always can be chosen orthogonal to Ta .
Namely, by re-scaling t by an s-dependent factor, we may ensure that gabT°Tb
(which is automatically constant along each geodesic) does not vary with s. Since X°
and T° are coordinate vector fields, they commute :

Td V6 X °

= X b Ob T

°

(3 . 3. 16)

so by the same calculation as equation (3 .3 .6), we see that X°T is constant along
each geodesic . By further reparameterizing each ys(t) by adding a constant (depending on s) to t, we may ensure that the curve C(s) comprising the points with
t = 0 is orthogonal to all the geodesics . Thus, with this affine parameterization of
ys (t) we have Xa T° - 0 at t = 0 and hence X°Ta = 0 everywhere .
The quanti ty 'U° = T b Ob X ° gives the rate of change along a geodesic of the
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displacement to an infinitesimally nearby geodesic . Thus, we may interpret va as the
relative velocity of an infinitesimally nearby geodesic . Similarly, we may interpre t

a ° = T` IV. va = TcVc (T b1VbX °)

(3 . 3 . 1 7)

as the relative acceleration of an infinitesimally nearby geodesic in the family . We
now shall derive an equation which relates a° to the Riemann tensor . We have

a° = T`D, ( T b ~yX °)
= T`V, (Xb VbTa)
bT° )
( Tc QcX6) (v
+
l
-

(Xc OcT6)( 0b T ° )

= X

eVc ( Tb Qb Ta )

X67'c Q abT°

+ XbT` V V
a
a
b cT - Rcbd XbT c Td
a

- Rcbd XbTcTd

= -Rcbd aXbTcTd

(3 . 3 . 18)

Equation (3 .3 .18) is known as the geodesic deviation equation . It yields the final
characterization of curvature which we sought : We have a ° = 0 for all families of
geodesics if and only if Rid = 0 . Thus, some geodesics will accelerate toward or
away from each other (and, in particular, some initially parallel geodesics-i .e .,
goedesics with v° = TbVeX° = 0 initially- will fail to remain parallel) if and only
if Rab'd '# 0.

3.4 Methods for Computing Curvature
In section 3 .2 we defined the Riemann curvature tensor by proving existence of
a tensor field which satisfies equation (3 .2.3) for all dual vector fields Wa . However,
this existence argument does not tell us directly how to calculate R,,b, d given a metric
gam. Since the ability to calculate curvature is crucial for solving Einstein's equation
of general relativity, we devote this section to methods for calculating Rabid .
3 .4a Coordinate Component Metho d
To calculate the curvature by the coordinate component method, we begin by
choosing a coordinate system . We express the derivative operator Va in terms of the
ordinary derivative as of this coordinate system and the Christoffel symbol I'`ab, as
discussed in section 3 .1 . For a dual vector field wa, we hav e
Db Wc =

,

9y CUB - I ,b e Wd

(3 .4. 1)

and thus,
Qa Vb We = as L ab We - Vbc Wd)
d
)
- reab 0ae &), - r ec Wd

(3 .4.2)

- reac L ab We - I,dye Wd)

Hence, equation (3 .2 .3) may be expressed as
Rabcd Wd -

[-2

a[a I,dbi, + Zrec[a

V

j
bJe

Wd

,

(3 .4 .3)
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where we have used the commutativity of ordinary derivatives and the symmetry,
equation (3 .1 .9), of F . Since equation (3 .4 .3) holds for all Wd, we may "cancel"
wd from both sides to obtain the desired formula for Rabid. Taking the components
of the tensors appearing in this equation in the coordinate basis associated with our
chart, we obtain the formula
r,,-,,
RµvnP - dx a v rav - a
ax µ

+ (ran ro"av

- rave r°a,)

( 3 .4. 4)

a

where we have used the definition of the ordinary derivative as the partial derivative
of components with respect to the coordinates .
Thus, to calculate Rab,d starting from gab, we first obtain the components, gµ,,, of
the metric in our coordinate basis . We then calculate F . by equation (3 .1 .30) (or
by reading them off from the components of the geodesic equation [3 .3 .5] calculated
from the Lagrangian, equation [3 .3 .14]) . Finally we calculate the components Rµvp°
via equation (3 .4.4) . The Ricci tensor components then may be obtained by contracting equation (3 .4.4):
R JevP

R µP =

v

v

as v r vµP - aa~,

+ E (FFav

T v°A~

- ra sp Iy vaN,

(3 .4.5)

a, v

We take this opportunity to point out several useful facts for calculations in
coordinate bases . We may write the coordinate basis components, gµv, of the metric
as a matrix. The components, g ", of the inverse metric g°b will then be the inverse
of the matrix (gµ„) . We define g to be the determinant of (gµ ,),

g

=

det(gµY)

(3 .4.6)

Then, as discussed in appendix B, the natural volume element on the manifold M
induced by g,,b is N/1 g I dx 1 . . . dx" .
A simple formula may be derived for the contracted Christoffel symbol r°ab . From
equation (3 .1 .30) we have

r °„µ = 2
v

E g- ~g ~ (3 .4 .7)

v, «

But, using the formula for the inverse of a matrix, it is not difficult to show tha t

v,a

g- a8~ = 1 ag
9X
g ax µ

(3 .4. S)

Thus, we have
a 1 1 dg

r °""

2 g axµ

a

ax µ In V191 (3 .4.9)
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This is a useful formula since ram appears in the expression for the Ricci tensor Rab
as well as in the formula for the divergence of an arbitrary vector field, T°, in terms
of its coordinate basis components . Indeed, using equation (3 .4 .9), we have
Va Ta = aa Ta + r°ab Tb

FL

gI

aaµ

(N/1 g I 7'

(3 .4. 10)

Coordinate basis methods have the advantage of providing a straightforward
mechanical procedure for calculating curvature . One is normally presented a metric
in terms of its components in a coordinate basis, so all one must do to obtain the
curvature is to perform the partial differentiations and summations given in equations
(3.1 .30) and (3 .4 .4) . On the other hand, even in the simplest cases, these straightforward computations are extremely laborious, and the "nongeometrical" nature of
the calculations often makes it difficult to detect algebraic errors .
3 .4b Orthonormal Basis (Tetrad) Method s
While coordinate basis methods have the advantage of providing a straightforward
procedure for calculation of Va and Rated, for many purposes it is advantageous to use
an orthonormal basis in tensor calculations . A coordinate basis {a/axµ}, of course,
it is not orthonormal except for the trivial case of flat spacetime in Cartesian coordinates . Thus, we may wish to introduce a "nonholonomic," i .e., noncoordinate,
orthonormal basis of smooth vector fields (e)°, satisfying

(eA)°(ev)a =

714 v

(3 .4 .11)

where qµv = diag(-1, . . , -1, 1, . . , 1) . (Here the greek indices µ, v have the
range 1, . . . , n and label the vector of the basis ; the latin a is the usual index of
the index notation designating that e,, is a vector .) In four dimensions-and sometimes more generally-{(eµ)°} is called a tetrad. Equation (3 .4 .11) implies the useful
relation

E il f"(eµ ) °(ev)b = S°n

(3 .4.12)

µ, v

where

5

'11 µV =

'1 M,y

°b is the identity map on vectors and 77 1 `v is the inverse of 'qµv (so that
? ). Equation (3 .4.12) can be proven by veri fying that it gives equality when
contracted with an arbitrary basis vector (e,)6 .
The calculation of curvature by tetrad methods has a sufficiently different appearance from the coordinate basis methods that it is worth pointing out explicitly three
key ingredients that must be used in determining the curvature of a metric : (1) The
derivative operator is compatible with the metric, Va g6c = 0 . (2) The derivative
operator is torsion free (property 5 of section 3 .1). (3) The Riemann tensor is related
to the derivative operator by equation (3 .2.3) . In the coordinate basis methods,
ingredient (2) is expressed by equation (3 .1 .9), ingredient (1) (given (2)) is expressed
by equation (3 .1 .29), and ingredient (3) is expressed by equation (3 .4 .4) . As shown

50 Curvature

below ingredients (1) and (2) are expressed in quite different ways when using an
orthonormal basis .
We begin by defining the connection ]-forms, waµ,,, by
Waµv

= (eµj b Va ( ev)b

(3 .4.13)

The components of c jQµv are called the Ricci rotation coefficients,
(3 .4. 14 )
The orthonormality of {(eµ)°} implie s
Waµv -

( e µ )b 7a ( ev)b

-Wavµ s

(3 .4.15)

where the compatibility condition 0a gbc = 0 was used . Conversely, equation
(3 .4.15) together with equation (3 .4.1 1) implies Dag = 0 . Thus, in the orthonormal
basis approach, ingredient (1) is expressed by the simple conditio n
cva ~, ,,

=

- cOa„µ

( 3 . 4. 16)

(Note, in contrast, that the symmetry of I'", stems from ingredient [2] .) The
antisymmetry of the Ricci rotation coefficients as compared with the symmetry of the
Christoffel symbol indicates a significant potential advantage of this approach : There
are n 2 (n+1)/2 ( = 40 when n = 4) components F . but only n 2(n-1)12 (= 24
when n = 4) components waµ,, .
1'he Riemann tensor can be expressed in terms of the Ricci rotation coefficients
in the following manner. The components of Rad in our orthonormal basis are

)

( ,)c ( va Qb - Qb Va)( ev)c

- (eP)a(eo b el

(3 . 4 . 17)

However, we hav e

( eµ)` Va 06 (ev), = Da {(e~.)`~b (ev)~} - LVa ( el,,)`1 LOb ( e )c 1

(3 . 4. 18 )

Furthermore, we have

f
(3 .4. 19 )
a,/3

Thus, from the definition of the connection one forms, equation (3 .4 .13), we obtain
Rpvµ v = (ep

)a ( e

.)bJ

lva Wbgv - Vb Wa µ v

p
. Wbav - WbA Fk Waav 1}
1 1] a ` WaPle
a

.a

(3 .4.20)
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We may rewrite equation (3 .4 .20) in terms of the Ricci rotation coefficients a s
a
a
R,µv = ( ep) Da wPµv -` (eP) a WP~ v
«''tj w
w
r~Pa+
v w Pf3 O'
P/~l+
oav- w opll

aµ v

Q/3p a~.e v

~

(3 .4.21)

a ,,6

where the last two terms compensate for taking the components of waµ , inside the
derivative in the first two terms . Since &)oµ„ is a scalar, the derivative Da in equation
(3 .4.21) may, of course, be replaced by an ordinary derivative aQ . Thus, equation
(3 .4.2 1) tells us how to compute the curvature tensor in terms of WCPv . The components of the Ricci tensor may then be computed via the formul a

RP*

=

E

,11

` vRvog,,

(3 . 4 . 22)

Q, v

Equation (3 .4 .20) or equation (3 .4 .21) fully expresses ingredient (3) in the calculation of curvature . Thus, only ingredient (2)-the torsion-free condition on Da-remains to be expressed in this approach . There are two different procedures which
may be employed to do this . The first begins by noting that the torsion-free condition
allowed us to express the commutator of two vector fields in terms of the derivative
operator % via equation (3 .1 .2) . Conversely, if equation (3 .1 .2) holds for all vector
fields in a basis, it implies the torsion-free property of K . Thus, we may express
ingredient (2) by the commutation relations of the basis vector fields ,
V
(3 .4 .23)
(e,)a[e,,, evJ" = (er)a{(eµ)b b(ev)° (ev}bOb(e,)°} = wgPV - cvvaµ
This yields the n2(n-1)/2 equations needed to solve for cv ,, ,, (see problem 8).
An alternative procedure is to note that from the definition of the connection
one-forms, it follows that
V[a ( e,)a]

=

7

r~'"'~eµ)[awn~~ ~

(3 .4 . 24)

µ, v

as can be verified by contracting equation (3 .4.24) with arbitrary basis vectors
(eP)°(ea)b. However, the torsion-free condition implies that the antisymmetrized
derivative of a one-form is independent of derivative operator, and thus may be
replaced by an ordinary derivative aa ,

i?P"( eµ)[aWb],v

d[a (ems) b]

(3 . 4.25)

µ, v

Conversely, the validity of equation (3 .4.25) for all basis vectors implies that Oa is
torsion free. Thus, equation (3 .4 .25) is an alte rnate expression of ingredient (2) .
Equations (3 .4.20) amd (3 .4 .25) can be expressed more elegantly in the notatio n
of differential forms - (see appendix B) . We drop the dual vector index a onu)aµv and
(eµ)a and use boldface letters to designate forms . For convenience, we also raise and
lower greek indices with rJ µv and
e.g. , we have
e.g.,

w„~` = E 17 "`° (3 .4.26)
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times (see chapter 7)-the Newman-Penrose approach is likely to be the most useful .
Furthermore, in some cases where there is a great deal of symmetry, it may be
possible to adapt the coordinate system to the symmetries and make the coordinate
basis method the preferred approach . Finally in general situations-without symmetries or geometrically preferred vectors to serve as natural basis vectors-all
methods are likely to be about equally laborious .
Finally, we note that in this section we have presented the coordinate and tetrad
methods in the context of calculating the Riemann tensor, given the metric . However, the equations obtained, of course, are equally applicable in the much more
frequently encountered situation where (part of) the curvature tensor is given (e .g.,
via Einstein's equation, as discussed in the next chapter) and we wish to find the
metric . Furthermore, even in cases where we do not wish to calculate the curvature
or solve for the metric, the above equations often directly provide useful relations
between the metric and its curvature, particularly in cases where the coordinate
system or tetrad is well adapted to the properties of the spacetimes under consideration .

Problem s
1 . Let proper ty (5 ) (the "torsion free" cond ition) be dropped from the definit ion of
derivative operator Da in section 3 . 1
a) Show that there exists a tensor T`ab (called the tors ion tensor) such that for all
smooth functions , f, we have VQ Vbf - Vb VQf = - T`ab Vcf. (Hint : Repeat the de rivation of eq . [3 . 1 . 8], letting Va be a torsion- free derivative operator . )

b) Show that for any smooth vector fields Xa, ya we hav e
T c~ Xa yb = Xapa y c - ya Va X c - [X, Y ],r
c) Given a metric, gab, show that there exists a unique derivative operator Va with
torsion T`ab such that Vcg,,b = 0 . Derive the analog of equation (3 .1 .29), expressing
this derivative operator in terms of an ordinary derivative as and T .
2 . Let M be a manifold with metric gab and associated derivative operator Da . A
solution of the equation DaV°a = 0 is called a harmonic function . In the case where
M is a two-dimensional manifold, let a be harmonic and let E ab be an antisymmetric
tensor field satisfying ewe°b = 2(-1)S, where s is the number of minuses occurring
in the signature of the metric . Consider the equation % /3 = E ab Oba .
a) Show that the integrability conditions (see problem 5 of chapter 2 or appendix
B) for this equation are satisfied, and thus, locally, there exists a solution, /3 . Show
that P also is harmonic, VaVa/3 = 0 . (/3 is called the harmonic function conjugate to
a.)
b) By choosing a and /3 as coordinates, show that the metric takes the for m
ds z = ±SZ'(a, 0 )Lda Z + (- 1)ShP 2]
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3 . a) Show that Rabd = R,&b •

b) In n dimensions, the Riemann tensor has n4 components . However, on account
of the symmetries (3 .2 .13), (3 .2.14), and (3 .2 .15), not all of these components are
independent . Show that the number of independent components is n 2(n 2-1)/ 12 .
4 . a) Show that in two dimensions, the Riemann tensor takes the form
R.b,d = Rga[, $ djb• (Hint : Use the result of problem 3(b) to show that ga[, gd]b spans the
vector space of tensors having the symmetries of the Riemann tensor .)
b) By similar arguments, show that in three dimensions the Weyl tensor vanishes
identically ; i .e ., for n = 3, equation (3 .2 .28) holds with Cabcd - 0.
5 . a) Show that any curve whose tangent satisfies equation (3 .3 .2) can be reparameterized so that equation (3 .3 . 1) is satisfied .
b) Let t be an affine parameter of a geodesic y. Show that all other affine
parameters of y take the form at + b, where a and b are constants .
6. The metric of Euclidean R 3 in spherical coordinates is ds2 = dr2 +
r2(d92 + sin29 dO2) (see problem 8 of chapter 2) .
a) Calculate the Christoffel components r, µ , in this coordinate system .
b) Write down the components of the geodesic equation in this coordinate system
and verify that the solutions correspond to straight lines in Cartesian coordinates .
7 . As shown in problem 2, an arbitrary Lorentz metric on a two-dimensional manifold locally always can be put in the form ds2 = S22(x, t)[-dt2 + dx2] . Calculate
the Riemann curvature tensor of this metric (a) by the coordinate basis methods of
section 3 .4a and (b) by the tetrad methods of section 3 .4b.
8 . Using the antisymmetry of c~aµ„ in µ and v, equation (3 .4.15), show that

Use this formula together with equation (3 .4.23) to solve for WA,, in terms of
commutators (or antisymmetrized derivatives) of the orthonormal basis vectors .

FOUR

EINSTEIN ' S EQUATIO N

In this chapter we shall give a mathematically precise formulation of the ideas
sketched in the introduction . We begin by giving an exposition of the elementary
topic of the geometry of space and the spatial tensorial character of physical laws in
prerelativity physics . The discussion of special relativity which follows will completely parallel this discussion, with "spacetime" replacing "space ." Our next (and
most important) task will be to formulate general relativity and provide a motivation
for Einstein's equation, which relates the geometry of spacetime to the distribution
of matter in the universe . Finally, we will examine general relativity in the limit
where gravity is weak . We will show that in appropriate circumstances general
relativity reproduces the predictions of the Newtonian theory of gravity . We also will
show that in general relativity, gravity has dynamical degrees of freedom which can
be excited by the motion of matter, i .e ., that general relativity predicts the existence
of gravitational radiation .

4 .1 The Geometry of Space in Prerelativity Physics ; General and Special
Covarianc e

In prerelativity physics it is assumed that space has the manifold structure of I{$3 .
It is further assumed that the association of points of space with elements (x', x2, x3)
of R3 can be achieved in a natural manner by construction of a "rigid rectilinear grid"
of metersticks . The coordinates of space obtained in this manner are referred to as
Cartesian coordinates . Many different systems of rigid grids (i .e ., many Cartesian
coordinate systems) are possible-specifically they can be put in one-to-one correspondence with elements of the six-parameter group of rotations and translations of
If$3 . Thus, the Cartesian coordinates (x `, x 2, x 3) of a point in space do not, in
themselves, have any intrinsic meaning . However, the distance, D, between two
points, x and x, defined in terms of Cartesian coordinates b y

Dz=(x' -x')2+(xz-z2)2

+ (x3 -C 3 ) 2

(4.1 .1 )

is independent of the choice of Cartesian coordinate system and thus can be viewed
as describing an intrinsic property of space .
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This formula for the distance between two points gives rise to a metric of space
h,,b (in the sense of section 2 .3) in the following manner . According to equation
(4 .1 .1), the distance between two "nearby" points i s

(8D)2 = (&x ')2 + (8x2)2 + ( fix 3)2

( 4 . 1 . 2)

This suggests that the metric of space is given by (in the notation of eq . [2 .3 .10])

ds2 = (dxl)2 + (dx2)2 + (dx3)2 (4 .1 .3)
or, in the index notation, in the Cartesian coordinate basis, we hav e

han hµv (dx'`)a (dx v)b (4 .1 .4)
µ, v

with hµ,, - diag (1, 1, 1) . This definition of hab is independent of choice of Cartesian
coordinate system ; i.e ., the same tensor field hab would result if we had chosen a
different Cartesian system .
Let us examine the geometry determined by equation (4 .1 .4). Since the components of the metric in the Cartesian coordinate basis are constants, the ordinary
derivative operator of this coordinate system satisfie s

aahj,, = 0

(4 .1 .5)

Consequently, this ordinary derivative is the derivative operator associated with has,
and thus I'ab, vanishes for this coordinate system (as also can be seen directly from
eq. [3 .1 .30]) . Since ordinary derivatives commute on all tensors, by equation (3 .2 .3)
the curvature vanishes, i .e ., the metric h,,b is flat. By equation (3 .3 .5), the geodesics
of space are precisely those curves which are "straight lines" when expressed in
Cartesian coordinates, i.e ., the curves whose Cartesian coordinates are linearly
related to the affine parameter . Consequently, there is a unique geodesic connecting
any given pair of points, and the length, equation (3 .3 .7), of this geodesic is given
by equation (4 .1 .1) . Thus, our metric, equation (4 .1 .4), reproduces the distance
formula which motivated its definition .
Thus, our assumptions about space in prerelativity physics have led to the statement that space is the manifold R3 which possesses a flat Riemannian metric .
Conversely, given that space is R3 with a flat Riemannian metric, we can derive all
our initial assumptions . We can use the geodesics of the flat metric to construct a
Cartesian coordinate system, using the fact that initially parallel geodesics remain
parallel because the curvature vanishes . The distance formula, equation (4 .1 .1), will
hold, and hence one may lay down metersticks over the Cartesian coordinate lines
to construct a "rigid rectilinear grid ." Thus, everything we have said thus far in this
section is encapsulated in the statement that space is the manifold 113 with a flat
Riemannian metric defined on it .
Let us consider, now, quantities of physical interest in space . A ll experiments in
physics measure numbers, so all quantities of physical interest must eventually be
reducible to numbers . However, many quantities of interest-such as the magnetic
field or the stress tensor mentioned at the beginning of section 2 .3-require the
additional specification of a basis of vectors in order to produce numbers . A very
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general class of quantities of interest are maps of vectors and dual vectors into
numbers . Since any such analytic map can be Taylor-expanded as a sum of multilinear maps, we see that tensor fields-i .e ., multilinear maps of vectors and dual
vectors into numbers---encompass an extremely wide class of quantities . Indeed, the
generality of the mathematical notion of tensor fields appears to be great enough so
that essentially all' quantities which one considers in physics can be viewed as tensor
fields . The laws of physics governing these quantities can be expressed as tensor
equations, i.e., equalities between tensor fields defined on space .
An important principle-which goes under the name of general covarianceapplies to the form of the laws of physics in the prerelativity description of space as
well as in special relativity and general relativity . The principle of general covariance
in this context states that the metric of space is the only quantity pertaining to space
that can appear in the laws of physics . Specifically, there are no preferred vector
fields or preferred bases of vector fields pertaining only to the structure of space
which appear in any law of physics . This idea played an important role in motivating
the formulation of special relativity and general relativity, but the principle is rather
vague because the phrase "pertaining to space" does not have a precise meaning .
Historically, there has been a great deal of discussion concerning the tensor nature
of the laws of physics and the principle of general covariance, so it is worthwhile to
remark here upon other formulations of these ideas . In many treatments, it is
assumed that a coordinate system has been chosen and the equations of physics have
been written out in component form using the coordinate basis . (Note that, in our
viewpoint, this already assumes that the laws of physics are tensor equations .) Now,
if our formulation of general covariance were violated, say by the existence of a
preferred vector field v a, it would be possible to adapt a coordinate system to this
vector field so that, say, (a/ax')° equals a° . If we wrote out the components of an
equation of physics in such an adapted coordinate system without explicitly incorporating v°into the equation but rather substituting everywhere the components v'` =
(1, 0, . . . , 0), we would find, of course, that the form of the equation is not
preserved when we make a coordinate transformation which violates our condition
(a/axy = v°. Thus in these treatments it would be concluded that in this example
the equations are not preserved under general coordinate transformations . Furthermore, it would be concluded that the equations are not tensor equations because the
components fail to transform according to equation (2 .3 .8) under coordinate transformations . However, in our viewpoint, the "nontensorial" nature of the equations
can be attributed to a failure to explicitly incorporate the extra geometrical structure
into the equation . When this is done, the equation will have a tensorial character, but
our formulation of the principle of general covariance will be violated by the appearance of additional quantities pertaining to space .
A good example of an implication of the principle of general covariance which
illustrates this difference in viewpoint is the following statement : A Christoffel
symbol Fab cannot appear (by itself, in undifferentiated form) in any law of physics .
From our viewpoint, Fab is a tensor, but it is equivalent to specifying an ordinar y
1 . Spinor fields arise in physics and comprise a more general class of objects than tensor fields ; see
chapter 13 .
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derivative, aa. However, this ordinary derivative is an additional geometric quantity
pertaining to space which is not derivable from the metric (unless it coincides with
the derivative operator satisfying eq . [3 .1 .22), in which case r` ab = 0), so the
appearance of I'`ab violates our formulation of general covariance . From the other
viewpoint, I'`,,b cannot appear because, as already remarked in section 3 .1, its
coordinate components do not transform according to equation (2 .3 .8) under general
coordinate transformations .
The laws of prerelativity physics also obey the principle of special covariance .
The meaning of this principle can be explained as follows . The metric of space,
equation (4 .1 .4), has a nontrivial group of isometries (see appendix C), namely the
six parameter group of rotations and translations of R3 together with the discrete
parity symmetry . Consider a family, 0, of observers stationed in space who make
measurements on a physical field . Consider another family, O', of observers obtained by "acting" on 0 with an isometry . The principle of special covariance says
that any physically possible set of measurements obtained by 0 also is a physically
possible set of measurements for 0' . It implies the existence of an action of the
isometry group on the states of the physical fields being measured . The importance
of special covariance lies mainly in the fact that in appropriate contexts, one can use
this group action to derive, or at least motivate, the possible laws governing the
physical fields . This will be illustrated in chapter 13, where-in the context of
special relativity rather than prerelativity physics-special covariance will be used
to motivate the dynamical laws satisfied by fields of mass m and spin s .
The principle of special covariance is closely related to the principle of general
covariance . Suppose an object of physical interest is described by a tensor field
Ta"'b . . . . If general covariance holds, then the equations governing T" -b . . . should
involve only T' -b . . ., the metric ham, and the quantities determined by ham, such as
its derivative operator. Furthermore, all quantities measurable by 0 should be expressible as scalars resulting from contracting T` * * b . . . and its derivatives with the
basis vector fields (e,,)° associated with O. Let 0 be an isometry . Then if the above
assumptions hold, the action of 0 on T°"'6 . . ., defined in appendix C, will produce
a tensor field 0*T°"'b . . . which will satisfy the equations for the physical field and
will yield the same measurable quantities for 0' as T°'b . . . yields for O . Thus, for
physical quantities describable by tensor fields and satisfying tensor equations,
special covariance of the physical laws under isometries follows, in essence, from
general covariance . (However, note that the formulation of special covariance given
above does not require that the physical quantities be describable as tensor fields,
and, indeed, in chapter 13 we will use special covariance to motivate the introduction
of spinor fields .) On the other hand, the principle of general covariance may be
viewed as being, essentially, a formulation of the idea of special covariance which
is applicable in the absence of isometries .
Special covariance of the laws of physics for tensor fields implies that if we pick
a coordinate system and write out the coordinate component equations without
explicitly incorporating the metric into the equation but rather substituting everywhere its coordinate components hµ„ [e.g ., diag (1, 1, 1) in Cartesian coordinates],
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then the form of the equations will be preserved under the coordinate transformations
corresponding to the isometries, for the simple reason that the numerical values of
the components hµ„ remain unchanged under these transformations . Thus, special
covariance can be viewed as expressing the invariance of the component form of
equations under a "special" group of coordinate transformations (namely, those
corresponding to isometries), while general covariance can be viewed as expressing
a (quite different type of) invariance of the equations under general coordinate
transformations . Historically these formulations of special and general covariance
played a large role in discussions of relativity theory, and, indeed, the names
"special" and "general" relativity derive from these formulations of special and
general covariance .
4.2 Special R elativit y
We have already described in section 1 .2 the major revolution in our notions of
space and time brought about by the special theory of relativity . Here we will
reformulate these ideas in a manner closely analogous to the discussion of the
previous section .
In special relativity, it is assumed that spacetime has the manifold structure of If84 .
As already mentioned in section 1 .2, it is assumed that there exist preferred families
of motion in spacetime, referred to as "inertial" or "nonaccelerating" motions .
Inertial observers, it is further assumed, can set up a rigid grid of metersticks,
synchronize clocks placed at the gridpoints, and label each event in spacetime by the
grid coordinates x', x2, x3 and the clock reading t at an event . This map of spacetime
into R4 is called a global inertial coordinate system . Many different global inertial
coordinate systems are possible-specifically, the different systems can be put into
one-to-one correspondence with elements of the 10-parameter Poincare group . Thus,
the labels at t = x°, xl, x2, x3 of a given event do not have intrinsic meaning .
However, as already mentioned in section 1 .3, the spacetime interval l between two
events x and x defined (in units where c = 1) by
I=- (x°-x°)Z+

W

1

-x )Z+ (x2-x2)2

+

(

)

x3vx3 2

(4 .2.1 )

has the same value for all global inertial coordinate systems and thus can be viewed
as representing an intrinsic property of spacetime .
In parallel with our discussion of the previous section, equation (4 .2. 1) suggests
that we define the metric of spacetime q,,b by
3

flab

= I

77wv(dx ')a(dx°)n

(4 .2 .2)

v= 0

with Q7µ,, = diag (-1, 1, 1, 1), where {x "} is any global inertial coordinate system .
Again, the tensor field q,,b thereby obtained is independent of the choice of global
inertial coordinates . Again, the ordinary derivative operator, aa, of the global inertial
coordinates satisfies
dar7b, = 0

(4 .2.3)
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and thus is the derivative operator associated with the spacetime metric . Again, since
ordinary derivatives commute, the curvature of qa vanishes . The geodesics of ~ ,,b
are those curves which are straight lines when expressed in global inertial coordinates . In particular, the timelike geodesics of nab are precisely the world lines of
inertial observers in spacetime .
Thus, the theory of special relativity asserts that spacetime is the manifold 1184 with
a flat metric of Lorentz signature defined on it . Conversely, the entire content of
special relativity as we have presented it thus far is contained in this statement, since,
given IIBa with a flat Lorentz metric, we can use the geodesics of this metric to
construct global inertial coordinates, etc .
Quantities of physical interest in special relativity again are represented by tensor
fields, but now quantities which in prerelativity physics were viewed as spatial
tensors are recognized in special relativity to comprise spacetime tensors . In the
context of special relativity, the principle of general covariance states that the
spacetime metric, 77ae, is the only quantity pertaining to spacetime structure which
can appear in any physical law . This principle is believed to apply to the laws of
physics in special relativity with one important modification . Experiments demonstrating parity violation and (indirectly) demonstrating the failure of time reversal
symmetry have shown that two further aspects of spacetime structure can appear in
physical laws : the time orientation and space orientation of spacetime . By the "time
orientation" we mean a continuous choice throughout spacetime of which half of the
light cone represents the future direction, and which half represents the past direction
(see Fig . 1 .2, and see the beginning of chapter 8 for further discussion of this notion
in the context of curved spacetime) . By the "space orientation" we mean a continuous choice of "right handed" versus "left handed" orthonormal triads of spacelike
vectors at each point, or equivalently, the specification of a continuous, nonvanishing totally antisymmetric tensor field ems. = e[ab,] on spacetime satisfying
t"e,,b, = 0 for some timelike vector fieldz t° . Thus, these two additional aspects of
spacetime structure apparently do enter the laws of physics . Similarly, the laws of
physics in special relativity are believed to satisfy the principle of special covariance
with respect to the proper Poincare transformation, i .e ., with respect to the translations, rotations, and boosts of spacetime, but not with respect to time reflections,
parity transformations, or their composition . Although these latter "improper" transformations are isometries, they do not preserve all the relevant structure of spacetime
since they reverse the time and/or space orientation of spacetime .
Let us describe more explicitly the formulation of some of the laws of physics in
special relativity . We have already mentioned that curves are classified as timelike,
null, or spacelike according to whether the norm 77,,b T°Tb of their tangent, is,
respectively, negative, zero, or positive . Special relativity asserts that the paths in
spacetime of material particles are always timelike curves . (This fact is, of course,
simply a reformulation of the familiar statement that "nothing can travel faster tha n
2 , Note that if t° is chosen to be continuous , thus defining a time orientat ion , then ea b d = - t[g eb,dl
yields a space ti me o ri entation in the sense of appendix B . Any two of (i) a time orientati on , (ii) a space
ori entation, and (iii) a spacetime ori entation of Minkowski space time determines the third .
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the speed of light.") We may parameterize timelike curves by the proper time z
defined by

z=

f

(- 77abTaTb)' 1 Z dt

(4.2 .4)

where t is an arbitrary parameterization of the curve (with increasing t corresponding
to "forward in time"), and T" is the tangent to the curve in this parameterization .
According to special relativity, z is precisely the time which would elapse on a clock
carried along the given curve. Different timelike curves connecting the same pair of
events may have different elapsed times (the "twin paradox"), just as different paths
between two points of space can have different lengths . As discussed in section 3 .3,
the maximum elapsed time between two events is given by geodesic (i .e ., inertial)
motion .
The tangent vector u° to a timelike curve parameterized by z is called the
4-velocity of the curve . It follows directly from the definition of z that the 4-velocity
has unit length,

ua ua = -1

(4 . 2 . 5)

As already mentioned above, a particle subject to no external forces will travel on
a geodesic ; i .e., its 4-velocity will satisfy the equation of motion ,

u "aQub = 0

(4 . 2 . 6)

where as is the de ri vative operator asso ciated with ?lab, i.e ., the ordinary derivative
operator of a global ine rtial coordinate system . If forces are present , the right -hand
side of equation (4. 2.6) will be nonzero (see , e . g ., eq . [4. 2.26] below ) .
All material particles have an attribute known as "rest mass" m , which appears as
a parameter in the equations of motion when for ces are pre sent. The energymomentum 4-vector , p", of a particle of mass m is defined b y
p

a = mu a

(4 . 2 . 7)

The energy of a particle as measured by an observer-present at the site of the
particle-whose 4-velocity is v° is defined b y
E = -Pa V'

(4 . 2 . 8)

Thus, in special relativity, energy is recognized to be the "time component" of the
4-vector p" . For a particle at rest with respect to the observer (i .e., v° = u°),
equation (4 .2 .8) reduces to the familiar formula E = me Z (in our units with c = 1) .
Since the spacetime metric, 71ab, is flat and thus parallel transport is path independent,
we may define the energy of a particle as measured by an observer who is not present
at the site of the particle to be the energy measured by the observer who is at the site
of the particle and has 4-velocity parallel to that of the distant observer .
Continuous matter distributions in special relativity are described by a symmetric
tensor Tab called the stress-energy-momentum tensor . For an observer with 4-velocity
v°, the component 7ab v°vb is interpreted as the energy density, i .e., the mass-energy
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per unit volume, as measured by this observer . For normal matter, this quantity will
be nonnegative,
Tab U a U b

?0

(4 .2 . 9)

If x° is orthogonal to v", the component -Tabv°x6 is interpreted as the momentum
density of the matter in the xa-direction . If ya also is orthogonal to va, then Tbx°yb
represents the xa y° component of the stress tensor of the material defined near the
beginning of section 2 .3 above . Thus, the stress tensor of prerelativity physics is
combined with the energy and momentum densities to form the stress-energy-momentum tensor of special relativity . Following standard practice, we often shall
abbreviate the term "stress-energy-momentum tensor" as "stress-energy tensor" or
even "stress tensor . "
A perfect fluid is defined to be a continuous distribution of matter with stressenergy tensor T ,,b of the form
Tab - Puaub + P (7Iab + Ua Ub)

(4 .2 . 10)

where u° is a unit timelike vector field representing the 4-velocity of the fluid .
According to the above interpretation of Tom, the functions p and P are, respectively
the mass-energy density and pressure of the fluid as measured in its rest frame . The
fluid is called "perfect" because of the absence of heat conduction terms and stress
terms corresponding to viscosity .

The equation of motion of a perfect fluid subject to no external forces is simpl y
a"Tay = 0

(4.2 . 11 )

Writing out equation (4 .2 . 11) in terms of p, P, and u", and projecting the resulting
equation parallel and perpendicular to u b, we find :

(4.2 .12)

uaaap + (p + P)dauQ = 0
(P + P)u"a

a ub

+ (7 7av + u aub)a"

In the nonrelativistic limit, P « p, u
equations become

at + (v • V)v

P = 0

( 4.2. 1 3)

(1, v), and v dP/dt << I VP 1 , these

= - DP

(4. 2.15)

P
so we see that equation (4 .2 .11) reduces to the conservation of mass, equation
(4.2 .14), and Euler's equation (4 .2.15) .
Equation (4 .2 .11) has an important physical interpretation . Consider a family of
inertial observers with parallel 4-velocities v°, so that aev" = 0 . According to the
above interpretation of Tom, the quantit y
Ja = -Tabv b

(4 .2 .16)

4 .2 Special Relativity 6 3

represents the mass-energy current density 4-vector of the fluid as measured by these
observers . Equation (4 .2 . 11) implie s
a°Ja = 0

(4 .2.17 )

Using Gauss's law (see appendix B) equation (4 .2 .17) implies that over the threedimensional boundary, S, of any four-dimensional spacetime volume V, we hav e
jJndS_O

(4.2.1$)

where n° is the unit normal whose direction is defined in appendix B . Applying this
to the volume shown in Figure 4 .1, we see that the energy change in the fluid in this
volume (i.e ., the contribution to the integral, eq . 4 .2 .18], from the top and bottom
parts of S) equals the time integrated energy flux into the volume (i .e., the contribution from the "side" part of S) . Thus, equation (4 .2.18) implies conservation of
energy. Conversely, conservation of energy as measured by all inertial observers
requires equation (4 .2 . 11) . Thus, more generally, conservation of energy implies
that equation (4 .2 .11) must hold for all continuous matter distributions, not just for
perfect fluids .
time

I

spoce

nil
I

S ~' ~ S 1 1
~~1tr t
t tTt t ~
Fig . 4 . 1 . A spacetime diagram showing the mass-energy current density J ° in a
volum e V of s pa c etime .

To illustrate the description of fields in special relativity, we will give two examples : the scalar field and the electromagnetic field . Although no classical scalar field
exists in nature, it is instructive for many purposes to consider a field di satisfying
the Klein-Gordon equation,

a°aa (A - m 20 =

0

(4 .2 .19)

The stress-energy tensor of this scalar field is 3
Tab = aa O ab 0 - 2 _Nb (a W10 + m 20 2}

(4 .2 .20)

3 . Ge neral p rescriptions for determining the stress-energy tensor of a fie l d are discussed below, in
appendix E .
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Again, T,,& satisfies the energy condition, equation (4 .2.9), and is conserved, equation
(4.2.11), by virtue of the field equation (4 .2.19) .
In prerelativity physics, the electric field E and magnetic field B each are spatial
vectors . In special relativity these fields are combined into a single spacetime tensor
field F,,b which is antisymmetric in its indices, F,,b = -Fb,, . Thus F,,& has six independent components . For an observer moving with 4-velocity v°, the quantity
b
(4 .2.21)
E. = FQbv
is interpreted as the electric field measured by that observer, whil e

B,,

~

Eb

cdFd,U b

(4 .2.22)

is interpreted as the magnetic field, where e,,b~d is the totally antisymmetric tensor of
positive orientation with norm E,,b dE°b`d = -24 (see appendix B) so that in a righthanded orthonormal basis we have E0123 = 1 .
In terms of Fab, Maxwell's equations take the simple and elegant form ,

(4 .2 .23)

aaF'ab = -41Tib
c~QFb .l =

0

(4. 2 . 24)

where j° is the current density 4-vector of electric charge . Note that the antisymmetry
of Fab implies that

0 = abaaF,b _ -4 7rabjb

(4 .2 .25)

Thus, Maxwell's equations imply abjb = 0, which, by the same argument as given
above for Ja, states that electric charge is conserved . The equation of motion of a
particle of charge q moving in the electromagnetic field Fab is
u a aa u b = q F b, u `
m

(4 .2 .26 )

which reformulates the usual Lorentz force law in terms of Fem .
The stress-energy tensor of the electromagnetic field is

lab 4

7r

Fac F b c - 4 -qab Fde F de

(4.2.27)

Again, Tab satisfies the energy condition, equation (4 .2 .9), and if j° = 0, we have
aaTb = 0 by virtue of Maxwell's equations . If j° t- 0, then the stress-energy Tab of
the electromagnetic field alone is not conserved, but the total stress-energy of the
field and the charged matter is still conserved .
By the converse of the Poincare lemma (see appendix B), equation (4 .2 .24)
implies that there exists a vector field A° (called the vector potential such that

Fab = aQ Ab - ab Aa

(4 .2 .28 )

In terms of A °, Maxwell's equations become
a°(aQ Ab - abAQ) = - 4 1rjb

(4 .2 .2 9)
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We have the gauge freedom of adding the gradient as X of a function X to Aa since,
by equation (4 .2 .28), this leaves Fab unchanged . By solving the equation

aaaax = -abAb

(4.2 .30)

for X, we may make a gauge transformation to impose the Lorentz gauge condition ,

aaAa = 0

(4 .2.31 )

in which case, using the commutativity of derivatives in flat spacetime, equation
(4.2.29) becomes

d°aQ Ab = - 4 tb

(4. 2. 32)

We may seek solutions of Maxwell's equations of the form of a wave oscillating
with constant amplitude,
Aa

= Ca exp (iS) (4 .2 .33)

where Ca is a constant vector field (i .e ., constant norm and everywhere parallel to
itself) and the function S is called the phase of the wave . To yield a solution with
j° = 0, the phase must satisfy (from eq . [4 .2.32] )
aaaQs = 0

(4 .2 .34)

daSd°S = 0

(4 .2 .35 )

and (from eq . [4 . 2 . 3 1 ])
Cad°S = 0 (4 .2 .36)
Now, for any function f on any manifold with a metric, the vector D° f is normal (i .e .,
orthogonal) to the surfaces of constant f, since for any vector t° tangent to the surface
we have t°Vaf' = 0 . Equation (4 .2 .35) states that the normal k° = aaS to the surfaces
of constant S is a null vector, kak a = 0 . We call such a surface a null hypersurface .
Note that null hypersurfaces satisfy the property that their normal vector is tangent
to the hypersurface . Differentiation of equation (4 .2 .35) yield s

0 = ab(aasaas)
2(a°s)(ab as s)

= 2(a°s)(aa ab s)
= 2k ° dQ kb

(4 . 2 . 37)

i.e ., the integral curves of k° are null geodesics . Indeed, since the derivation of
equation (4 .2.37) from equation (4 .2 .35) is valid in curved spacetime as well (with
Va replacing dQ everywhere), it follows that all null hypersurfaces in a Lorentz
spacetime are generated by null geodesics .' The frequency of the wave (i .e ., minu s

4 . The derivation of equation (4 . 2 . 37) is appropriate to the case in which one has a function S for
which all the hypersurfaces of constant S are null . For a single null hypersurface , the vanish ing of
eibcdkcVd (ke k`) shows that k ° is tangent to a (non-affinely parameter i zed) null geodesic .
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the rate of change of the phase of the wave) as measured by an observer with
4-velocity 0 ° is given by

co = -v°aaS = -vaka

(4 .2 .38)

The most important solutions of the form, equation (4 .2 .33), are the plane waves ,
3
S =

Z kµ X µ
µ=0

,

(4 .2 .39)

where {x"'} are global inertial coordinates and kµ are constants (and thus k° is a
constant vector field) . From the theory of Fourier transforms, it follows that all well
behaved solutions of Maxwell's equations which go to zero sufficiently rapidly at
large spacial distances can be expressed as superpositions of plane waves .
Our analysis, above, suggests that electromagnetic disturbances, i .e., light signals, propagate on null geodesics, equation (4 .2 .37) . This supposition is indeed
correct: The retarded Green's function for Maxwell's equations has support confined
to the past light cone (see, e .g., Jackson 1962), so the electromagnetic radiation from
a source which reaches event p depends only on what the source does on the past light
cone of p . Thus, the terminology of "light cone," which we have been using all
along, is justified by Maxwell's equations ; light does indeed propagate along the
light cone .
4.3 General R elativity
Maxwell's theory is a remarkably successful theory of electricity, magnetism, and
light which is beautifully incorporated into the framework of special relativity .
Therefore, one might expect that the next logical step would have been to develop
a new theory of the other classical force, gravitation, which would generalize
Newton's theory and make it compatible with special relativity in the same way that
Maxwell's theory generalized Coulomb's electrostatics . However, Einstein chose an
entirely different path and instead developed general relativity, a new theory of
spacetime structure and gravitation . As already mentioned in the introductory chapter, the equivalence principle and Mach's principle provided the primary motivation
for formulating a new theory .
To see the relevance of the equivalence principle-that all bodies fall the same
way in a gravitational field-to developing a new viewpoint on gravitation, consider
how one measures the electromagnetic field in special relativity . The first step is to
set up "background observers" who are not subject to electromagnetic forces (i .e .,
they are electrically neutral, have no magnetic dipole moment, etc .) or any other
forces . These observers are called inertial and satisfy the geodesic equation of motion
(4 .2 .6) . The next step is to release a charged test body . The world line of this body
will satisfy equation (4 .2 .26), and by observing the deviation from inertial motion
(for sufficiently many test bodies) we can determine Fem .
If we apply this procedure to gravitation, we are immediately faced with a serious
problem: By the equivalence principle, we have no way of "insulating" an observer
or body from the gravitational force, so we have no simple, direct physical procedure
for constructing inertial observers in the sense used for electromagnetism . Any
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observer will move in exactly the same way as a test body, so we have no natural
"background motion" to compare with the test body . Thus we have no simple, direct
way of measuring the gravitational force field . It is, of course, possible that complicated procedures for accomplishing these constructions and measurements may
exist . If special relativity were correct, one could construct inertial observers by
spacetime measurements, i.e ., the (flat) spacetime metric could be measured using
clocks and metersticks, and its geodesics determined . Inertial observers would need
to be equipped with rocket engines, but aside from that the gravitational force field
could be determined in the same way as for electromagnetism . The equivalence
principle would then be viewed as a peculiar quirk of the gravitational force law, just
as it is viewed in standard treatments of Newtonian theory .
The basic framework of the theory of general relativity arises from considering the
opposite possibility : that we cannot in principle-even by complicated proceduresconstruct inertial observers in the sense of special relativity and measure the gravitational force . This is accomplished by the following bold hypothesis : The spacetime
metric is not flat, as was assumed in special relativity . The world lines of freely
falling bodies in a gravitational field are simply the geodesics of the (curved)
spacetime metric . In this way, the "background observers" (geodesics of the spacetime metric) automatically coincide with what was previously viewed as motion in
a gravitational force field . As a result we have no meaningful way of describing
gravity as a force field ; rather, we are forced to view gravity as an aspect of spacetime
structure . Although absolute gravitational force has no meaning, the relative gravitational force (i .e., tidal force) between two nearby points still has meaning and can
be measured by observing the relative acceleration of two freely falling bodies . This
relative acceleration is directly related to the curvature of spacetime by the geodesic
deviation equation (3 .3.18) .
How does this viewpoint of general relativity that there is no such thing as
gravitational force square with the well known "fact" that there is a gravitational
force field at the surface of the Earth of 980 cm s-Z? Recall that in the standard
Newtonian viewpoint this gravitational force on an object placed on the Earth's
surface is balanced by the force the surface exerts, leaving the body in equilibrium,
i .e., "at rest ." In the viewpoint of general relativity, the only force acting on the body
is the force of the surface of the Earth. On account of this force, the body accelerates
(i.e., deviates from geodesic motion) at the rate of 980 cm s-2 . Nevertheless, it
remains in a stationary state, because in the curved spacetime geometry in the
vicinity of the Earth, the orbits of time translation symmetry differ from the geodesics of the metric. We could use the time translation symmetry of this example to
define a preferred set of background observers . We then could define the gravitational force field of the Earth to be minus the acceleration a body must undergo
in order to remain stationary . Thus, in this case a well defined meaning can be
assigned to gravity as a force field . However, in the absence of time translation
symmetry-e .g ., in a case where there are several massive bodies in relative
motion-there exists no natural set of curves whose comparison with geodesics
could be used to define gravitational force . (This remark also applies to an observer
in a nonstationary laboratory near the Earth who would not be aware of the time
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translation symmetry .) Thus, although we may meaningfully speak of the gravitational force field of the Earth, this is a very special notion, applicable only to
situations with time translation symmetry . In general situations, there are no preferred background observers, and only the tidal force-the relative acceleration of
nearby geodesics-is well defined .
Thus, in general relativity, we do not assert that spacetime is the manifold R4 with
a flat metric qab defined on it . This is a possibility corresponding to no tidal forces,
i.e ., no gravitational field, but it is not the only possibility . The framework of general
relativity permits the Lorentz metric, gab, of spacetime to be curved . Indeed, it
asserts that spacetime must be curved in all situations where, physically, a gravitational field is present . Since we are allowing curved geometries, it is also much
more natural to allow spacetime to have a manifold structure M other than R . Hence,
in general relativity we place no a priori restriction on the spacetime manifold . The
final crucial feature of general relativity is Einstein's equation which relates the
spacetime geometry to the matter distribution . We will discuss this equation below,
but first we discuss the nature of the laws of physics under the new framework of
spacetime structure given by general relativity : Spacetime is a manifold M on which
is defined a Lorentz metric gam .
The laws of physics in general relativity are governed by two basic principles :
(1) the principle of general covariance-already discussed in the previous two
sections-which states that the metric, gab, and quantities derivable from it are the
only spacetime quantities that can appear in the equations of physics ; (2) the requirement that equations must reduce to the equations satisfied in special relativity in the
case where gab is flat . As previously mentioned, the first principle is imprecise
because the term "spacetime quantity" is not well defined . As will be illustrated
below, these two principles alone do not uniquely determine the laws of physics in
general relativity . However, together with simplicity and aesthetics, they serve as
guides which, in many cases, lead directly to natural candidates for physical laws .
Since the basic framework of general relativity modifies that of special relativity
only in that it allows the manifold to differ from R4 and the metric to be nonflat, we
may continue to represent physical quantities by the same type of tensor fields as in
special relativity . Thus, in general relativity, particle motion continues to be represented by a timelike (in the metric gam) curve ; perfect fluids are still described in terms
of a 4-velocity ua, a density p, and a pressure P ; the electromagnetic field is
represented by an antisymmetric tensor Fab. Only the equations satisfied by these
fields need to be amended . The above two principles suggest the following simple
rule : In the equations holding in special relativity, replace everywhere the metric -qab
of special relativity by gab and correspondingly replace the derivative operator as
associated with -q,,b by the derivative operator % associated with gab. This rule for,
in effect, coupling particles and fields to gravity is closely analogous to the "minimal
coupling" rule pa --~- pa - eAa for coupling to electromagnetism . However, as we
shall illustrate below, this rule is not entirely free of ambiguity .
Thus, in general relativity, we again define the 4-velocity, uQ, of a particle to be
the unit tangent (as measured by gab) to its world line . A free particle satisfies the
geodesic equation of motion,

u° Va U b

=

0

(4.3.1)
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where 0a is the derivative operator associated with gab . If the accelerations
ad = uaVQub of the particle is nonvanishing, we say that a force fb = mab acts on
the particle, where m is its (rest) mass . For example, if the particle has (rest) mass
m and charge q, and is placed in an electromagnetic field Fes, it satisfies the Lorentz
force equation,

u ° VQ u b = !F b,Uc
m

(4.3 .2)

where indices are raised and lowered by gab, i.e., PC = g bdFd,• (Again, we emphasize that there is no natural flat metric defined on spacetime and, by the principle of
general covariance, only gab can enter the equations .) The 4-momentum of the
particle is defined by

(4.3 .3)

p ° = rnu°

The energy of the particle as determined by an observer who is present at the event
on the particle's world line at which the energy is measured is agai n

E = -pQva

(4. 3 . 4)

where Va is the 4-velocity of the observer . However, there is one important difference here : Because spacetime is curved, there is no well defined notion of vectors
at different points being parallel ; parallel transport is curve dependent . Thus, there
is no natural "global family" of inertial observers, and a given observer cannot, in
general, define the energy of a distant particle .
In general relativity, continuous matter distributions and fields again are described
by a stress-energy tensor Tab . The stress tensor of a perfect fluid is given by
Tab = pu4 ub + P (gab + uQ ub) (4 .3 .5)
and it satisfies the equations of motio n

D°Tb = 0

(4 .3 .6)

u° Vap + (p + P)D°ua = 0

(4 .3 .7)

which yield

(P + P)u° Vaub + (gab +

Zl a tlb

)V °P

= 0

(4 .3 .8)

However, the interpretation of equation (4 .3 .6) is altered now . A family of observers
is represented by a unit timelike vector field v° . If one could find such a vector field
which is covariantly constant, i .e., Daub = for for which merely V(a Vb)
0-then we would have 0°(T b ub) = 0 . Applying the curved spacetime version of
Gauss's law (see appendix B), we again would obtain strict conservation of energy
in the form (4 .2 .18) for the energy-momentum four-vectorJa = -Tub measured by
the observers represented by vb . However, in curved spacetime in general one no
longer can find a va satisfying v°vQ = -1 and Da Uy) = O . (Indeed, the equation
V(av6) = 0 is Killing's equation and holds if and only if v°generates cone-paramete r
5 . The (absolute) acceleration a b should be clearly distinguished from the relative ac celeration of
geodesics discussed in s ection 3 . 3 .
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group of isometries Lsee appendix C] .) Thus the argument fails that equation (4 .3 .6)
implies strict energy conservation . Physically, this makes sense because the gravitational tidal forces can do work on the fluid and may increase or decrease its locally
measured energy .6 However, if one considers a spacetime region of dimension small
compared with radii of curvature, then, physically, the tidal forces can do little work
and the energy of the fluid should be approximately conserved . But over this small
spacetime region it is possible to find vector fields with Vbv° -- 0, and thus equation
(4.3 .6) does yield approximate conservation of energy as measured by these observers . Thus, equation (4 .3 .6) may be interpreted as a local conservation of material
energy over small regions of spacetime . On account of this interpretation, we expect
equation (4 .3 .6) to hold for all matter and fields, not just for perfect fluids .
The most natural generalization of the equation satisfied by a Klein-Gordon scalar
field to curved spacetime is given by our "minimal substitution" ru le 71ab --). gab,
as

--->

va s

vava o -

M10

=

0

(4 .3 .9)

The stress tensor of the field is
Tab

=

Va 0 Vb 0

- 2 Sab( 7,0Vc0 +

MW)

(4 . 3 . 10)

and satisfies 0°Tb = 0 . We should point out, however, that there are many other
possible generalizations of equation (4 .2 .19) which are consistent with the two basic
principles stated above . For example, the equation
D° Vacb - m2cb - aRdi = 0
(4 .3 .11 )
where a is a constant, is such a generalization . Indeed, equation (4 .3 .11) with
a = 1/6 arises naturally on account of its conformal invariance properties (see
appendix D) .
Maxwell's equations in curved spacetime become
p°Fab = -47rjb

(4 .3 .12)

V[a F&I = 0

(4.3 . 13)

The electromagnetic stress tensor again is given by equation (4 .2.27) with gab
replacing r~ab,
Tab

47T

F'd, F'b` - ~ Sab rde F

de

(4.3 . 14 )

Again, equation (4 .3.13) allows us to introduce a vector potential Aa (at leas t
6 . One might hope to recover an energy conservation law by including the s tress-energy of the
gravitational field as can be done in Newtonian theo ry . However , in general relativity there exists no
meaningful local expression for gravitational st re ss-energy and thus there is no meaningful local conservation law which leads to a statement of energy conse rvation . Nevertheless , as will be discu s sed in
chapter 11, a conserved total energy of an isolated system can be defined, even though there is no local
expre ssion for energy density .
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locally) . However, Maxwell's equations for Aa in the Lorentz gauge, contains an
explicit curvature term resulting from the commutation of derivatives in the derivation of equation (4 .2 .32) ; we find
V ° Qa A g

- R db A d =

-4 7TJ6

(4.3. 15 )

This illustrates an important deficiency of our minimal substitution rule . Had we
minimally substituted in Maxwell's equations in the form (4 .2.32), we would have
been led to equation (4 .3 . i5) without the Ricci tensor term . In this instance, we can
decide in favor of equation (4 .3 .15) over the alternative equation without the RabAd
term because equation (4 .3 .15) implies current conservation, Va j° = 0 (problem 1),
while the alternative equation conflicts with it . However, this example shows that
"minimal substitution" by itself is not a unique prescription .
In situations where the spacetime scale of variation of the electromagnetic field is
much smaller than that of the curvature, one would expect to have solutions of
Maxwell's equations of the form of a wave oscillating with nearly constant amplitude, i .e ., solutions of the form

A. = Cae'S

(4 .3 .16)

where derivatives of Ca are "small ." Substituting equation (4 .3 .16) into equation
(4 .3 .15) with jb = 0 and neglecting the "small" term VbObCa as well as the Ricc i
tensor term yields the condition
V

aS V°S = 0

(4 .3 .17)

i .e ., we find again that the surfaces of constant phase are null, and thus (by the same
argument as given above for flat spacetime) ka = % S is tangent to null geodesics .
This suggests that, in this approximation (known as the geometrical optics approximation), light travels on null geodesics, a suggestion which can be confirmed by
studies of the Green's function .
We now have described how general relativity treats gravitation in terms of curved
spacetime geometry and we have illustrated the nature of the laws of physics in this
new framework of spacetime structure . The remaining ingredient of general relativity is the equation satisfied by the spacetime metric . It is here that Mach's principle
comes into play . Rather than prescribe the spacetime geometry in advance, general
relativity asserts that the spacetime geometry is influenced by the matter distribution
in the universe, in accordance with some of Mach's ideas (see section 1 .4). In this
way the spacetime metric now becomes not only a background arena on which the
laws of physics are staged but also a dynamical variable which responds to the matter
content of spacetime, as must be the case if the spacetime geometry is to describe
gravity .
What equation describes the relation between spacetime geometry and the matter
distribution? An important clue is provided by the comparison of the description of
tidal force in Newtonian gravity and general relativity . In the Newtonian theory, the
gravitational field may be represented by a potential, 0 , and the tidal acceleration
of two nearby particles is given by -(x • )VO , where x is the separation vector of
the particles . On the other hand, in general relativity, from equation (3 .3 .18 ) the tidal
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acceleration of two nearby particles is given by -R~bd°U 'XbU d, where v° is the
4-velocity of the particles and x° is the deviation vector . This suggests that we make
the correspondence,
R,bd°v`ud *

(4 .3 . 18)

0 aba°cP

However, Poisson's equation tells us tha t

(4 .3 .19)

Vo = 47rp ,

where p is the mass (i .e ., energy) density of matter and we remind the reader that
we use units where G = c = 1 here and throughout the text . Furthermore, as we
have discussed above, in special and general relativity the energy properties of matter
are described by a stress-energy tensor Tom, and we have the correspondenc e
Tan v° v 6 <_

'

P

(4 .3 .20 )

where v° is the 4-velocity of the observer .
The correspondences (4 .3 .18) and (4 .3 .20) together with equation (4 .3 .19) suggest that we have R~~°v`vd = 47rTdv`vd, which suggests the field equation Rd =
47rTd . Indeed, this equation was originally postulated by Einstein . However, it has
a serious defect. As discussed above, the stress tensor satisfies D'Td = 0 . On the
other hand, the contracted Bianchi identity, equation (3 .2 .31), tells us that
Vc(Rcd - ~ g~dR ) = 0 . Hence equality of Rid and 47rTd would imply VdR = 0, i .e .,
that R, and hence T = TQa, is constant throughout the universe . This is a highly
unphysical restriction on the matter distribution, and it forces us to reject this
equation, as Einstein quickly realized (Einstein 1915b) .
However, this difficulty also suggests its resolution . If instead we consider the
equation
1
Gab -=Ra h - 2 Rg b = $7rT b

(4.3 .21)

then there is no longer a conflict between the Bianchi identity and local conservation
of energy; indeed, the Bianchi identity implies local energy conservation if equation
(4.3 .21) holds . Furthermore, the correspondences which motivated the previous
equation are not destroyed . Taking the trace of equation (4 .3 .21), we find

R = -8 7rT

(4 . 3 .22)

R.b =8a(Tb -2g b T)

(4 .3 .23)

and thus,

In situations where Newtonian theory should be applicable, the energy of matter as
measured by an observer who is roughly "at rest" with respect to the masses will be
much greater than the material stresses (in units where c = 1), so we have
T - -p = -T,,bv°vb . Thus, in this case, equation (4 .3 .23) still leads to Rev°v6
47rTbvav6 .
Equation (4 .3 .21) is the desired field equation of general relativity . It was written
down by Einstein in 1915 and is known as Einstein's equation . The entire content
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of general relativity may be summarized as follows: Spacetime is a manifold M on
which there is defined a Lorentz metric gab . The curvature of gab is related to the
matter distribution in spacetime by Einstein's equation (4 .3.21) .
Most of the rest of this book is devoted to studying the solutions of Einstein's
equation and their physical properties . However, before concluding this section, we
make three brief remarks concerning the nature of this equation . The first remark
concerns its mathematical character . If we choose a coordinate system and express
the coordinate basis components Rµv in terms of gµ , , we see from section 3 .4a that
Rµ, depends on derivatives of gµ„ up to second order, and is highly nonlinear in gµ,
(although it is linear in the second derivatives of g„) . Thus, Einstein's equation is
equivalent to a coupled system of nonlinear second order partial differential equations for the metric components gµ, . For a metric of Lorentz signature, these equations have a hyperbolic (i .e., wave equation) character (see chapter 10) . That we
have the correct number of equations and unknowns to permit a good initial value
formulation will be shown in chapter 10 . Some methods for solving Einstein's
equation will be discussed in chapter 7 .
The second remark concerns how one should view Einstein's equation . In one
sense, Einstein's equation (4 .3 .21) is analogous to Maxwell's equation (4 .2 .32) with
the stress tensor T,,b serving as the source of the gravitational field in much the same
way as the currentja serves as a source of the electromagnetic field . However, there
is an important difference . It makes sense to solve Maxwell's equation by specifying
ja first, and then finding AQ . One could try to solve Einstein's equation by specifying
T,,b first and then finding gab . However, this does not make much sense because until
gab is known, we do not know how to physically interpret Tb; indeed, the formulas
for T ,,b for fluids and the fields considered above explicitly contain the metric . Thus,
in general relativity, one must solve simultaneously for the spacetime metric and the
matter distribution . This feature contributes to the difficulty of solving Einstein's
equation when sources are present .
The final remark concerns the equations of motion of matter . As we have
presented the theory, the equations of motion of particles, continuous matter, and
fields are postulated first, and then Einstein's equation relating the matter distribution
to the curvature of spacetime is given . However, Einstein's equation implies the
relation 0°T,,b = 0, and this relation contains a great deal of information on the
behavior of matter . Indeed, for a perfect fluid, the relation D°T b = 0 is the entire
content of the equations of motion . Thus for a fluid we may economize our assumptions by merely postulating the form of T b ; the equations of motion of the fluid are
already contained in Einstein's equation . Notice that for a perfect fluid with P = 0,
i .e ., a fluid composed of grains of "dust" which exert no forces upon each other, the
fluid equation of motion (4 .3 .8) implied by D"T,,b = 0 tells us that the individual dust
particles move on geodesics . More generally, it can be shown (Fork 1939 ; Geroch
and Jang 1975) that the relation D°T,,b = 0 implies that any sufficiently "small" body
whose self-gravity is sufficiently "weak" must travel on a geodesic . Thus, Einstein's
equation alone actually implies the geodesic hypothesis that the world lines of test
bodies are geodesics of the spacetime metric . This demonstrates an important selfconsistency of Einstein's equation with the basic framework of general relativity .
Note however, that bodies which are "large" enough to feel the tidal forces of the
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gravitational field will deviate from geodesic motion . The equations of motion of
such bodies also can be found from the condition D°T b = 0 (Papapetrou 1951 ; Dixon
1974) .
4.4 Linea rized Gravity: The New tonian Limit and Gravitational
Radiatio n
The aim of this section is to treat the approximation in which gravity is "weak ."
In the context of general relativity this means that the spacetime metric is nearly flat .
In practice, this is an excellent approximation in nature except for phenomena
dealing with gravitational collapse and black holes and phenomena dealing with the
large scale structure of the universe .
We will systematically develop the theory of small gravitational perturbations of
an arbitrary solution in chapter 7 . For the present, we simply shall assume that the
deviation, yam, of the actual spacetime metri c

gab = 77ab +

Yab

(4.4.1 )

from a flat metric r7ab is "small ." (Since there is no natural positive definite metric
on spacetime, there is no natural norm by which "smallness" of tensors can be
measured . An adequate definition of "smallness" in this context is that the components yµ„ of y,,b be much smaller than 1 in some global inertial coordinate system
of i7ab .) We mean by "linearized gravity" that approximation to general relativity
which is obtained by substituting equation (4 .4. 1) for gab in Einstein's equation and
retaining only the terms linear in yam .
We denote by aQ the derivative operator associated with the flat metric -qab . In order
not to have yQb hidden in a raised or lowered index, it is convenient to raise and lower
tensor indices with q,,b and q' rather than gab and gam . We will adopt this notational
convention for the remainder of this section with one exception : The tensor gab itself
will still denote the inverse metric, not 71"77'gd. It should be noted that in the linear
approximation we have
9 °b =

ab
71

- y° b

(4 .4 .2)

since the composition of the right-hand sides of equations (4 .4.1) and (4 .4 .2) differs
from the identity operator only by terms quadratic in yam .
The linearized Einstein equation can be obtained in a straightforward manner as
follows. In a global inertial coordinate system, to linear order in yQb the Christoffel
symbol is
Fab

=

fr(9aii

+ aby~ - adya6)

(4 .4.3 )

To linear order in yam, the Ricci tensor (3 .4.5) is
R~
li ) = de r .b - da l',n

1
= d`d(n' Ya), - 2 a `a~'Yav - 2 aQ ab'Y
where y = y`. . Hence, the Einstein tensor to linear order is

(4.4.4 )
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2

= a~a(bya), - 2 a`a~yab - 2 aaaey - 2 71.0 `ady~d - a cay)

(4 .4 .5)

This expression can be simplified by definin g
Yab

=

1

Tab

- 2 71 aby

(4 .4.6)

In terms of yam, the linearized Einstein equation is found to b e

G)

2 a`a'Y~ + a`acb'Ya~~ - 2 T7aba°ad yid = 81rTab

(4.4.7)

As discussed in detail in appendix C, there is a gauge freedom in general relativity
corresponding to the group of diffeomorphisms : If O :M --). M is a diffeomorphism
of spacetime, the metrics gab and O *gab represent the same spacetime geometry,
where 0 * is the map on tensor fields induced by 0 (see appendix Q. In the linear
approximation, this implies that two perturbations Tab and yab represent the same
physical perturbation if (and only if) they differ by the action of an "infinitesimal
diffeomorphism" on the flat metric -qab . As discussed in section 2 .2, an "infinitesimal
diffeomorphism" is generated by a vector field, ea, and, as discussed in appendix C,
the change in a tensor field induced by such an infinitesimal diffeomorphism defines
the Lie derivative . This means that y,,b and Tab + £f7jab describe the same physical
perturbation . From appendix C, we see that we can express £eqab in terms of the flat
derivative operator dQ as
-ff-qab = aQ 6 + dbea

(4 .4 .8)

This means that linearized gravity has a gauge freedom given b y
Tab ---> Tab + aa fb + abfa

(4 .4.9)

which is closely analogous to the electromagnetic gauge freedom Aa ~ AQ + as X.
This gauge freedom of Tab also can be derived without employing the machinery of
appendix C from the tensor transformation law (2 .3 .8) . According to equation
(2 .3.8), the components of Tab and Tab + aQ~b + ab & differ, to first order, merely
by a coordinate transformation and, hence, represent the same physical perturbation .
We may use this gauge freedom to simplify the linearized Einstein equation . By
solving the equation

ababea

- - a bYab

(4 .4 .10)

for ea, we can make a gauge transformation, equation (4 .4.9), to obtain

aby~ = o

(4.4.11 )

which is the analog of the Lorentz gauge conditi on . In this gauge , the linearized
Ein stein equation simplifies to become
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and is closely analogous to Maxwell's equation (4 .2 .32) .
In vacuum (T b = 0) equations (4 .4 .11) and (4.4 .12) are precisely the equations
written down by Fierz and Pauli (1939) to describe a massless spin-2 field propagating in flat spacetime (see chapter 13) . Thus, in the linear approximation, general
relativity reduces to the theory of a massless spin-2 field . The full theory of general
relativity thus may be viewed as that of a massless spin-2 field which undergoes a
nonlinear self-interaction . It should be noted, however, that the notion of the mass
and spin of a field require the presence of a flat background metric 77ab which one has
in the linear approximation but not in the full theory, so the statement that, in general
relativity, gravity is treated as a massless spin-2 field is not one that can be given
precise meaning outside the context of the linear approximation .
4 .4a The Newtonian Limi t
The theory of general relativity may have great aesthetic appeal, but this does not
mean that its predictions are in accord with nature . We know that the Newtonian
theory of gravitation gives excellent predictions under a wide range of conditions .
Thus, the first crucial test of general relativity is that its predictions reduce to those
of Newtonian gravity under the circumstances when Newtonian theory is known to
be valid-specifically, when gravity is weak, the relative motion of the sources is
much slower than the speed of light c, and the material stresses are much smaller than
the mass-energy density (in units where c = 1) .
When gravity is weak, the linear approximation to general relativity should be
valid . The assumptions about the sources then can be reformulated more precisely
as follows : There exists a global inertial coordinate system of 71ab such that
Tab = Ptatb

(4.4 .13)

where to = (a/ax°)a is the "time direction" of this coordinate system. (Eq . [4 .4 .13]
asserts that Tab has only a "time-time" component ; the neglect of the "time-space"
components is essentially the statement that velocities [and thus, momentum densities] are small while the neglect of the "space-space" components is the statement
that the stresses are small .) Since the sources are "slowly varying," we expect the
spacetime geometry to change slowly as well, and thus we seek solutions of equation
(4.4.12) where the time derivatives of yQb are negligible .
With these assumptions, the components of equation (4 .4 .12) in our global inertial
coordinate system become
DZ yµ~ = 0

(4 .4 . 14 )

for all µ, v except µ = v = 0, whil e

V2 yon _ -~ 16 7rp

(4 .4 . 15)

where 02 denotes the usual Laplace operator of space . The unique solution of
equation (4 .4 .14) which is well behaved at infinity is -, = 0 . (The solutions
yµ„ =constant are also permissible, but they can be eliminated by a further gauge

4 .4 Linearized Gravity : The Newtonian Limit and Gravitational Radiation 7 7
transformation .) Thus, in the Newtonian limit our solution for the perturbed metric
Yab is

1

Yab

= yQb - 2 77avY = (4tatb + 2 77ab) o

(4.4.16)

where 0 = -41TOO satisfies Poisson's equation ,
VO = 4 7rp

(4.4. 17)

The motion of test bodies in this curved spacetime geometry is governed by the
geodesic equation,
d 2X
dT2

dxP dxa

I'~`

P a P° dT dT

0

'

/4 .4 .18)
(4-4
.18

where xµ(T) is the world line of the particle in global inertial coordinates . For motion
much slower than the speed of light, we may approximate dx°/dT as (1, 0, 0, 0) in
the second term, and the proper time r may be approximated by the coordinate time
t. Thus, we find
dZxµ
dt2 rµ00

(4 .4 .19)

From our solution, equation (4 .4.16), we have, for µ = 1, 2, 3 :

r'`oo _ -1 ay°° =
2

do
&A dX A

(4 . 4. 20)

where, again, time derivatives of 0 have been neglected . Thus, the motion of test
bodies is governed by the equation ,
a

(4 .4.21)

where a = dZZ/dt2 is the acceleration of the body relative to global inertial coordinates of 71,,,b.
Equations (4 .4.17) and (4 .4.21) are, of course, the basic equations of Newtonian
gravity, and thus general relativity does indeed reduce to Newtonian gravity in the
appropriate limit . Note, however, that although the predictions of general relativity
agree with those of Newtonian gravity, the underlying viewpoint is radically different . In the Newtonian viewpoint, the Sun creates a gravitational field that exerts a
force upon the Earth, which, in turn, causes it to orbit the Sun rather than move in
a straight line . In the general relativistic viewpoint, the mass-energy of the Sun
produces a curvature of the spacetime geometry . The Earth is in free motion (no
forces act upon it) and it travels on a geodesic of the spacetime metric ; but because
spacetime is curved, it orbits the Sun . From the Newtonian viewpoint, the Earth
undergoes acceleration ; from the general relativistic viewpoint, it is the inertial
observers of the flat metric, 71,,b , who must accelerate .
It is instructive to examine the predictions of linearized gravity when the lowest
order effects of the motion of the sources are taken into account . If we continue to
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neglect stresses, the stress energy tensor is approximated to linear order in velocity
by

Tab = 2t(a Jb)

- P ta tb

(4 .4 .22)

where .T~ = -T,,bta is the mass-energy current density 4-vector. The linearized Einstein equation again predicts that the space-space components of yQb satisfy the
source free wave equation, but the space-time and time-time components now satisfy
aaaQyoµ = 15 7rJµ

(4 .4 . 23)

Thus, Aa = - 4 y~tb satisfies precisely Maxwell's equations in the Lorentz gauge
with source JQ. If again we assume that the time derivatives of -Yab are negligible, then
the space-space components of yab vanish, and we find that to linear order in the
velocity of the test body, the geodesic equation now yields (problem 3 )
-~ 4v x B (4 .4 .24 )
a=- E
where E and B are defined in terms of Aa by the same formulas as in electromagnetism . This is identical to the Lorentz force equation of electromagnetism (with
q = m) except for an overall minus sign and a factor of 4 in the "magnetic force"
term . Thus, linearized gravity predicts that the motion of masses produces magnetic
gravitational effects very similar to those of electromagnetism .
One final, somewhat troublesome point deserves further comment . Above, we
showed that general relativity reduces to Newtonian gravity in an appropriate limit,
but, strictly speaking, we went beyond the linear approximation to show this . The
reason has to do with our use of the geodesic equation to get the motion of a test
body . As mentioned at the end of section 4 .3, the "geodesic hypothesis" follows as
a consequence of the condition 0°Tb = 0 which, in turn, follows as a consequence
of Einstein's equation . However, in the linear approximation, Einstein's equation
(4 .4 .7) or (4 .4.12) actually implies the condition aa T,,b = 0. (This is reasonable since
in the linear approximation, Tab is already "small," so deviations of the derivative
operator from the flat derivative operator as contribute only to higher order .) But the
condition aaT,,b = 0 implies that test bodies move on geodesics of the flat metric 77ab;
i .e ., if one stays consistently within the linear approximation, one predicts that test
bodies are unaffected by gravity . Thus, in obtaining equation (4 .4 .21) we actually
have gone beyond the linear approximation . This, of course, does not invalidate our
discussion . However, it illustrates the difficulties which occur when one tries to
derive the equations of motion of bodies from Einstein's equation via a perturbation
expansion in the departure from flatness . In order to obtain a good approximation to
a solution to a given order, one must use some aspects of the higher order equations .
4 .4b Gravitational Radiatio n
One of the most important changes which occurs when one goes from Coulomb's
theory of electrostatics to Maxwell's theory of electromagnetism is that the electromagnetic field becomes a dynamical entity . Electromagnetic radiation can propagate
freely through spacetime . A similar change occurs when one goes from Newtonian
gravitation to general relativity : Gravitational radiation exists ; i .e., ripples in the
curvature of spacetime can propagate through spacetime . In the linear approximation
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the propagation of gravitational radiation is governed by the source-free, linearized
Einstein equation (see eqs . [4 .4.11] and [4 .4.12] above) ,

a° Yab = 0
ac a~
yQb = 0

(4 . 4 . 25)
(4 .4 .26)

In obtaining these equations at the beginning of this section, the gauge choice
(4.4 .25) was made . However, there remains the freedom to make further gauge
transformations y,,b --> y,,b + aaeb + ab ea provided that

abab e°

=0

(4 . 4 .27)

as such transformations leave equation (4 .4 .25) unchanged . This is closely analogous to the fact that in electromagnetism the Lorentz gauge condition does not
uniquely fix the vector potential AQ ; we have the restricted gauge freedom
AQ --o- AQ + aQ X with
aaaQX = 0

(4 .4.28)

When treating electromagnetic radiation it is convenient to use the remaining gauge
freedom to set the component Ao in some global inertial coordinate system equal to
zero in a source free region (ja = 0) . This gauge condition, called the Coulomb or
radiation gauge, can be achieved as follows . On a constant time surface t = to of our
global inertial coordinate system we solv e
OZX = -0 • A

(4 .4 .29)

We define X throughout spacetime to be the solution of equation (4 .4.28) whose
initial value on the t = to surface is given by equation (4 .4 .29), and whose initial
time derivative is aX/ dt = -Ao. (That a unique solution of eq . [4 .4 .28] exists for
arbitrarily specified initial values of X and dX/at follows from the results of section
10.1 below .) Then the function f defined b y
f=Afl+aX/at

(4.4 .30)

a° da .f - -4 7rjo

(4 .4.31 )

will satisfy

by equations ( 4. 2 . 32) and (4 . 4 .28). Furthermore, on the initial surface t = to we
have

f= 0

a~=aa°

+a

,

z
t~=0•A+OZX=O

(4 .4 .32)
(4.4.33 )

Hence, if no sources are present in the region under consideration (or, more precisely, if for each point p we have jo = 0 on the light cone of p between it and the
t = to surface), the unique solution of equation (4 .4 .31) with initial data (4 .4 .32) and
(4 .4 .33) is f = 0, and the gauge transformation AQ ---> Aa + aQX achieves the desired
condition A0 = 0 while maintaining the Lorentz gauge condition .
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In a very similar manner, in the case of linearized gravity we can use the restricted
gauge freedom, equation (4 .4 .27), to achieve the radiation gauge y = 0, yoµ = 0 for
µ = 1, 2, 3 in a source-free region (T,,b = 0). As an extra bonus, we also obtain
yoo = 0 if no sources are present throughout spacetime (i.e., not just in our region)
and good behavior at infinity is assumed . To achieve the radiation gauge, we solve
on the initial surface t = to the equation s

2 °+
(--k2[-V20

+

V

- ( a e /at)] = -- ay/at

dfiL

'Yo,~ plc = 1 , 2, 3 )

xe
at + a
+ a~,

(4 .4 .34a)

(~Io

) as

( µ = 1 , 2, 3)

(4.4.34b )
(4 . 4 .34c)
(4.4.34d )

to obtain the initial values of eo, e,, e2, e3, and their first time derivatives . Then we
define e° to be the solution of equation (4 .4 .27) with these initial data . By the same
argument as used in the electromagnetic case, the gauge transformation generated by
ea will achieve y = 0 and yoµ = 0 (p = 1, 2, 3) in a source-free region while
preserving the gauge condition, equation (4 .4 .25) .
Our bonus, yoo = 0, comes about as follows . Since y = 0, we have yQb =yam.
Since yoµ = 0 for µ = 1, 2, 3, the gauge condition, equation (4 .4 .25), yield s

a'Y°° = 0

(4 .4 .35)

at

The linearized Einstein equation (4 .4 .12) then yield s
OZ yoo = - 16 -7rToo

(4 .4 . 36)

But if Too = 0 throughout the spacetime, the only solution of equation (4 .4.36) which
is well behaved at infinity is y00 = constant . A further gauge transformation then
achieves yoo = 0 without violating any of the previous conditions .
We employ this radiation gauge to seek solutions of the source-free linearized
Einstein equation . Plane waves,
3

yab = Hab exp i

E

k,, x µ

(4 .4 .37)

µ=0

where H,,,b is a constant tensor field, will satisfy equation (4 .4.26) if and only i f
r7""' kA kv = 0

kju kµ
~s

(4.4 .38)

µ, v

The radiation gauge conditions require (for v = 0, 1, 2, 3 )
3

kµHµ, = 0
µ =0

(4 .4.39a)
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3

Hµµ = 0

(4.4 .39c)

,U=o
Since equations (4 .4.39a) and (4 .4 .39b) both imply I Hov k v = 0, only eight of
these nine equations are independent . Since there are 10 independent components,
H,,v, this leaves two linearly independent solutions for Ham . These two solutions
describe the two independent polarization states of plane gravitational waves . An
arbitrary well behaved solution of the vacuum linearized Einstein equation, i .e ., an
arbitrary packet of gravitational radiation, can be expressed as a superposition of
these plane wave solutions .
How could we detect the presence of gravitational radiation? The most straightforward way is to study the relative acceleration of two masses, i .e., to measure the
gravitational tidal force . For two nearby freely falling bodies, this acceleration is
governed by the geodesic deviation equation (3 .3 .18) . In our case, if the two bodies
are nearly "at rest" in a global inertial coordinate system of qab, we hav e

d2Xµ
dt 2

R

voo"X(4 .4 .40)

where X° is the deviation vector . In the radiation gauge (assuming yoo = 0), we
obtain from equation (3 .4 .4) a very simple expression for the relevant components
of the linearized Riemann tensor ,

Ri0°µ = 2 aal2"'v

(radiation gauge) .

(4.4 .41 )

(Incidentally, this formula shows that the plane wave solutions we obtained above
are physically meaningful-that is, that they cannot be eliminated by fu rther gauge
transformations-since they produce nonzero curvature . ) Thus , in principle, one
could detect gravitational radiation by accurately tracking (say, with laser beams) the
separation of two masses suspended freely from suppo rts; such a detection scheme
may become practical in the near future . Alte rnatively, if the masses are not in free
motion but are connected by a solid piece of mate ri al, the gravitational tidal forces
will stress the mate rial. A solid bar of ma tter would be set into oscillation by these
periodic stresses, and this oscillation could be detectable if the frequency of the
gravitational radiation is near the resonant frequency of the bar . This scheme for
detecting gravitational radiation was pioneered by Joseph Weber and is being pursued by a number of research groups . (The details of this and other schemes for
detecting gravitational waves are reviewed by Douglass and Braginsky 1979.) The
extreme sensitivity required for the detection of gravitational radiation should be
s tressed . For physically reasonable astrophysical sources of gravitational waves, one
does not expect the radiation gauge components yµ„ in the relevant frequency range
to have a magnitude greater than about 10 -" (see, e .g ., Tho rne 1978) . According
to equations (4 .4.40) and (4 .4 .41), this means that the fractional relative displace -
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ment 0X/X of the two free masses should not exceed 10 ", i.e., free masses
separated by 1 meter will be displaced by no more than about I/ 100 of a nuclear
diameter by a gravitational wave! The stresses on a solid bar are correspondingly
small . Nevertheless, many researchers believe that an unambiguous detection of
gravitational radiation will be made in the near future .
How are gravitational waves produced? The most likely sources of (relatively)
strong bursts of gravitational radiation arise from collapse phenomena (see
chapter 12) where gravity is not weak and the linear approximation cannot be used .
In such cases, we must solve the full nonlinear Einstein equation, and because of the
difficulty of this task, our knowledge of these processes is rudimentary . It is instructive, therefore, to study the radiation generation problem in the linear approximation where the complete solution is readily obtained . Since each component of Yab
satisfies the ordinary, inhomogeneous scalar wave equation (4 .4 .12), the solution is
given in terms of the source by the same retarded Green's function as used for a scalar
field and in electromagnetism, namely,
w
yµv(x) = 4 J I xµv~Xx ,ds (x')

>

(4 .4.42)

A

where A denotes the past light cone of the point x and the volume element on the light
cone is dS = rZdr Al . The gauge condition (4 .4 .11) on yQb will be satisfied by
virtue of the linearized conservation equation daTab = 0, so equation (4 .4 .42) gives
the solution for the gravitational effects produced by sources in the linear approximation . (The radiation gauge conditions, of course, are not imposed since sources
are present .)
It is interesting to evaluate our solution in the slow motion limit where the typical
source velocities are much smaller than the speed of light . (More precisely, we
consider the limit where the spatial extent of the source is much smaller than the
typical wavelengths of the emitted radiation .) In electromagnetism this limit is
known as the dipole approximation, since in that case the dominant radiation is
generated by the changing dipole moment of the source .
To analyze this limit in the gravitational case, we Fourier transform all quantities
in the time variable, t, of our global inertial coordinate system of 71ab , leaving the
space variables untransformed . We define
'Y``v ( W' x ) =

1
2

J ~ 'Y~"' x )

e

`wrdt

(4.4.43)

and we similarly Fourier transform Tµv . From equation (4 .4 .42) it follows that
-+,
(
yµv( cr~ , X) = 4 r I x ~ ' x, ~ exp (icd I x - ' I) d3x'

(4 . 4 .44 )

where the "extra" factor of exp(ic) I x - x' 1 ) arises from the fact that the original
integral (4 .4 .42)~was over the past light cone . We need only solve for the space-space
components of yµ„ since the components yoµ are readily obtained in terms of them
from the gauge condition (4 .4. 11) which yields
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3 yV~
-`wy°µ - ~
y- ~ axV

(4.4 .45 )

Since we are interested in calculating the radiation, it suffices to obtain our solution
in the "far zone," R » 1 /w, where R denotes the distance from the source . For the
limit in which we are interested, the frequencies of interest are sufficiently small that
the factor exp(iw (x - x' varies negligibly over the source, so we may replace
by exp(iwR)/R and pull it out of the integral . We
exp((iw I x - x' x
evaluate the remaining integral of the space-space components of T,,b as follows :
f
d ~ a Ta
=1 if
p

XIA

/AP

J
f

_ 1 3

~~
_
{JtosxxY)
l
- P=1
I
2

f

_ - w
2
T00x'`xV d 3x

(4 .4 .46 )

where in the second and fifth lines we used Gauss's law to get ri d of the total
divergence and also used the conse rvation of Tab to express the divergence of spatial
components in terms of the time de rivative of time components . Thus, we obtain our
far-zone solution,
i

~

(w, x) _ - 23
z eR 9 jAy(w)

(IA, v = 1, 2, 3) (4 .4.47)

where q,,, is the Fourier transform of the quadrupole moment tensor ,
qµy = 3 I T00x'`x''d3x

(4 .4 .48 )

The inverse Fourier transform of equation (4 .4 .47) yields
2
-'d q~ (µ, (
v = 1, 2, 3 )
'"'(t' x ~ = 3R
ret

4.4.49)

where the derivative is evaluated at the retarded time t' = t - R. Thus, the dominant
gravitational radiation in the slow motion approximation arises from the time rate of
change of the quadrupole moment of the source . The absence of dipole radiation can
be understood, physically, as resulting from conservation of momentum, which does
not permit a time-varying mass dipole moment . On account of the absence of dipole
radiation, the emission of gravitational radiation in the slow motion limit is smaller
than the radiation in comparable situations in electromagnetism .
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The issue of energy in general relativity is a rather delicate one . In general
relativity there is no known meaningful notion of local energy density of the gravitational field . The basic reason for this is closely related to the fact that the spacetime
metric, gam, describes both the background spacetime structure and the dynamical
aspects of the gravitational field, but no natural way is known to decompose it into
its "background" and "dynamical" parts . Since one would expect to attribute energy
to the dynamical aspect of gravity but not to the background spacetime structure, it
seems unlikely that a notion of local energy density could be obtained without a
corresponding decomposition of the spacetime metric . However, for an isolated
system, the total energy can be defined by examining the gravitational field at large
distances from the system . In addition, for an isolated system the flux of energy
carried away from the system by gravitational radiation also is well defined .
We shall postpone a full discussion of energy in general relativity until chapter 11 .
However, for small deviations from flat spacetime, we would expect that-in analogy with the scalar and electromagnetic field (see eqs . [4.2.20] and [4 .2 .27]the total energy and energy flux of the gravitational field will be quadratic in the field
yam . A formula for this energy and energy flux is suggested by the following considerations . The linearized vacuum Einstein equatio n
G~ [yd] = 0

(4.4 .50)

states that the Einstein tensor for the metric 'q pb + ypb vanishes to first order in yab .
However, to second order in yab, the vacuum Einstein equation will, in general, fail
to be satisfied . Indeed, the terms in the Ricci tensor quadratic in Yab are (problem 4) ,
=
R ab

~ ,Ycd as ab ycd - ycdac a(a yb)d

+ 4 ( aa yc

d)aby`d + (ady cb ) a[d yc]n
4 a `y)ac yab

+ 2 ~d l ~Y dcac yab)

(ady`d - 2 ac y)a(a 'Yb),

(4 . 4 . 51 )

Thus, in order to maintain a solution of the vacuum Einstein equation to second
order, we must correct yab by adding to it the term y,(,2 ,1, where y~ satisfie s
[
]
G~6 'Y~~ + G

[ cd
'Y ~ - 0

(4 .4 .52)
ati
where (in the case R ~ = 0) we have Gae = Rab) - 2 ?lab R ('). We may write equation
(4 .4.52) in the form
G

[ ( ]

ati

?'

d

-

87r tab

~

(4.4.5 3 )

where
tab = - g,~G

ab

['Y d ]

(4 . 4.54)
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Thus, in second order, y~b causes the same correction to the spacetime metric as
would be produced by ordinary matter with stress energy tensor tom. Furthermore, t,,b
is symmetric and is conserved, a°t,,b = 0, assuming, of course, that y,,b satisfies the
vacuum linearized Einstein equation (4 .4 .50) . This suggests that we should view tab
as the effective stress-energy tensor of the gravitational field, valid to second order
in deviation from flatness . However, this interpretation cannot be taken too literally .
First, the local construction of t,,b quadratically from y,,b as well as its symmetry and
conservation properties will not be affected if we add to it a tensor of the form
a` ad U",bd , where U,,,bd is locally constructed from yam, is quadratic in yam, and satisfies
the tensor symmetries U,,bd = U~ jbd = U.,1bdl = Ub,,W, . (Indeed, the terms quadratic
in y,,b of the Landau-Lifshitz "pseudotensor" [Landau and Lifshitz 1962] differ from
our expression for t,,b by such a term .) Furthermore, t,,b is not even gauge invariant ;
i .e ., if we replace y,,b by y,,b + 2a(a &) , then t,,b does not remain unchanged . This
reflects the above mentioned fact that there is no meaningful notion of the local
stress-energy of the gravitational field in general relativity . However, the total
energy associated with yam,

E_

f

tood3x

(4.4.55)

(where the integral is taken over the spacelike hyperplane I depicted in Fig . 4 .2) is
gauge invariant in the following sense: Suppose the perturbed spacetime metri c

F i g . 4. 2 . A space like h yperpl ane, 1 . The total energ y contained in g ravitational
radiation is obtained by inte grati n g to over 1 .

71,,b + y b is asymptotically flat in the sense that the inertial components of ,,,b and
its derivatives go to zero as r--+ oo as : yµ, = 0(1/r), aP yµv = O(1/r2), and
ay apyµv = 0(1/r 3) . (Note that these conditions ensure the convergence of the
integral [4 .4 .55] which defines E .) Then for any gauge transformation, C°, which
preserves these asymptotic conditions, the value of E is unchanged,
E[ye] = E[y b + 2a(aebj . Rather lengthy calculations are needed to demonstrate
this gauge invariance of E directly, but a simple proof of restricted gauge invariance
is outlined in problem 7 . Furthermore, it is not difficult to verify that E is unchanged
if a term a` ad U,,,bd with the above properties is added to tom, since the volume integral
of this term can be converted by Gauss's law to a surface integral which vanishes on
account of the asymptotic conditions .
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Similarly, although the local flux of energy -t°o is not gauge invariant, if the
spacetime is initially time independent, goes through a time-dependent phase, and
becomes time independent again, then the total radiated energy

DE = -f taodSa
S

(4 . 4.56)

is gauge independent , where the integral is taken over the three-dimensional timel ike
surface S dep icted in Figure 4 . 3 . Here the l imit as r --3- oc for that surface is understood, and the above conditions of asymptotic flatness on yab are imposed as r -> oc
along the asymptotically null surfaces 11 and Y12 in the stationary regimes . [Note that
in the time- dependent regime these conditions would not be appropriate since according to our solut ion (4 . 4. 42) we expect aP yµ„ = O (1 1r) . In chapter 11 we will make
prec ise the taking of l imits as r ~ oc along null surfaces by introducing the notion
of null infinity .]

.2

Fig . 4 .3 . Asymptotically null hypersurfa ce s Y. , and 1z . The gravitational radiation
"registers" on 11 but doe s not "register" on 1z . The energy, AE, carried off to
infi ni ty by gravitational radiation i s given by an integral over the ti melike
hypersurface S.

Using equation (4 .4 .54) and equation (4 .4 .56), we can calculate the energy carried
away by gravitational radiation for our solution (4 .4 .49) corresponding to the metric
perturbation produced by a slowly varying source . A lengthy calculation (where
many terms which integrate to zero are dropped) yields the final result ,

DE

=f

P dt

(4 .4 .57)

where
3

dt
P = 45 3'"

1

(d3QI ret /
and Qµ„ is the trace-free quadrupole moment tensor

2

(4 .4 .58)

µ, v-1

QFev

=

gf L V - 3 Sµ vq

(4 .4 .59)
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This formula shows that the energy which is carried away by gravitational radiation
in "ordinary laboratory processes" is extremely small . For example, according to
equation (4 .4 .58), the gravitational energy flux from a rod of mass M and length L
which spins about its center at frequency SZ (so that Tb oscillates with frequency 2SZ)
is
Prod

= 2G
C5

M

2 L4 ~6

(4 .4 .60)

where we have put back the G's and c's in our formula to convert back to
"nongeometrized" units . Thus, a 1 kilogram rod, of length 1 meter, spinning at an
angular velocity of 1 radian per second radiates energy in the form of gravitational
waves at the remarkably small rate of about 10-47 erg s-1 . Even if we scale the rod
up to astronomical dimensions, the gravitational energy flux remains small . It is only
in phenomena involving strong gravitational fields-such as occurs in gravitational
collapse-that one expects large amounts of energy to be radiated away .
Finally, we comment on the validity of our solutions for the gravitational radiation, equations (4 .4.42) and (4 .4 .49), and energy flux, equation (4 .4 .58), from
self-gravitating sources . As should be clear from the above derivation, our solution,
equation (4 .4 .42), is valid for the gravitational radiation from sources such as
spinning rods or masses connected by springs, provided that gravity is sufficiently
weak that the linear approximation is valid . Equations (4 .4 .49) and (4 .4 .58) hold if,
in addition, the source velocities are small . However, our derivation is not valid, as
it stands, for the radiation from sources where self-gravitation is important-e .g ., a
nearly Newtonian binary star system-even though gravity may be weak in the sense
that the inertial components y,,Y are much less than 1 and the source motion may be
slow . The reason is that, as already mentioned at the end of section 4 .4a, to obtain
the Newtonian limit consistently one must go beyond the linear approximation . In
the linear approximation, two stars would not orbit each other but would move on
geodesics of the flat metric, i .e ., straight lines . Any assumption to the contrary
would be inconsistent with a°Tab = 0, which follows from the linearized Einstein
equation . Even though yµv << 1, higher order terms in Yab are not negligible compared with stress terms in Tab . However, formulas for the radiation from a selfgravitating, nearly Newtonian system can be obtained by restoring all the higher
order terms in Yab into the Einstein field equation . Nearly Newtonian motion of the
matter source then is no longer inconsistent . The nonlinear terms in yab can be
brought to the right-hand side of the equation and viewed as an effective gravitational
stress-energy tensor tom . (Here tab includes all the nonlinear terms in Gam, not just the
quadratic terms, as for tab defined above .) Our solution, equation (4 .4.42), is then
valid provided we replace T ,,b by (Ta + tab), although it is no longer really a
"solution" since tab depends on yam. In the slow motion approximation, we again get
equations (4 .4 .49) and (4 .4 .58), where too is now included in the definition of the
quadrupole moment . However, in nearly Newtonian situations, we expect to have
Too » tom, so the gravitational contribution to the quadrupole moment should be
negligible . Thus, equations (4 .4.49) and (4.4 .58) should be valid without modification for a nearly Newtonian system . However, a derivation of these equations with
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the same level of clarity and rigor as in the non-self-gravitating case has not been
given.
The above predictions of energy loss by systems due to emission of gravitational
radiation have now been confirmed by observations . If two stars in orbit around each
other lose energy, their orbital radius will decrease and their orbital frequency will
correspondingly increase . However, since the energy loss by gravitational radiation
from such a system is extremely small (problem 9), any possibility for observing this
speedup caused by emission of gravitational radiation requires (i) an extremely close
binary orbit (to make the general relativistic effects as large as possible) and (ii) an
ability to measure changes in the period to extremely high accuracy . Remarkably,
a binary system satisfying both of these properties was discovered by Hulse and
Taylor (1975) . This system consists of two compact bodies in an elliptical orbit with
a maximum separation of only - 10" cm (i .e ., approximately one solar radius) .
Most importantly, one of the bodies is a pulsar (see the end of section 6 .2 above) and
emits radio pulses in a regular, clocklike fashion . Since the arrival time of the pulsar
signals can be measured to very high precision, the time delays or advances caused
by changes in the pulsar position and velocity are very well determined, and the
orbital parameters of the binary system can be determined to correspondingly high
accuracy . Furthermore, the accuracy continues to improve the longer the system is
observed . Recently, the accuracy of the determination of the orbital period has been
high enough to observe a speedup in the orbital frequency (Taylor and McCulloch
1980) . The magnitude of this speedup is in excellent agreement with that associated
with the energy loss due to gravitational radiation predicted by equation (4 .4.58) .
Thus, unless some other cause is producing an orbital period change of exactly the
same magnitude as that predicted by general relativity, it appears that the effects of
energy loss by gravitational radiation have been observed in this system .

Problem s
1 . Show that Maxwell's equation (4 .3 . 12) i mpl ies strict charge conservation,
Qa J° _ 0 .

2. a) Let a be ap -form on an n -dimensional o riented m anifold with met ric g b, i. e . ,
aa, . . . ap is a totally antisymmetric tensor field (see appendix B) . We define the dual ,
a, of a by
I
LY b , . . . b,,-"

~ CY a

P•

, . . . aP
Ea t . . . apbl . . . b,,-,,

where Ea, . . .an is the natural volume element on M, i .e ., the totally antisymmetric
tensor field determined up to sign by equation (B .2 .9) . Show that
»"a - ~_ l)s+p(n-p)Q,, where s is the number of minuses occurring in the signature of
gam .
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b) Show that in differential forms notation (see appendix B), Maxwell's equations
(4.3 .12) and (4 .3 .13) can be written a s

d*F=4-rr j
dF = O
Note that if we apply Stokes's theorem (see appendix B) to the first equation, we
obtain f, j = (1 /4,7r) J *F, where I is a three-dimensional hypersurface with twodimensional boundary S . But - f~ j = - f~ j°tad ~, is just the total electric charge
e in the volume 1„ where t° is the unit normal to 1 , and -J 'F = I E°nadA is just
the integral of the normal component of Ea = Fabtb on S . Thus, Gauss's law of
electromagnetism continues to hold in curved spacetime .
c) Define for each 8 E [0, 27r] the tensor field Fpb = F,,b cos /3 + `F,,b sin 6 . We
call J~b a duality rotation of Fab by "angle" 8 . It follows immediately from part (b)
that if F,,b satisfies the source-free Maxwell's equations (j' = 0), then so does Fab•
Show that the stress-energy, Tom, of the solution F,,b is the same as that of Fem .
3 . a) Derive equation (4 .4 .24) .
b) Show that the "gravitational electric and magnetic fields" E and B inside a
spherical shell of mass M and radius R (with M « R) slowly rotating with angular
velocity w are
-~ 2M -.
0 B = 3 R (9
c) An observer at rest at the center of the shell of part (b) parallelly propagates
along his (geodesic) w orld line a vector S° with S e lla = O , where u° is the tangent

. Show-•
that the
inertial components, S . precess according to
to his world line
--, 4 --,
-*

dS /dt = SZ X S, where fl = 2B = 3 (M/R)w . This effect, first analyzed by Thirring and Lense (1918) and discussed further by Brill and Cohen (1966), may be
interpreted as a "dragging of inertial frames" caused by the rotating shell . At the
center of the shell the local standard of "nonrotating," defined by parallel propagation
along a geodesic, is changed from what it would be without the shell, in a manner
in accord with Mach's principle .
4. Starting with equation (3 .4 .5) for Rab, derive the formula, equation (4 .4.5 1), for
Rabb by substituting 77a6 + y,,b for g,,b and keeping precisely the terms quadratic in yab .
5 . Let Tb be a symmetric, conserv ed tensor field ( i.e ., Tb =Tom, a °'T,b = 0) in
Minkowski spacetime . Show that there exists a tensor field Ua,bd with the symmetries
U.bd = U[a,]bd = U~[bdl = Um., such that Tab = a`a dUa,bd . (Hint: For any vector
field v a in Minkowski spacetime sat isfying aa v a = 0 th ere ex ists a tensor field
s°b = -sue such that v' = ab s '. [This follows from apply ing the converse of the
d•]
Poincare lemma (see the end of section B . I i n appendix B) to the 3-form eabcd v
Use this fact to show that T,,b = a' W,ab where Wcab = W[,a]b • Then use the fact that
a`W,[ab] = 0 to deri ve the desired result .)

90 Einstein's Equatio n

6. As discussed in the text, in general relativity no meaningful expression is known
for the local stress-energy of the gravitational field . However, a four-index tensor
T.b,d can be constructed out of the curvature in a manner closely analogous to the way
in which the stress tensor of the electromagnetic field is constructed out of Fab (eq .
[4.2.271} . We define the Bel-Robinson tensor in terms of the Weyl tensor b y
=
abcd

e

Caecf Cb df + 4 Eae

Eb k ehicf Cj kT d

f

3
Caecf Cb edI - 2 ga[6 Cjk]cf CJ d f

where Eald is de fined in appendix B and equation (B .2.13) was used . It follows that
T,,bcd = Tab,.d) . (This is established most easily from the spinor decomposition of the
Weyl tensor given in chapter 13 . )

a) Show that T°,"d = 0.
b) Using the Bianchi identity (3 .2 .16), show that in vacuum, Rab = 0, we have

v°Tab d = o .

7 . a) Show that the total energy E, equation (4 .4.55), is time independent, i .e., the
value of E is unchanged if the integral is performed over a time translate, E', of 1 .
b) Let & be a gauge transformation which vanishes outside a bounded region of
space . Show that E [ y,,b ] = E [ y,,b + 2a(,,~bj by comparing them with
E[y ,b + 2a((a~bj where ~a is a new gauge transformation which agrees with & in a
neighborhood of the hyperplane I but vanishes in a neighborhood of another hyperplane E' .
8. Two point masses of mass M are attached to the ends of a spring of spring constant
K. The spring is set into oscillation . In the quadrupole approximation, equation
(4.4.58), what fraction of the energy of oscillation of the spring is radiated away
during one cycle of oscillation ?
9. A binary star system consists of two stars of mass M and of negligible size in a
nearly Newtonian circular orbit of radius R around each other . Assuming the validity
of equation (4 .4 .58) for this system, calculate the rate of increase of the orbital
frequency due to emission of gravitational radiation .

FIVE

HOMOGENEOUS , ISOTROPIC COSMOLOG Y

The theory of general relativity was formulated in the previous chapter . The essence
of the theory is contained in the statement given near the end of section 4 .3 :
Spacetime is a four-dimensional manifold on which is defined a metric, gam, of
Lorentz signature . This metric is related to the matter distribution in spacetime by
Einstein's equation, G,,b = 81rTab •
One of the most vital questions raised by the theory is : Which solution of
Einstein's equation describes the spacetime we observe, i .e., which solution corresponds to our universe, or, at least, an idealized model of our universe? In order to
answer this question, we first must give sufficient input via observational data and
assumptions about the nature of our universe . Armed with this information, we may
then solve Einstein's equation to make predictions concerning the dynamical evolution of the universe .
In this chapter, we will investigate the structure of our universe as predicted by
general relativity under the assumption that the universe is homogeneous and isotropic . A precise, mathematical formulation of this assumption is given in section
5 .1 . The dynamical predictions of general relativity are derived in section 5 .2. We
discuss two important features of the homogeneous, isotropic cosmological models
in section 5 .3 : the cosmological redshift and particle horizons . Finally, we give in
section 5 .4 a brief account of the history of our universe .
5.1 Homogeneity and Isotrop y
In the subject of cosmology, it is very difficult to prove theories by appealing only
to observational data . We have direct contact in our lifetime or even in the lifetime
of human civilization with only a negligibly small spacetime region of our universe .
While our telescopes can observe objects remarkably far away by ordinary human
scales, it should be recognized that in cosmic terms they report information about
only a portion of our past light cone . Thus, a good deal of our input in the subject
of cosmology arises from our philosophical prejudices . Observational data may
confirm these prejudices, but in general they cannot be expected to definitively prove
that they are correct . Nevertheless, the cosmological models considered in this
chapter have provided a remarkably successful account of the nature of the universe .
Since the time of Copernicus, it has generally been assumed that we do not occupy
a privileged position in our universe ; that if we were located in a different region of
91
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our universe, the basic characteristics of our surroundings would appear the same .
Similarly, it is natural to assume that the universe is isotropic, that is, that there are
no preferred directions in space ; that observations on sufficiently large scales should
yield results which do not depend on which direction we look . These philosophical
prejudices of homogeneity and isotropy have received strong confirmation from
modern observations . While observations of the distribution of galaxies in our
universe show clustering of galaxies on a wide range of distance scales and recent
observations have shown large regions devoid of galaxies (Kirshner et al . 1981), on
the largest scales the galaxy distribution appears to be homogeneous and isotropic .
Counts of radio sources and the isotropy of the X-ray and y-ray background radiation
also support the hypothesis of homogeneity and isotropy of the universe on large
scales . Even stronger observational evidence for the homogeneity and isotropy of our
universe comes from the discovery of thermal radiation at about 3 K filling our
universe, which has been measured to be isotropic to a very high precision . As
discussed in section 5 .4, this radiation is believed to have a cosmological origin, and
it would be very difficult to explain its existence and its isotropy if the hypothesis
of the homogeneity and isotropy of the universe were not valid to a very good
approximation on large distance scales .
Thus, for the remainder of this chapter, we shall proceed under the assumption that
the universe is homogeneous and isotropic . Our first task is to formulate precisely
the mathematical meaning of this assumption . Loosely speaking, homogeneity
means that at any given "instant of time" each point of "space" should "look like"
any other point . A precise formulation can be given as follows : A spacetime is said
to be (spatially) homogeneous if there exists a one-parameter family of spacelike
hypersurfaces Y,t foliating the spacetime (see Fig . 5 .1) such that for each t and for
any points p, q E Y. t there exists an isometry of the spacetime metric, gam, which
takes p into q. (See appendix C for the definition of an isometry . )

~--

--- ~

:-~
Fig . 5 .1 . The hypersurfaces of spatial homogeneity in spacetime . By definition of
homogeneity, for each t and each p, q E Y., there exists an isometry of the spacetime which takes p into q .

With regard to isotropy, it first should be pointed out that, in general, at each
point, at most one observer can see the universe as isotropic . For example, if
ordinary matter fills the universe, any observer in motion relative to the matter must
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see an anisotropic velocity distribution of the matter . With this fact in mind, a precise
formulation of the notion of isotropy can be given as follows : A spacetime is said
to be (spatially) isotropic at each point if there exists a congruence of timelike curves
(i.e ., observers), with tangents denoted u°, filling the spacetime (see Fig . 5 .2) and
satisfying the following property . Given any point p and any two unit "spatial"
U a), there exists an
tangent vectors s ;, s2 E V (i.e, vectors at p orthogonal to
isometry of gab which leaves p and u° at p fixed but rotates s ; into sz . Thus, in an
isotropic universe it is impossible to construct a geometrically preferred tangent
vector orthogonal to V .

U°
~ 4S (21

Fig . 5 .2 . The world l ines of isotropic observers in spacetime . By definition of
isotropy, for any two vectors s ;, sZ at p which are orthogonal to u°, there exists an
isometry of the spacetime which leaves p fixed and rotates s ; into sz .

It is not difficult to see that in the case of a homogeneous and isotropic spacetime,
the surfaces 11 of homogeneity must be orthogonal to the tangents, u a, to the world
lines of the isotropic observers . If not, then assuming that the isotropic observers and
the family of homogeneous surfaces 1t are unique, the failure of the tangent subspace
orthogonal to u° to coincide with the tangent space of 1t would enable us to construct
a geometrically preferred spatial vector, in violation of isotropy . (If the isotropic
observers or family of homogeneous surfaces are not unique, as in special cases such
as flat spacetime, it is still possible to show the existence of a family of isotropic
observers orthogonal to a family of homogeneous surfaces .) Now, the spacetime
metric, gam, induces a Riemannian metric, hi(t), on each 1t by restricting the action
of g,,bat each p E 1, to vectors tangent to X 1. The induced spatial geometry of the
surfaces It is greatly restricted by the following requirements : (i) Because of homogeneity, there must be isometries of hab which carry any p E I, into any q e fit.
(ii) Because of isotropy, it must be impossible to construct any geometrically preferred vectors on It .
We shall now show that the second requirement implied by isotropy is particularly
restrictive. Consider the Riemann tensor ("Rab , d constructed from hab on fit . If we
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raise the third index with hab, we may view (3)Rab`d at point p as a linear map, L, of
the vector space W of two-forms [i .e ., antisymmetric tensors of rank (0,2)] atp into
itself L : W 4 W. By equation (3 .2 .20), L is symmetric, i .e., it is a self-adjoint map
(with the natural, positive definite inner product on W determined by h,,6) . Therefore,
W has an orthonormal basis of eigenvectors of L . If the eigenvalues of these eigenvectors were distinct, then we would be able to give a geometrical prescription for
picking out a preferred two-form at p and, consequently, a preferred vector at p .
Hence, in order not to violate isotropy, all the eigenvalues of L must be equal . This
means that L is a multiple of the identity operator ,
(5 .1 . 1 )

L=K I
that is,
3R
( ) ab Ca = K S`[" Sdb]
Thus, lowering the indices, we hav e

(5 .1 .2)

(3 )Ravcd = K hc[a h b]d

(5 .1 . 3)

The requirement (i) of homogeneity implies that K must be a constant, i .e., it
cannot vary from point to point of fit . Actually, it is an interesting fact that the
requirement (ii) of isotropy at each point also implies the constancy of K . To prove
this, we substitute equation (5 .1 .3) into the Bianchi identity (3 .2 .16) to obtain,
0 = D ie "'Rab7~d = (D[,K)hj,jo h b]d

,

(5 .1 .4)

where DQ denotes the derivative operator on 1, associated with h,,6 . (We use the
notation DQ rather than VQ in order to avoid confusion with the derivative operator on
the four-dimensional spacetime associated with gab .) On a manifold of dimension
three or greater, the right side of equation (S .1 .4) will vanish if and only if De K = 0,
i.e ., K is constant . Thus, we can actually dispense with the assumption of homogeneity in discussing the geometry of 1t.
A space where equation (5 .1 .3) is satisfied (with K = constant) is called a space
of constant curvature . It can be shown (Eisenhart 1949) that any two spaces of
constant curvature of the same dimension and metric signature which have equal
values of K must be (locally) isometric . Thus, our task of determining the possible
spatial geometries of 1 t will be completed if we enumerate spaces of constant
curvature encompassing all values of K . This is easily done . All positive values of
K are attained by the 3-spheres, defined as the surfaces in four-dimensional flat
Euclidean space R4 whose Cartesian coordinates satisfy
xz+y2+z2+w2= R2

(5 .1 .5)

In spherical coordinates, the metric of the unit 3-sphere is

ds2 = dqi2 + sine qi(dE2 + sin 2 B d(p 2)

(5 .1 .6)

The value K = 0 is attained by ordinary three-dimensional flat space . In Cartesian
coordinates, this metric is

ds2 = dx2 + dye + dz2

(5 .1 .7)
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Finally, all negative values of K are attained by the three-dimensional hyperboloids,
defined as the surfaces in a four-dimensional flat Lorentz signature space (i .e .,
Minkowski spacetime) whose global inertial coordinates satisf y
t2--x2-yz-z2 =R z

In hyperbolic coordinates, the metric of the unit hyperboloid i s
ds2 = dqiz + sinh2 i/i(dBz + sin 2 0 d o)

(5. 1 . 8)

(5 . 1 . 9)

The new possibilities for the global spatial structure of our universe should be
stressed . In prerelativity physics, as well as in special relativity, it was assumed that
space had the flat structure given by the possibility K = 0 above . But even under the
very restrictive assumptions of homogeneity and isotropy, the framework of general
relativity admits two other distinct possibilities . The possibility of a 3-sphere spatial
geometry is particularly interesting, as it is a compact manifold (see appendix A) and
thus describes a universe which is finite but has no boundary . Such a universe is
called "closed," while the universes with noncompact spatial sections such as those
given by flat and hyperboloid geometries are called "open ." (One could construct
closed universes with flat or hyperboloid geometries by making topological
identifications, but it does not appear to be natural to do so .) Thus, an intriguing
question raised by general relativity is whether our universe is closed or open . We
shall discuss the evidence on this issue at the end of section 5 .4 .
Since the isotropic observers are orthogonal to the homogeneous surfaces, we may
express the four-dimensional spacetime metric gab as
9a6 =

- ua ub

+ ha6tt) ~

(5 .1 . 1 0)

where for each t, hQ6 (t) is the metric of either (a) a sphere, (b) flat Euclidean space,
or (c) a hyperboloid, on E . We can choose convenient coordinates on the fourdimensional spacetime as follows . We choose, respectively, either (a) spherical
coordinates, (b) Cartesian coordinates, or (c) hyperbolic coordinates on one of the
homogeneous hypersurfaces . We then "carry" these coordinates to each of the other
homogeneous hypersurfaces by means of our isotropic observers ; i.e ., we assign a
fixed spatial coordinate label to each observer . Finally, we label each hypersurface
by the proper time, r, of a clock carried by any of the isotropic observers . (By
homogeneity, all the isotropic observers must agree on the time difference between
any two hypersurfaces .) Thus, r and our spatial coordinates label each event in the
universe .
Expressed in these coordinates, the spacetime metric takes the for m

d 1p 2 + sin 2 4i(dB2 + sin e O do2)
dx2 +dyZ+dz2

(5 . 1 . 11 )

d tp 2 + sinh 2 ip (d92 + sin e B d o )
where the three possibilities in the bracket correspond to the three possible spatial
geometries. [The metric for the spatially flat case could be made to look more similar
to the other cases by writing it in spherical coordinates as dqi2 +
qi2(dB2 + sine 0 dcb2) .] The general form of the metric, equation (5 .1 .11) is called
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a Robertson-Walker cosmological model . Thus, our assumptions of homogeneity
and isotropy alone have determined the spacetime metric up to the three discrete
possibilities of spatial geometry and the arbitrary positive function a(T) . To determine the spatial geometry and a(T), we turn to Einstein's equation .
5.2 Dynamics of a Homogeneous, Isotropic Universe
Our aim now is to substitute the spacetime metric, equation (5 .1 .11), into
Einstein's equation (4 .3 .21) to obtain predictions for the dynamical evolution of the
universe . The first step is to describe the matter content of the universe in terms of
its stress-energy, Tom, which enters the right-hand side of Einstein's equation . Most
of the mass-energy in the present universe is believed to be found in ordinary matter,
concentrated in galaxies, although, as discussed at the end of this chapter, there are
sufficient uncertainties and discrepancies in the determinations of mass that even this
statement is not completely certain . On the cosmic scales with which we are dealing,
each of the galaxies can be idealized as a "grain of dust ." The random velocities of
the galaxies are small, so the "pressure" of this dust of galaxies is negligible . By
isotropy, the world lines of the galaxies must coincide with those of the isotropic
observers . (If they did not, the relative motion of the galaxies and observers could
be used to define a preferred spatial direction .) Thus, to a good approximation, the
stress-energy tensor of matter in the present universe takes the form
Tab = Puau6

(5 .2 .1 )

where p is the (average) mass density of matter . However, other forms of massenergy are also present in the universe. As already briefly mentioned above, a
thermal distribution of radiation at a temperature of about 3 K fills the universe . This
radiation can also be described by a perfect fluid stress-energy tensor, but its pressure
is nonzero ; indeed, for massless thermal radiation, we have P = p/3 . The contribution of this radiation to the stress-energy of the present universe is negligible,
but, as will be discussed further in this section and in section 5 .4, this radiation is
predicted to make the dominant contribution to Tb in the early universe . Thus, in
treating Einstein's equation, we shall take Tab to be of the general perfect fluid form ,
T.b = puQ ub + P(Sab + uQub)

(5 .2. 2)

There is no loss of generality in restricting consideration to T6 of this form, as it is
actually the most general form T,,bcan take consistent with homogeneity and isotropy .
We now have the task of computing Gab from the metric, equation (5 .1 .11), and
equating it with 87 rTb, equation (5 .2 .2) . A priori, we will get 10 equations corresponding to the 10 independent components of a symmetric two-index tensor . However, it is not difficult to see that on account of the spacetime symmetries, there will
be only two independent equations in this case . Namely, the vector Gabub (as well
as Taub) cannot have a spatial component, or isotropy would be violated . Thus, the
"time-space" components of Einstein's equation are identically zero . Similarly, if we
project both indices of G,,,b into the homogeneous hypersurface and raise an index
with the spatial metric, the same type of argument which led to equation (5 .1 .1) tells
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us that the resulting tensor must be a multiple of the identity operator . Thus, the
off-diagonal "space-space" components of Einstein's equation must vanish, and the
diagonal "space-space" components yield the same equations . Hence, the independent components of Einstein's equation are simpl y
G, = 8 7rT, = B Trp

(5 . 2 . 3)

G, * = 8 7rT, = 8 7rP

(5 . 2 . 4)

where G„ = Gabu"u6 and G*, = Ga6 SaSb, where s° is any unit vector tangent to the
homogeneous hypersurfaces .
We now have only the mechanical task of computing G, and G** in terms of a (z) .
We shall do this explicitly for the case of flat spatial geometry, i .e. ,
ds2 = -dT2 + az(T)(dxz + dyz + dzz)

(5 .2 .5)

using the coordinate basis method . By equation (3 .1 .30), the nonvanishing components of the Christoffel symbol are merel y

PxXT -

rsx=r;y =rTZZ=aa
F
rZZr = rzT , = a/a

P 7.X Fyy T

=

y Ty

(5 .2 .6)
(5 .2 . 7)

where a = da/dT. Hence, by equation (3 .4 .5) the independent Ricci tensor components are calculated to be
R, = - 3d/ a

(5 .2 .8)

d a2
R. * = a-ZRxx = + 2 2
a
a

(5 .2.9)

Since we have
ii ij 2

(5 .2 .10)
a

a

we thus obtain
G, = R , + ' R -= 3a2/a2 = BTrp

(5 .2 .11 )

2

G„= R*,-ZR=-2a-az=8 7rP

(5 .2 .12)

Using the first equation, we may rewrite the second equation as

(5 . 2 . 1 3)
Repeating the calculation for the cases of spherical and hyperboloid geometries
(problem 2), we obtain the general evolution equations for homogeneous, isotropic
cosmology :
3a 2/a 2 = 87rp - 3k/a 2

( 5 . 2 . 14 )

3d/a = -4 1r(p + 3P)

(5 .2 .15)
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where k = + 1 for the 3-sphere, k = 0 for flat space, and k = -1 for the hyperboloid . We will present the exact solutions of these equations for the cases of dust
(P = 0) and radiation (P = p1 3) below in Table 5 .1, but first we shall examine some
important qualitative properties of the solutions .
The first striking result is that the universe cannot be static, provided only that
p > 0 and P ? 0. This conclusion follows immediately from equation (5 .2 .15),
which tells us that d < 0 . Thus, the universe must always either be expanding
(a > 0) or contracting (a < 0) (with the possible exception of an instant of time
when expansion changes over to contraction) . Note the nature of this expansion or
contraction : The distance scale between all isotropic observers (in particular, between galaxies) changes with time, but there is no preferred center of expansion or
contraction . Indeed, if the distance (measured in the homogeneous surface) between
two isotropic observers at time T is R, the rate of change of R i s

dR R da

v = - _ - - = HR
dT
a dT

(5 . 2. 16)

where H (z) = a/a is called Rubble's constant . (Note, however, that the value of H
changes with time .) Equation (5 .2 .16) is known as Rubble's law . Note that v can be
greater than the speed of light if R is large enough . This does not contradict the
fundamental tenet of special and general relativity that "nothing can travel faster than
the speed of light," since this tenet refers to the locally measured relative velocity
of two objects at the same spacetime event, not a globally defined velocity between
distant objects .
The expansion of the universe in accordance with equation (5 .2.16) has been
confirmed by the observation of the redshifts of distant galaxies, as will be explaine d
Table 5 . 1
D UST AND RADIATION FILLED ROBERTSON-WALKER COSMOLOGIES

T YPE OF M ATTER

"Dust"
S PATIAL GEOM ETRY

3-sphere, k = + 1

Radiation

P = 0

1

P 3p

a = 2 C(1 -cos 77)
z = !C07 - sin 71 )

Flat, k=0
Hyperboloid , k = -1

a = (9C/4) "

T

113 I

I a = ~ C(cosh -q - 1 )
z=

1

C(sinh 77 - 77 )

a

=

(4C 1) 1/ 4

T

1/2
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in more detail later in this chapter . The confirmation of this striking prediction of
general relativity is a dramatic success of the theory . Unfortunately, the historical
development of events clouded this success . Einstein was sufficiently unhappy with
the prediction of a dynamic universe that he proposed a modification of his equation,
the addition of a new term, as follows :
Gab + AS ab = 8 7TT b

(5 .2 .17)

where A is a new fundamental constant of nature, called the cosmological constant .
(It can be shown [Lovelock 1972] that a linear combination of Gab and gab is the most
general two-index symmetric tensor which is divergence free and can be constructed
locally from the metric and its derivatives up to second order, so eq . [5 .2.17] gives
the most general modification which does not grossly alter the basic properties of
Einstein's equation . If A 0 0, one does not obtain Newtonian theory in the slow
motion, weak field limit ; but if A is small enough, the deviations from Newtonian
theory would not be noticed .) With this additional one-parameter degree of freedom,
static solutions exist, though they require exact adjustment of the parameters and are
unstable, much like a pencil standing on its point (see problem 3) . Thus, Einstein was
able to modify he theory to yield static solutions . After Hobble's redshift observations in 192 9 demonstrated the expansion of the universe, the original motivation
for the i .Aroduction of A was lost . Nevertheless, A has been reintroduced on numerous ' :;casions when discrepancies have arisen between theory and observations, only
to be abandoned again when these discrepancies have been resolved . In the following, we shall assume that A = 0 .
Given that the universe is expanding, a > 0, we know from equation (5 .2 .15) that
a < 0, so the universe must have been expanding at a faster and faster rate as one
goes backward in time . If the universe had always expanded at its present rate, then
at the time T = a/a = H-1 ago, we would have had a = 0 . Since its expansion
actually was faster, the time at which a was zero was even closer to the present .
Thus, under the assumption of homogeneity and isotropy, general relativity makes
the striking prediction that at a time less than H-' ago, the universe was in a singular
state : The distance between all "points of space" was zero ; the density of matter and
the curvature of spacetime was infinite . This singular state of the universe is referred
to as the big bang .
Note that the nature of this singularity is that resulting from a homogeneous
contraction of space down to "zero size ." The big bang does not represent an
explosion of matter concentrated at a point of a preexisting, nonsingular spacetime,
as it is sometimes depicted and as its name may suggest . Since spacetime structure
itself is singular at the big bang, it does not make sense, either physically or
mathematically, to ask about the state of the universe "before" the big bang ; there
is no natural way to extend the spacetime manifold and metric beyond the big bang
singularity . Thus, general relativity leads to the viewpoint that the universe began at
the big bang . For many years it was generally believed that the prediction of a
singular origin of the universe was due merely to the assumptions of exact homogeneity and isotropy, that if these assumptions were relaxed one would get a nonsingular "bounce" at small a rather than a singularity . However, the singularity
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theorems of general relativity (see chapter 9) show that singularities are generic
features of cosmological solutions ; they have ruled out the possibility of "bounce"
models close to the homogeneous, isotropic models . Of course, at the extreme
conditions very near the big bang singularity one expects that quantum effects will
become important, and the predictions of classical general relativity are expected to
break down (see chapter 14) .
Before discussing the qualitative predictions of general relativity for the future
evolution of the universe, it is useful to obtain an equation for the evolution of the
mass density . By multiplying equation (5 .2 .14) by az, differentiating it with respect
to r, and then eliminating ii via equation (5 .2.15) (or, directly from eq . [4 .3 .7]), we
obtain
p + 3(p + P)a/a = 0

(5 .2.18)

Thus, for dust (P = 0) we find
pa 3 = constant (5 .2.19)
which expresses conservation of rest mass, while for radiation (P = p 1 3) we fin d
pa 4 = constant

(5 . 2.20)

In this case the energy density decreases more rapidly as a increases than by the
volume factor a3, since the radiation in each volume element does work on its
surroundings as the universe expands . (Alternatively, in terms of photons, the photon
number density decreases as a-3, but each photon loses energy as a-' because of
redshift [see section 5 .3] .) Comparison of equations (5 .2 .19) and (5 .2.20) shows that
although the radiation content of the present universe may be negligible, its contribution to the total mass density far enough into the past (a --)- 0) should dominate
over that of ordinary matter.
The qualitative features of the future evolution of our universe can now be seen .
If k = 0 or - 1, equation (5 .2 .14) shows that a never can become zero . Thus, if the
universe is presently expanding, it must continue to expand forever . Indeed, for any
matter with P ;-?! 0, p must decrease as a increases at least as rapidly as a-3, the value
for dust . Thus paz __* 0 as a --+ cc . Hence, if k = 0, the "expansion velocity" a
asymptotically approaches zero as T --~, cc , while if k = -1 we have a --)- 1 as
T --* 00 .

However, if k = + 1, the universe cannot expand forever . The first term on the
right-hand side of equation (5 .2 .14) decreases with a more rapidly than the second
term, and thus, since the left-hand side must be positive, there is a critical value, a,,
such that a -,-5 a , Furthermore, a cannot asymptotically approach a , as z --- > cc
because the magnitude of d is bounded from below on account of equation (5 .2 .15) .
Thus, if k = + 1, then at a finite time after the big bang origin of the universe, the
universe will achieve a maximum size a, and then will begin to recontract . The same
argument as given above for the occurrence of a big bang origin of the universe now
shows that a finite time after recontraction begins, a "big crunch" end of the universe
will occur . Thus, the dynamical equations of general relativity show that the spatially
closed 3-sphere universe will exist for only a finite span of time .
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Let us now turn our attention to solving equations (5 .2 .14) and (5 .2.15) exactly
for the cases of dust and radiation . The most efficient procedure for doing this is to
eliminate p using equation (5 .2 .19) or, respectively, equation (5 .2 .20), and substitute into equation (5 .2 .14) . We obtain, for dust ,
a 2 -C /a+k=0

(5 . 2 . 21 )

where C = S7rpa3/3 is constant ; and for radiation ,
a 2 -C '/ a 2 + k=0

(5 . 2 . 22)

where C' = 87rpa 4 /3 . Given equation (5 .2.19) (or eq . [5 .2.20]), equation (5 .2 .15)
is redundant, so the first order ordinary differential equation (5 .2.21) (or, respectively, [5 .2 .22]) is all we need solve . The solutions for a(T) are readily obtained
by elementary methods . These solutions for the six cases of interest are tabulated in
Table 5 .1 . Graphs of a (T) versus r are displayed in Figures 5 .3 and 5 .4 . The solution
for the dust-filled universe with 3-sphere geometry was first given by Friedmann
(1922) and is called the Friedmann cosmology, although in some references all the
solutions in Table 5 .1 are referred to as Friedmann solutions .

o(r)

r
Fig . 5 . 3 .

The dynamics of dust-filled Robertson-Walker universes .

5.3 T he Cos mologica l Redshift; Horizons
5 .3a Redshift
We have mentioned above that the most direct observational evidence for the
expansion of the universe comes from the redshift of the spectral lines of distant
galaxies . In this section we shall obtain the redshift formula for a general RobertsonWalker cosmological model, equation (5 .1 .11) . Suppose that at event P, at time T,
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0M

T
F ig . 5 .4 . The dynamics of radiation-fi lled Robertson-Walker u ni verses .

an isotropic observer emits a photon of frequency w, . Suppose this photon is observed by another isotropic observer at event P2 at time TZ as illustrated in Figure 5 .5 .
We wish to find the frequency, Wzi which this second observer will measure .
The solution of all redshift problems in special and general relativity is governed
by the following two facts : (1) In the geometric optics approximation, light travels
on null geodesics (see section 4 .3); (2) The frequency of a light signal of wave vector
k' measured by an observer with 4-velocity uQ is
w = -kQu°

(5 .3 .1 )

(see eq . [4 .2 .38]) . Thus, we always can find the observed frequency by calculating
the null geodesic determined by the initial value of k° at the emission point and then
calculating the right side of equation (5 .3 .1) at the observation point .
However, when symmetries are present, we often can shortcut this procedure by
using the following fact proven in section C .3 of appendix C . Let 6' be a Killing
vector field, i .e ., a vector field which generates cone-parameter group of isometries,
as discussed in appendix C . Let to be the tangent to a geodesic curve . Then t° 6a is
constant along the geodesic . In this case, it is not difficult to calculate the redshift
directly without appealing to symmetry arguments (see problem 4), but we shall
calculate the redshift using these arguments because they give more insight into why
the simple final result, equation (5 .3 .6), is obtained .
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The first step is to notice that for all three choices of spatial geometry, we can find
a spacetime Killing vector field ~a which points in the direction of the projection of
ka into 1.1 at Pl and points in the direction of the projection of k° into 7-2 at P2 . For
example, in the case of flat spatial geometry, without loss of generality, we may
assume that the projection of ka into 7-1 at Pl is in the (a/ax)a direction . Then
ka(d/dy)Q = ka(a/az)Q = 0 initially, and, since (a/ dy)a and (a/az)a are Killing vector fields, these inner products also vanish at P2 . Thus, the projection of ka into 7-2
at P2 also points in the (a/ax)a direction, and ~a = (a/ax)a is the required Killing
vector field . Similar arguments establish the existence of e a in the spherical and
hyperboloid cases . Furthermore, in all cases the length of e ° at Pz varies from its
length at Pl in proportion to the change in the length scale factor a of the universe
in going from E1 to 7-2, i .e.,
(

/
S a Sa)1 z IP, _ a ( Tl )
e e
/
1

(5 .3 .2)

( a a)' z PZ a (TZ)

To find the redshift, we note that since ka is null, at any point its projection onto
ua must have the same magnitude as its projection into 1 , so at Pl

kau i = -ka [ea/(e b e6)l /z] IP1

(5 . 3 . 3)

Thus, we have
Wl

= [(

ka

f ) 1(
f )
a
S b b l/z] !

P,

(5 .3 .4)

Similarly, we have
(0 2 =

[(

ka

e )1(6
)
]
a
b S6 1/z PZ

Fig . 5 .5 . A spacetime diagram showing the emissio n of a light signal at event P,
and its reception at event Pz .

(5 . 3 .5)
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But we have (ka ea) I P, _ (kaea) I PZ by the above result on the inner product of
Killing vector fields and geodesic tangent vectors . Thus, we find
0)2

Wi

(fl e ) 112

_

d

1p

(T )

'=a '
a ( TZ)

(5.3 .6)

where we have used equation (5 .3 .2) . This result has the simple interpretation that
as the universe expands, the wavelength of each photon increases in proportion to
the amount of expansion .
The redshift factor, z, is given by
z=

A2 - Al

A,

=i -1 =a
602

(Tz)

a (TI )

(5 .3 .7 )

For light emitted by nearby galaxies, we have Tz - 71 -== R, where R is the present
proper distance to the galaxy . Furthermore, for nearby galaxies we hav e
a(T2) = a(Ti) + (T2 - Ti)a

(5 .3 .8)

z = a R = HR
a

(5 .3 .9)

Thus, we find

which is the linear redshift-distance relationship discovered by Hubble . The redshifts
of distant galaxies will deviate from this linear law, depending on exactly how a (z)
varies with T .
5 .3b Particle Horizon s
The following question arises in the study of cosmological models in general
relativity : In principle, how much of our universe can be observed at a given event
P? More precisely, in the particular case of the Robertson-Walker cosmological
models we may ask which isotropic observers (i .e ., galaxies) could have sent a signal
which reaches a given isotropic observer at (or before) event P . The boundary
between the world lines that can be seen at P and those that cannot is called the
particle horizon at P. Since the universe "shrinks to zero size" as one approaches the
big bang singularity, one might expect that all isotropic observers can communicate
with each other by sending signals to each other very early in the history of the
universe when they were very close to each other . However, we shall show now that
this is not the case for Robertson-Walker models which expand sufficiently rapidly
from an initial big bang singularity . Thus, we shall demonstrate the existence of
nontrivial particle horizons in a class of Robertson-Walker models which includes all
the solutions of Table 5 .1 .
This demonstration is most easily made in the case of flat spatial geometry ,
dsz = -dTZ + az(7)(dxz + dy2 + dzz)

(5 .3 .10)

and we will focus our attention on that case . By making the coordinate trans-
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formation z - -+ t defined by
dT
~a(T)

(5 .3 .11 )

we can reexpress the metric, equation (5 .3 .10), a s

ds2 = a 2(t)(-dt2 + dxz + dyz + dzz)

(5 .3 . 1 2)

Written in this form, it becomes manifest that this metric is merely a multiple of the
metric of the flat Minkowski spacetime metric . Such a metric is called conformally
flat. The relevance of this remark arises from the fact that a vector will be timelike,
null, or spacelike in the metric of equation (5 .3.12) if and only if it has the same
property with respect to the flat metri c

ds2= -dtZ+dxz+dyz+dzz

(5 .3.13)

Thus, it is possible to send a signal between two events (i .e., join the two events by
a timelike or null curve) in the metric of equation (5 .3 .12) if and only if this can be
done in the flat metric, equation (5 .3 .13) . With this in mind, it is not difficult to see
that an observer at an event P will be able to receive a signal from all other isotropic
observers if and only if the integral, equation (5 .3 .11), which defines t, diverges as
one approaches the big bang singularity, z --> 0. Namely, if this integral divergeswhich will be the case if a (T) :-5- a7 for some constant a as z ~ 0-then the
Robertson-Walker model will be conformally related to all of Minkowski spacetime
(i.e ., t willrange down to - oo) and thus there will be no particle horizon . On the
other ham, if the integral converges, the Robertson-Walker model will be conformally related only to the portion of Minkowski spacetime above a t =constant
surface, and particle horizons will exist, as illustrated in Figure 5 .6. As seen from
Table 5 .1, for k = 0, even in the case of dust we have a (z) a T 113 . Since a (T) will

Fig . 5 .6 . The causal structure of the Robertson-Walker solutions near the big-bang
singularity . Particle horizons exist since an observer cannot "see" all other isotropic
observers in the universe .
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be larger if P > 0, for all spatially flat Robertson-Walker solutions of Einstein's
equation the integral, equation (5 .3 .11), will converge as z ---> 0 and particle horizons do indeed occur .
For hyperboloid and spherical geometries, as z ---> 0 the behavior of a (z) goes over
to the flat case, since the term involving k in equation (5 .2 .14) becomes negliglible .
A similar analysis shows that particle horizons of the same nature as in the flat case
also exist in all of these solutions . In the case of the spherical geometry, the spatial
extent of the universe is finite, and one may ask if the particle horizons eventually
cease to exist or whether they are still present when the universe recollapses to the
"big crunch" singularity (problem 5) . The answer is that for the dust filled spherical
universe of Table 5 .1, the particle horizon ceases to exist at the moment of maximum
expansion, i .e ., a light signal emitted at the big bang would travel exactly halfway
around the universe by the moment of maximum expansion, so by looking in all
directions at this time an observer could receive signals from all other isotropic
observers . However, for the radiation filled spherical universe, a light signal would
travel exactly halfway around the universe in the entire history of the universe, so
the particle horizons remain present until the "big crunch ."
The existence of particle horizons in the Robertson-Walker cosmological models
leads to the following interesting issue . From the cosmic microwave background
(discussed briefly in the next section) we have good reason to believe that the present
universe is homogeneous and isotropic to a very high degree of precision . Now,
many ordinary systems, such as a gas confined by a box, often are found in extremely
homogeneous and isotropic states . However, the usual explanation of why such
systems are in such homogeneous and isotropic states is that they have had an
opportunity to self-interact and thermalize . Thus, for example, even if a gas in a box
were initially, say, in an inhomogeneous state, these inhomogeneities would quickly
"wash out" on a time scale of the order of the transit time across the box . However,
this type of explanation cannot possibly apply to a universe with particle horizons,
since different portions of the universe cannot even send signals to each other, far
less interact sufficiently to thermalize each other . Thus, in order to explain the
homogeneity and isotropy of the present universe, one must postulate that either (a)
the universe was "born" in an extremely homogeneous, isotropic state or (b) the very
early universe differed significantly from the Robertson-Walker models so that no
horizons were present ; the inhomogeneities and anisotropy then "damped
out"-perhaps due to effects such as viscosity of matter or the back-reaction of
quantum particle creation-and the universe approached the Robertson-Walker
model . The first "explanation" may appear rather unnatural (see, however, Penrose
1979) . The second explanation has been investigated extensively with regard to
damping of anisotropy, beginning with the work of Misner (1969), but has not yet
proven successful in presenting a plausible picture of evolution from a "chaotic"
initial state to a Robertson-Walker model . It also suffers from the potentially serious
difficulty that inhomogeneities (which have not been investigated extensively) on a
sufficiently large scale generally would be expected to grow rather than damp out in
a self-gravitating system . Recently, however, it has been suggested that the very
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early universe may have undergone an "inflationary phase" (discussed briefly in the
next section) resulting in an enormous enlargement of the particle horizon in the
Robertson-Walker models and offering a possible explanation of how an initially
"chaotic" universe could evolve to one which has large homogeneous and isotropic
regions . However, it should be kept in mind that we do not, at present, have a
quantum theory of gravity (see chapter 14) and such a theory may play a large role
in accounting for the initial state of our universe .

5. 4 The E volution of Our Universe
In this section we shall briefly outline the history of our universe from the big bang
to the present . The picture we shall present is the "standard" one, which assumes that
the universe is well described throughout its history by a Robertson-Walker solution
and which makes further assumptions concerning the matter content of the universe .
While this picture has received strong supporting evidence from the existence of the
cosmic microwave background and its explanation of the cosmic abundance of
helium, it should be kept in mind that none of its assumptions is unchallengeable .
Many of the calculations and much of the observational evidence which go into
constructing this history of the universe are reviewed by Peebles (1971) and Weinberg (1972), and we refer the reader to these references for more quantitative details .
A good deal of the nature of the early universe can be understood from the fact
that the decrease of the scale factor a as one goes back toward the past has the same
local effect on the matter as if the matter were placed in a box whose walls contract
at the same rate . Thus, as would happen in a contracting box, the contribution of
radiation compared with ordinary matter (i .e., baryons) increases in the past, as was
already noted in section 5 .2 . The energy density of the cosmic microwave background in the present universe is estimated to be about 1,000 times smaller than the
mass density contribution of matter, although this number is uncertain by as much
as a factor of 10 because of the difficulties involved in determining the present
density of ordinary matter . Thus, assuming that this radiation continues to exist as
one goes back into the past (e .g ., that it was not, say, emitted by galaxies), then
according to equations (5 .2.19) and (5.2.20), when the scale factor a was more than
1,000 times smaller than its present value, this radiation should have been the
dominant contribution to the energy density of the universe . Thus, one would expect
the radiation filled model of the universe to be a good approximation for the dynamics of the universe before this stage, while the dust filled model should be a good
approximation afterwards .
Just as the temperature of a box of gas increases as one compresses it, one would
expect the matter and radiation in the universe to get hotter as a decreases, and to
become infinitely hot as one approaches the big bang, a ---> 0.1 If the early universe
1 . It would also be self-consistent to assume that no radiation was present in the very early universe
and that only cold matter, such as baryons, was present . However, a "cold big bang" model would have
the major tasks of accounting for the present existence of the cosmic microwave background and the
correct helium abundance of the universe, both of which are naturally explained by the standard "hot big
bang" model described here .
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was radiation dominated, as we expect it to be, then for all models (k = 0, -t 1) the
dependence of a and p on z for small T goes over to the k = 0 solution ,
a(7) _ (4C') 1147 1/2
=
P

(5 .4.1 )

3
.4.2)
327rGT2 (5

where here, and throughout this section, we shall restore the G's and c's in our
equations . If the radiation is thermally distributed, the mass density p is given by the
following expression, derived from the quantum statistical mechanics of massless
particles :
n

17r

2

P 30~i3c5

(kT)4

(5.4 .3)

where n is the number of species of radiation, g; is the spin degeneracy factor, and
a; takes the value 1 for bosons and 7/8 for fermions . Massive particles whose mass
is much less than kT effectively act like zero mass particles and should be included
in equation (5 .4 .3) as a "species of radiation ." Equations (5 .4 .1), (5 .4 .2), and
(5 .4 .3) imply that T « plea « a-', as expected from the redshift relation, equation
(5 .3 .6) .
An important issue is whether the interactions of matter and radiation in the early
universe proceed on a rapid enough time scale for thermalization to occur locally
(i.e., within the particle horizon) . If they do not, then the self-consistency of
assuming that the matter is thermally distributed is questionable, and the predicted
evolution of the matter and radiation may depend on the details of the assumed initial
distribution. If they do, then we have the relatively simple task of evolving a thermal
distribution of matter until such time as equilibrium is no longer maintained . The
expansion time scale, tE, of the universe, i .e., the time over which a significant
change in the scale factor a occurs, i s
tE - ala = 2T

( 5 . 4 . 4)

by equation (5 .4 .1) . On the other hand, the time scale for interactions i s
tf --

1
nQC

a3

a - a T3/z / Q (T)

Q

(5 . 4. 5)

where the number of interacting particles is assumed to be conserved, so that their
number density, n, scales as a-3, and the possible energy dependence of the interaction cross section o- is explicitly indicated by writing v as a function of temperature . Comparison of equations (5 .4 .4) and (5 .4 .5) shows that unless a- falls off
rapidly at high energies, at sufficiently early times we will have tf << tE, so thermalization can be achieved . (Actually, it is possible that at very high energies the
interactions of particle physics become "asymptotically free," and Q does fall off
sufficiently rapidly to make tf > tE as T --* 0. However, even if this occurs, for
energies smaller than about 1015 GeV we should recover t, > t E , and thermalization
still should be achieved at a very early time .) On the other hand, as the universe
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evolves, we eventually find t, > tE, and the matter distribution will drop out of
thermal equilibrium .
Thus, the above considerations lead to the following basic picture of the evolution
of our universe . The universe began as a hot (T --~, oo), dense (p - --* 00) "soup" of
matter and radiation in thermal equilibrium . However, as the universe evolved,
thermal equilibrium was not maintained, as tj became greater than t E . The energy
content of the early universe was dominated by radiation . However, by the time a
reached about 1 / 1000 of its present value, the ordinary matter contribution dominated the energy content of the universe, and the dynamics of the universe became
that of a dust filled Robertson-Walker model . We shall now proceed to fill in some
of the important details of this evolutionary history .
During the first 10-43 seconds of the evolutionary history of the universe predicted
by classical general relativity, the magnitude of the curvature of spacetime was
greater than the scale given by the Planck length (Gh/c3)' /2 =~. 10-33 cm . On dimensional grounds, we expect that the quantum effects of the gravitational field will be
very important in this era (see chapter 14), and thus the predictions of classical
general relativity cannot be taken seriously . After this time, we may expect classical
general relativity to be valid, but at the extreme conditions found in the very early
universe (at T = 10-43 s, we have p -- 1092 g CM -3!) it hardly needs to be emphasized that all statements about the behavior of matter during this epoch are speculative .
There are two interesting and important effects that may have occurred in the very
early universe, only several orders of magnitude later than the Planck time . The first
concerns the dynamics of the very early universe . Some quantum field theory models
which attempt to unify the strong and electro-weak interactions predict that at very
high temperatures, the thermal equilibrium state of the quantum field will undergo
a phase transition . In these models, if "supercooling" occurs there may be an
important "vacuum" contribution, of the form - Agab (where A is a large, positive
constant) to the stress-energy tensor, Tom, of the field . Thus, the very early universe
may have gone through a phase where the dynamics was the same as would occur
in an empty universe with a large, positive cosmological constant . Hence, if these
models are correct, then, as first suggested by Guth (1981), there may be an
"inflationary" regime in the very early universe where the universe is approximately
a de Sitter solution [see problem 3(b)] and expands very rapidly . If this occurs, then
as mentioned at the end of section 5 .3, the particle horizons in the present universe
could be much larger than would be calculated by extrapolating the solutions of
Table 5 .1 all the way back to the "big bang ." For further discussion of inflationary
cosmological models, we refer the reader to Gibbons, Hawking, and Siklos (1983) .
The second effect concerns the production of baryons . There is strong reason to
believe (Steigman 1976) that the matter content of the universe consists of baryons
as opposed to antibaryons ; that one does not have matter-antimatter symmetry . It is
possible that our universe was simply born with an excess of baryons over antibaryons, and, indeed this must be so if baryon number is strictly conserved . However, it is also possible that the universe began in a matter-antimatter symmetric state
and that the baryon excess was manufactured in the very early universe . In order for
this to happen, it is necessary that the high energy particle interactions occurring in
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the very early universe satisfy the following properties : (1) Clearly, they must fail
to conserve baryon number . (2) They must fail to preserve charge conjugation, C,
and the composition of charge conjugation with parity, CP . (If either of these
symmetries are preserved, equal numbers of baryons and antibaryons will be produced.) (3) They must result in departures from thermal equilibrium . (This is because
particles and antiparticles have equal masses, so in thermal equilibrium they will
occur in equal numbers .) Nonequilibrium phenomena could be produced naturally by
the existence of a massive particle whose decay lifetime is greater than the expansion
time, tE, at the time when the temperature of the universe drops below the mass of
the particle (so that production of the particle is essentially shut off) . Remarkably,
the "grand unified" theories of the strong, electromagnetic, and weak interactions
currently predict all three of these properties and thus may provide an explanation
of the matter-antimatter asymmetry in our universe .
We pick up our account of the history of the early universe at time z = 1 second,
when the density is p == 5 X 105 g cm-3, and the temperature is T -_= 100 K . Although these conditions are extreme by ordinary standards, we are now in a low
enough energy and density regime to be able to make solid predictions . At this time
the matter in the universe consists almost entirely of neutrinos, photons, electrons,
positrons, neutrons, and protons in thermal equilibrium ; the temperature is low
enough that the equilibrium abundance of the more massive elementary particles is
negligible. By about this stage, the interactions of the neutrinos have become
sufficiently weak that they decouple from the rest of the matter . For the remainder
of the history of universe, they merely passively get redshifted to lower energy .
Since a redshifted thermal spectrum (w ---> w/a) is simply a thermal spectrum at a
lower temperature (T - --> T/a), the present universe should be filled with a blackbody
distribution of neutrinos at temperature T - 2 K . However, the detection of these
neutrinos would be a task very far beyond presently available sensitivities .
As the universe continues to cool, the rates of reactions which convert protons to
neutrons and vice versa quickly drop to much lower than the expansion rate of the
universe . Consequently, the neutron to proton ratio "freezes out" at z - 1 .5 seconds
at roughly the value 1/6 . (The protons are more abundant than the neutrons because
they are over 1 MeV lighter and thus are more prevalent in thermal equilibrium
before the "freezeout" occurs .) Of course, the term "freezeout" should not be taken
too literally, since the "turnoff" of the interactions does not occur instantaneously
and, furthermore, the neutron-proton ratio continues to decrease slowly with time
due to the decay of the neutrons .
At z = 4 seconds, we have p = 3 X 104 g cm-3, and T = 5 x 109 K
0.5 MeV, which is approximately the mass of electrons and positrons . At this stage
the equilibrium population of electrons and positrons decreases rapidly ; the production rate drops below the annihilation rate, and shortly after this time all the
positrons will have annihilated, leaving a relatively small population of residual
electrons . Essentially all the energy of the electron-positron pairs is transferred to the
photons, heating them to a temperature -- 1 .4 times higher than the temperature of
the neutrinos .
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When the temperature drops to about 109 K at z = 3 minutes, nucleosynthesis
begins rather abruptly, producing 'He nuclei . Actually, in thermal equilibrium the
abundance of 'He at these baryon densities would be appreciable at even higher
temperatures ( -3 .5 X 109 K), but very little nucleosynthesis occurs before z = 3
minutes because deuterium (zH) plays a key role in the nuclear reactions which build
up helium, but the equilibrium abundance of zH is very low until the temperature
drops to 109 K . Almost no nucleosynthesis of elements beyond 'He occurs because
of the large Coulomb barriers and the lack of stable nuclei with atomic weights 5 and
8 . Within a time span of a few minutes, essentially all of the neutrons present at the
"freezeout" time which did not decay are converted to 4He, resulting in an abundance
of 'He of about 25% by mass, with much smaller abundances of zH, 3He, and 'Li
also produced, but negligible amounts of other elements . The percentage of 4He is
not very sensitive to the assumed value of baryon density, since it is governed mainly
by the neutron-proton ratio at "freezeout," but the abundances of the other elements,
particularly 2H, are very sensitive to the baryon density . A relatively low baryon
density can produce a 2H abundance of over 5 X 10-4 by mass, whereas a high
baryon density-specifically, a density high enough to "close the universe," as
discussed below-increases the efficiency of the chain of reactions producing 4He,
and results in a 2H abundance many orders of magnitude lower .
It is difficult to observe the cosmic abundance of helium, but the abundance of
25°1o seems to be in agreement with observations . The presence of this amount of
helium in the universe cannot readily be accounted for by other processes-in
particular, nucleosynthesis in stars is estimated to produce an abundance of helium
of only a few percent-and thus the prediction of helium production via "big bang
nucleosynthesis" must be viewed as a major success of the theory .
After the period of nucleosynthesis, the universe, of course, continued its expansion and cooling . The next cosmic occurrence of major importance took place when
the temperature had dropped to about 4000 K . This occurred at z - 4 X 105 years
if the universe was still radiation dominated, but it would have occurred somewhat
earlier if the universe had already become matter dominated . At this temperature and
below it, the free electrons and protons combined to form neutral hydrogen . Indeed,
by the time the temperature had dropped to 2000 K, the fraction of ionized hydrogen
was only --10-4 . As a result of this occurrence-called recombination, although, of
course, the electrons and protons had never combined earlier-the interaction between the matter and radiation dropped precipitously, since the scattering cross
section of photons off free charged particles is much greater than off neutral H and
He . Indeed, the photons effectively decoupled completely from the matter after
recombination, and merely cooled with the expansion of the universe during the
remainder of its evolution . Thus, the present universe should be filled with this low
temperature blackbody radiation originating from the big bang, whose photons last
interacted with matter at the recombination time .
Exactly such a radiation background at temperature T -= 2 .7 K (corresponding to
wavelengths mainly in the microwave regime) was discovered by Penzias and Wilson (1965) . The existence of this radiation would be difficult to account for in any
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other way, and thus it provides a major confirmation of the above picture of the
evolution of our universe . Furthermore, the radiation has been measured to be
isotropic to a high degree of precision . (A "dipole type" anisotropy of -0.1% has
been detected [Smoot et al . 1977], but this presumably is due to motion of the Earth
with respect to the "preferred rest frame" of the Robertson-Walker cosmology .) This
provides very strong evidence that the universe was very nearly homogeneous and
isotropic at least down to the recombination time .
The decoupling of matter and radiation in this era also had a major effect on the
growth of gravitational perturbations, leading to the formation of galaxies . Just
before recombination, the pressure provided by the radiation inhibited the growth of
gravitational perturbations involving masses smaller than about 1 017 M0, which is
much larger than typical galactic masses (--1011 Mo) . However, after recombination, the radiation pressure had no effect on the matter, and gravitational instabilities
could occur on all mass scales ? 105 Mo . Thus, irregularities in the distribution of
matter began to grow after recombination, resulting in the formation of galaxies, star
clusters, and stars . However, the details of this process are not very well understood
at present (see Peebles 1980 for further discussion) .
At some time between z - 103 years and r - 10' years, ordinary matter became
the dominant form of energy in the universe . (The exact time at which this occurred
is uncertain because there is substantial uncertainty in the matter density of the
present universe .) The dynamics of the universe was transformed from a "radiation
filled" to a "dust filled" solution . Finally, at z - 10-20 billion years the universe
reached its present state .
Thus, general relativity, together with the assumption of homogeneity and isotropy and assumptions about the matter content of the universe, has produced a
remarkably successful picture of the history of our universe . Among its most notable
achievements are its explanations of the cosmic abundance of helium and the existence of the cosmic microwave radiation .
It is interesting that if one accepts this picture, some nontrivial constraints are
placed on (1) the masses of stable, weakly interacting, elementary particles and (2)
the number of species of massless particles which are in thermal equilibrium in the
early universe . To explain the first constraint, suppose that the electron or muon
neutrino has a mass, m, or that some massive stable particle exists which participates
only in the weak interactions . Then the behavior of this particle in the early universe
would be the same as that of the massless neutrino . However, in the present universe,
instead of contributing energy ---10-4 eV per particle (corresponding to T - 2 K),
it would contribute energy m per particle . If the particles are very massive, their
population will be "frozen in" at a very low value when they drop out of thermal
equilibrium in the early universe and they will not contribute much to the present
energy density of the universe . But if their mass lies within the range
10 GeV ? m ? 10(} eV, these particles would become by far the dominant contributors of mass-energy in the universe, and they would produce dynamical effects
on the expansion rate of the universe which are incompatible with observations .
Thus, our cosmological theory and observations place some stringent limits on the
possible masses of stable, weakly interacting particles .
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The existence of other species of massless particles (e .g ., neutrinos) in thermal
equilibrium in the early universe would not significantly affect the present mass
density of the universe, since their energy would get redshifted away as the universe
expands . However, they would have an important dynamical effect upon the early
universe . This is because, according to equation (5 .4 .3), they would affect the
relation between p and T, making T smaller for a given p. Since for small T the
relation between p and T always is given by equation (5 .4.2) for a radiation dominated universe, we see that T(z) will be decreased, i .e ., a given temperature will
occur at an earlier epoch, when the expansion rate is higher . The most important
consequence of this effective speedup of the expansion rate of the universe is that the
neutron to proton ratio will "freeze out" at a higher temperature, yielding a higher
percentage of neutrons . Consequently, more helium will be manufactured during the
era of nucleosynthesis .2 Assuming that the baryon density in the early universe
corresponds at least to the present mass density observed in small groups of galaxies
(see below), it is found that an unacceptably high abundance of helium will be
manufactured if there are more than four species of neutrinos . Since the electron and
muon neutrinos are known to exist and the existence of a neutrino associated with
the recently discovered T-lepton seems likely, this cosmological limit appears to
leave little room for the existence of other species of massless particles in thermal
equilibrium in the early universe .
What about the future evolution of our universe? The most important issue with
regard to future evolution is whether our universe is "open" or "closed," i .e ., does
it correspond to the cases k = 0, - 1, or the case k = +1? As discussed in section
5 .2, if the universe is open it will expand forever, while if it is closed it will
eventually recontract . We may express the basic equations (5 .2.14) and (5 .2 .15)
governing the dynamics of the present universe in terms of Hubble's constant,
H = a/a, and the deceleration parameter, q, defined by

Since P == 0 in the present universe, we have
HZ = 8,7rGp/3 -- kc2/a2
47rGp

q 3H 2

(5 .4 .7)
(5 .4. 8)

Defining 12 by
fl = 8 ,7rGp/3H2

(5 .4 .9)

we see that q = fl/2, and the universe is closed (k = 1) if and only if S2. > 1, i.e .,
p > p, = 3H 2/87rG.
There are, at present, four basic, independent pieces of observational evidence,
which, in conjunction with the above equations, yield indications of whether the
universe is open or closed: (i) the redshift-apparent magnitude relation for distan t
2 . However, if the expansion rate is tremendously speeded up, there will not even be enough time
for the nucleosynthetic reactions and the helium synthesis will decrease .
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objects, (ii) the mass density of the present universe, (iii) the age of the universe, and
(iv) the cosmic abundance of deuterium . We shall briefly discuss each of these in
turn .
As derived at the end of section 5 .3a, for sufficiently nearby objects we have a
linear relation between redshift, z, and present proper distance, R, equation (5 .3 .9) .
Also, for sufficiently nearby objects, the apparent luminosity of an object is proportional to its intrinsic luminosity divided by R 2. (For very distant objects, one must
correct this simple relationship because of the expansion of the universe and the
curvature of space .) Thus, if we consider objects of a fixed intrinsic luminosity, for
sufficiently nearby objects, one will obtain a linear relation between In z and In
[apparent luminosity] = apparent magnitude . We will not discuss here the difficult
tasks of (a) how to find "standard candles," i .e., objects of fixed intrinsic luminosity,
and (b) how to calibrate their intrinsic luminosity (or, equivalently, their distance)
by a chain of arguments whereby nearby standard candles are used to calibrate more
distant standard candles (see e .g ., Weinberg 1972) . The relation between In z and
apparent magnitude is, indeed, found to be linear, corresponding to a value of H
given by
H --- 50 km s-' Mpc-' (5 .4 .10)
where 1 megaparsec (Mpc) = 3 x 1019 km . Because of uncertainties in the absolute
distance determinations, this value of H quite possibly could be in error by as much
as a factor of 2 and, indeed, some recent determinations have given the value
H -- 100 km s-' Mpc-t . For sufficiently distant objects the relation between apparent magnitude and In z will depart from linearity in a way that depends on the
dynamical evolution of a (T) and, to a lesser extent, on the spatial geometry . In
principle, by examining these departures from linearity, we can determine q, which,
in turn, will tell us if the universe is open (q :_5 1/2) or closed (q > 1/2) . However,
in practice, these departures begin to occur only for objects at such large distances
(z ? Q.2, corresponding to R ? 103 Mpc) that the light reaching us was emitted at
a significantly earlier epoch . Thus, there is reason to doubt whether our most distant
standard candles-the brightest galaxies in clusters of galaxies-are really
"standard" on account of evolutionary effects ; these galaxies may well have been
significantly brighter (or dimmer) in the past . Until these evolutionary effects are
better understood, it will not be possible to draw definitive conclusions as to whether
the universe is open or closed by this approach .
The parameter ft can be determined directly by measuring the mass density, p, of
the present universe and Rubble's constant H . As mentioned above, the uncertainty
in calibration of distances leads to considerable uncertainty in H . Fortunately, however, the distance scale calibration also enters into the determination of p in such a
way that the ratio SZ « p/HZ is unaffected by these uncertainties, and thus f2 may
be determined much more precisely than either p or H. In the present universe,
ordinary matter appears to make the dominant contribution to p ; the energy density
of the cosmic microwave background is - 14-3 times the estimated matter density
quoted at the end of this paragraph . It appears that essentially all the matter in the
universe is concentrated in galaxies, since most possibilities for intergalactic matter
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are excluded on observational or theoretical grounds . The masses of spiral galaxies
sufficiently nearby ( :!!~ 15 Mpc) can be estimated from their rotational velocities . The
mass of a cluster of galaxies can be estimated from the random velocities of the
individual galaxies, assuming that the cluster is gravitationally bound . When these
masses are compared, some interesting discrepancies arise : The masses of galaxies
in binary systems and small clusters as determined by the second method appears to
be higher (by a factor of about 3) than the masses of galaxies determined by the first
method . Furthermore, the masses of galaxies in large clusters appears to be larger
(by a factor of at least 2 and possibly much larger) than the masses obtained for small
clusters . A possible explanation of the first discrepancy is that galaxies possess a
massive halo of underluminous material ; this extra mass would not affect the galactic
rotation curve and would cause the first method (which estimates only the mass of
the luminous inner portion of the galaxy) to underestimate the total mass . The cause
of the second discrepancy is less clear, but it might be explained by the presence of
intercluster material or simply by the fact that galaxies in large clusters might tend
to be significantly more massive than galaxies in small clusters . If we take the typical
mass of galaxies to be that determined by the second method for small clusters, we
obtain fl --- 0 .04, corresponding to p - 2 X 1 0-3' g cm-3 if the value of H given
in equation (5 .4. 10) is used . This provides evidence in favor of an open universe,
but many possibilities for hidden mass remain, so this evidence is not conclusive .
Since our universe is presently matter dominated and should have been so for
almost all of its history, from our solution of Table 5 .1 we find that if k = 0 the age
of the universe is related to Hubble's constant b y

2 --- 1 .3 x 1Q10 years (5 .4.11 )
T~ = 3H
using the value of H given in equation (5 .4 .10) . If k = --1, T will be larger than T,,
while if k = + 1, it will be smaller. Thus, comparison of the actual age of the
universe with the critical age, r,, will tell us whether the universe is open or closed .
Recall, however, that there is considerable uncertainty in the value of H, and thus
in the value of T, . The age of the universe can be estimated from the age of the oldest
objects we can find : globular star clusters (whose age can be estimated from the
theory of stellar evolution) and elements manufactured by the first stars (whose age
can be determined by radioactive dating if the element is radioactive) . Study of these
objects yields an age of the universe in the range of 10 to 20 billion years . The rough
equality of this age with T, provides further strong confirmation of the "big bang"
origin of the universe . However, the uncertainties in both are too great to allow us
to conclude that the universe is open or that it is closed .
A final clue as to whether the universe is open or closed is provided by the cosmic
abundance of deuterium . As mentioned above, if the density of baryons in the early
universe was sufficient to give a baryon density in the present universe greater than
the critical density p, = 3H2/8 7rG, then very little deuterium should remain after the
era of nucleosynthesis . However, measurements of the cosmic abundance of deuterium have yielded mass fractions of --2 X 10-5, corresponding to a present value
of D of ---0 .1 . This provides evidence that the universe is open, but significant
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loopholes remain, such as the possibility that deuterium was manufactured by some
other process, or that most of the present mass density of the universe is in nonbaryonic matter (e .g ., a neutrino species with mass --100 eV) .
In summary, many important issues in cosmology remain to be resolved . But it
is already clear that general relativity has provided us with a remarkably successful
picture of the spacetime structure of our universe .

Problems
1 . Show that the Robertson-Walker metric, equation (5 .1 .11), can be expressed in
the form
z
ds2 = -dT2 + a2(T) 1 drkr2 + r2(dB2 + sin2B d0 z)
What portion of the 3-sphere (k = + 1) is covered by these coordinates ?
2 . Derive Einstein ' s equations , (5 . 2 . 14) and (5 . 2 . 15 ), for the 3 -sphere (k = + 1)
and hyperboloid (k = -- 1 ) cases .
3 . a) Consider the modified Einstein's equation (5 .2.17) with cosmological constant A . Write out the analogs of equations (5 .2.14) and (5 .2 .15) with the A-terms .
Show that static solutions of these equations are possible if and only if k = + 1
(3-sphere) and A > 0 . (These solutions are called Einstein static universes .) For a
dust filled Einstein universe (P = 0), relate the "radius of the universe" a to the
density p . Examine small perturbations from this "equilibrium" value of a, and show
that the Einstein static universe is unstable .
b) Consider the modified Einstein equation with A > 0 and Tab = 0 . Obtain the
spatially homogeneous, isotropic solution in the case k = 0 . (The resulting spacetime actually is spacetime homogeneous and isotropic and is known as the de Sitter
spacetime . The solutions with k = ± 1 correspond to different choices of spacelike
hypersurfaces in this spacetime . See Hawking and Ellis 1973 for further details .)
4 . Derive the cosmological redshift formula (5 .3 .6) by the following argument :
a) Show that OQub = (a/a)hab, where hab is defined by equation (5 .1 .1 0) and
a = da/dT.
b) Show that along any null geodesic we have dW/dA = -k°kb~Qub =
-( 6/a)w2, where A is an affine parameter along the geodesic .
c) Show that the result of (b) yields equation (5 .3.6) .
5. Consider a radial (dB/dA = do/dA = 0) null geodesic propagating in a
Robertson-Walker cosmology, equation (5 .1 .11) .
a) Show that for all three spatial geometries the change in the coordinate ip of the
ray between times Tt and TZ is Aqi = fr'12 dT/a(T) . [Here, in the flat case (k = 0), ~i
is defined to be the ordinary radial coordinate, qi = (x2 + y2 + z2)'/z .]

Pr oblems
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b) Show that in the dust filled spherical model, a light ray emitted at the big bang
travels precisely all the way around the universe by the time of the "big crunch ."
c) Show that in the radiation filled spherical model, a light ray emitted at the big
bang travels precisely halfway around the universe by the time of the "big crunch ."

si x

THE SCHWARZSCHILD SOLUTION

As described in the previous chapter, the theory of general relativity has made a
number of strikingly successful predictions concerning the spacetime structure of our
universe . However, cosmological observations presently are not good enough to
provide stringent quantitative tests of general relativity . Such quantitative tests are
provided by the gravitational fields occurring in our solar system, where precise
measurements can be made . Thus, it is of great interest to determine the solution of
Einstein's equation corresponding to the exterior gravitational field of a static,
spherically symmetric body (such as are our Sun and many other bodies, to an
excellent approximation) . This problem was solved by Karl Schwarzschild (1916a),
only a few months after Einstein published his vacuum field equations . The
Schwarzschild solution without question remains one of the most important known
exact solutions of Einstein's equation .
As was previously discussed in section 4 .4a, in the slow motion, weak field limit,
the predicitons of general relativity reduce to those of Newtonian theory . However,
the Schwarzschild solution, which describes the exact exterior field of a spherical
body, predicts tiny departures from Newtonian theory for the motion of planets in
our solar system, and, in addition, predicts the "bending of light," the gravitational
redshift of light, and "time delay" effects . These four predictions have been accurately confirmed by precise measurements . Indeed, except for the binary pulsar
measurements (see the end of chapter 4), the predictions of the Schwarzschild
solution in the weak field regime of our solar system are the only predictions of
general relativity to have been tested in a quantitatively precise manner .
But the Schwarzschild solution has provided us with a great deal more than the
ability to predict tiny effects occurring in our solar system . As will be discussed
further in section 6 .2, sufficiently massive bodies are unable to support themselves
against complete gravitational collapse . After the collapse of a spherical body has
occurred, the entire spacetime geometry will be described by the Schwarzschild
solution, and thus the Schwarzschild solution tells us a great deal about the strong
field behavior of general relativity . As will be seen in section 6 .4, the vacuum
Schwarzschild solution describing the end-product of gravitational collapse contains
a spacetime singularity which is hidden within a black hole .
We shall derive the Schwarzschild solution in section 6 .1, using the tetrad method
of section 3 .4b . In section 6 .2 we consider the interior matter sources of the exterio r
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vacuum Schwarzschild solution and thereby derive the relativistic equations of stellar
structure . The timelike and null geodesics of the Schwarzschild metric are studied
in section 6 .3 and are used there to make predictions for the four tests of general
relativity : the gravitational redshift, the precession of Mercury's orbit, the bending
of light, and the "time delay" of light . Finally, in section 6 .4 we examine the strong
field regime of the vacuum Schwarzschild solution .

6.1 Derivation of the Schwarzschild Solution
We seek all solutions of Einstein's equation which describe the exterior gravitational field of a static, spherically symmetric body . Thus, we wish to find all
four-dimensional Lorentz signature metrics whose Ricci tensor vanishes and which
are static and possess spherical symmetry . Our first task is to define more precisely
the meaning of the terms "static" and "spherically symmetric" and to choose a
convenient coordinate system for analyzing this class of spacetimes . It will be
assumed in the discussion below that the reader has read (or will refer to)
appendix C .
A spacetime is said to be stationary if there exists a one-parameter group of
isometries, 0, whose orbits are timelike curves . This groups of isometries expresses
the "time translation symmetry" of the spacetime . Equivalently, a stationary spacetime is one which possesses a timelike Killing vector field, 6a . A spacetime is said
to be static if it is stationary and if, in addition, there exists a (spacelike) hypersurface
I which is orthogonal to the orbits of the isometry . By Frobenius's theorem (see
appendix B) this is equivalent to the requirement that the timelike Killing vector field
e° satisfy

eta Ob 61 = 4

(6.1 .1 )

The meaning of this extra condition of hypersurface orthogonality perhaps can be
seen best by introducing convenient coordinates for static spacetimes as follows . If
~° 0 0 everywhere on 1, then in a neighborhood of 1 , every point will lie on a
unique orbit of e° which passes through 1 . Assuming ea 0 0, we choose arbitrary
coordinates {x"`} on I and label each point p in this neighborhood of I by the
parameter, t, of the orbit which starts from I and ends at p, and the coordinates, x',
x2, x3, of the orbit at 1. Since this coordinate system employs the Killing parameter,
t, as one of the coordinates, the metric components in this coordinate basis will be
independent of t . Furthermore, since the surface 1,•-defined as the set of points
whose "time coordinate" has the value t-is the image of I under the isometry 0,
it follows that each 1, is also orthogonal to e° . Thus, in these coordinates, the metric
components take the form
3

ds2 = -VZ(x', x2, x3) dt2 + Z hµ,(xt, x2, x3)dxµdxv

(6 .1 .2)

µ ,v= 1

where V2 = - eQ e°, and the absence of tit dxµ cross terms expresses the orthogonality of ea with 1 . A stationary but nonstatic metric unavoidably must have tit dx'`
cross terms in any coordinate system which uses the Killing parameter as one of the
coordinates .
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From the explicit form of a static metric, equation ( 6 .1 .2), it can be seen that the
diffeomorphism defined by t --~- -t (i.e., the map which takes each point on each 1,
to the point with the same spatial coordinates on 1 _ ,), is an isometry . Thus, in
addition to the "time translation" symmetry, t --~- t + constant, possessed by all
stationary spacetimes, the static spacetimes also possess a "time reflection" symmetry. Physically, fields which are time translation invariant can fail to be time
reflection invariant when rotational motion is involved, since the time reflection will
change the direction of rotation and thus will not restore one to the original
configuration . Thus, for example, a rotating fluid ball may have a time-independent
matter and velocity distribution, but does not possess a time reflection symmetry . In
the case considered here, the failure of equation ( 6 .1 .1) to hold implies that neighboring orbits of e° "twist" around each other . This helps explain why equation
(6 .1 .1) is the necessary and sufficient condition for the existence of a time reflection
symmetry .
A spacetime is said to be spherically symmetric if its isometry group contains a
subgroup isomorphic to the group SO(3), and the orbits of this subgroup (i .e., the
collection of points resulting from the action of the subgroup on a given point) are
two-dimensional spheres . The SO(3) isometries may then be interpreted physically
as rotations, and thus a spherically symmetric spacetime is one whose metric remains
invariant under rotations . The spacetime metric induces a metric on each orbit
2-sphere, which, because of the rotational symmetry, must be a multiple of the
metric of a unit 2-sphere, and thus can be completely characterized by the total area,
A, of the 2-sphere . In spherically symmetric spacetimes it is convenient to introduce
the function r, defined by

r = (A/4-rr) "2

(6 . 1 .3 )

Thus, in spherical coordinates (0, 0), the metric on each orbit 2-sphere takes the
form
ds 2 = r 2(dB 2 + sin 2B d4) 2)

(6. 1 .4)

In flat, three-dimensional Euclidean space, r would also be the value of the radius
of the sphere, i .e. , the distance from the surface of the sphere to its center . However,
in a curved space, a sphere need not have a center (e .g., the manifold structure could
be, say, R x S2, rather than R 3) ; and even if it does, r need not bear any relation
to the distance to the center . Nevertheless, we shall refer to r as the "radial
coordinate" of the sphere .
If a spacetime is both static and spherically symmetric, and if the static Killing
field ea is unique (as we shall assume), then 6' must be orthogonal to the orbit
2-spheres . Namely, if ea is unique, it must be invariant under all the rotational
isometries . However, this requires its projection onto any orbit sphere to vanish,
since a nonvanishing vector field on a sphere cannot be invariant under all rotations .
Thus the orbit spheres lie wholly within the hypersurfaces, 1, , orthogonal to e° .
Convenient coordinates on the spacetime may be chosen as follows : We select a
sphere on I = lo and choose spherical coordinates (0, 0) on it . We "carry" these
spherical coordinates to the other spheres of I by means of geodesics orthogonal to
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the two-sphere (similar to the manner in which we used the isotropic observers to
"carry" coordinate labels to other hypersurfaces in section 5 . 1) . Provided that
far * 0, we choose (r, 0, 0) as coordinates in 1, and, finally, we choose (t, r, 0, 0)
as coordinates for the spacetime according to the prescription described above
equation (6 .1 .2) . In these coordinates, the metric of an arbitrary static, spherically
symmetric spacetimet takes the simple form
ds2 = -f(r)dt2 + h(r)dr2 + r2(d82 + sin28 d 0 2)
(6.1 .5)
It should be kept in mind, however, that, in addition to the well understood breakdown of the spherical coordinates at the north and south poles of the spheres, this
coordinate system breaks down at points where e a = 0 or Kr = 0 (or, more generally, where e° and 0°r become collinear) . As we shall see in section 6 .4, this occurs
in the strong field region of the Schwarzschild solution .
Most of the work required to obtain the static, spherically symmetric vacuum
solutions of Einstein's equation has now been completed, as we have reduced the
general problem of determining 10 unknown functions (the metric components, gµ„)
of four variables (the four coordinates) to determining two functions (f and h) of one
variable (r) . The remaining tasks are to compute the Ricci tensor, Rab, of the metric,
equation (6 .1 .5), and solve the equation Rab = 0 for f and h . We shall calculate Rah
using the second tetrad approach of section 3 .4b .
A convenient orthonormal basis for the metric of equation (6 .1 .5) is
(eo)a = f 1,2(dt)a

(6. 1 .6a)

(er)a = h"Z(dr)a

(6 .1 .6b)

(ez)a = r (d8) a

(6 .1 .6c)

(e3)a = r sin 8(dO)a

(6 .1 .6d)

Using the ordinary derivative, aQ, of our coordinate system, we fin d
~a(eo)b7 = 2 f-i/z fl(dr)[a(dt)bl

(6 . 1 .7 )
(6 .1 .8)

a[a (ez)bl _ (dr)[a (de)bj
d[Q (e3)bl =sin B ( dr) [a (dO) b l + r cos B ( dB) [a (d O)b j

(6 .1 .9)
(6.1 .10)

where f' = df/dr . Thus, according to equation (3 .4 .25) (or equivalently, eq .
[3 .4 .27]), we must solve the following equations for the connection one-form s

1 . It is wo rth pointing out that every s tationa ry, spheri cally symmetric spacetime must be static . Th is
is because , as in the static case, the stationary Killing field 6 ° must be o rthogonal to the orbit spheres
and, in addition , 6 ° Or = 0 s i nce r is a geometrical quantity . Hence , 6° must be orthogonal to the
hypersurface, Y. , generated by the integral curves of V"r starting from an orb i t sphere . (If V r = 0 , th is
argument breaks down , but the conclus ion of hypersurface orthogonality of ~ ° remains valid .)
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1
f _"'f ' (dr) [a(dt)b 1 = h'~2(dr) [a Lt16 ]p j + r(de)[a 0410 2
2
+ r sin 0 (do)[acAbp3

(6. 1 . 11)

0 = fi/2(dt) [a c 4p1 + r(d9)[aWb112 + r sinB(d o)[aWa1 t 3

(6 . 1 . 12 )

(dr)[a(d0)b1 = f'12(dt)[awb1 20 + h'1z(dr)[awb 121 + r sin 0 (do)[awb]23

(6. 1 . 13)

sin 6(dr)rQ(d0)bj + r cos 0(d8)[a(d0)b1 = f"2(dt)[acJbj30
+ h' 1 2(dr) [a 64] 31 + r ( d8) [aGJb]32

(6 .1 .14 )

A plausible guess at solving equation (6 .1 .11) is
(6.1 .15)

Wb0 2 - W6 03 '- Q

6401 ' 2 f )'/2 {dt)b + aj(dr)b
(

(6 .1 .16)

where the function a, is undetermined by equation (6.1 .11) . Substitution of this trial
solution in equation ( 6 .1 .12) then requires at = 0 . From equation (6 .1 .12), we
might also guess cob1 2 = cob13 = 0, but this leads to inconsistency later, so we merely
conclude that

(6 .1 .17 )

X61 2 = a2(dO)b + a00) b
Wb13 = a4(d O)b

+ s n3 0

(d9) b

(6 .1 .18 )

Substituting our trial solution in equation (6 .1 .13), we find
a2 = -h-1 / 2
(O

b23 =

h' / 2

- r sin 0

a3(dr)b + as(d O )b

(b .1 .19)
(6 . 1 .20)

Finally, substitution into equation (6 .1 .14) yields
a3

=

a4 = -h-t/2 sin 0

0

(6 .1 .21)
(6 .1 .22)

a5 = -cos B (6 .1 .23 )
Since we have found no inconsistency, this means that our trial solution (generated
by the initial guess cUboz = (0b03 = 0) is, in fact, the solution . Thus, we have found
X602 = 0403 = 0 s

(6-1 .24 )

wboi = 2 (fh) i I 2 (dt)b

(6 .1 .25)

6 1 2 = -h-' / 2(de)b

(6 .1 .26)
(6.1 .27)

6

/
W6 1 3 = -h-' 2 sin 0( do)6
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(6 .1 .28)

wb2 3 = -cos 9(d O)b

From equation (3 .4.20) (or, equivalently, eq . [3 .4 .28]) we obtain the Rieman n
tensor with remarkably little total computation compared with other approaches (see
problem 2),

R .noi = - R vio = drC(fh) i ~zf ~I~dr)[a(dt)b1

~

(6.1 .29)
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Rabo2 = -R bzo = f - h- f'(d9)[a(dt)b]
1,zh-~ f '
R~v 03 = - R~v3 0 = fsin8(dO)ta(dt)b1
1
RavI z = -Rabz 1 = h-3 Zh'(dr)[a(de)6]

(6 .1 .30)

Ravi 3 = ---R av3 t =sin 0 h-3J2h'(dr)[a(dO)6l

(6 .1 .33)

Ranz3 = -R aa3 2 = 2(1 - h') sin 8(d9)[Q(dO)b]

(6.1 .34 )

(6.1 .31)
(6.1 .32)

The Ricci tensor is easily computed from the Riemann tensor via equation
(3 .4.22) . Equating it to zero, we obtain the vacuum Einstein equation for a static,
spherically symmetric spacetime ,
0 = Roo = Rojol + R

+ Ro3o3

= 2(f h)-i 1 [( f h)- '1 zf, ] + (r fh)-if,
zdr
0 = RI,

2(fh)-

1/2

dr L(.f h)-~ 1zf'] + (rh z)-' h '

0 = R22 = - 2 (rfh)-~f' + 2 (rh 2)-V + r-2( 1 - h-')

(6 .1 .35)
(6. 1 . 36)
(6. 1 . 37)

where R,,, = R,,b(e)°(e,,)b . We also find that R33 = R22 and that the off-diagonal
components of Rµ„ vanish identically, as could be predicted from symmetry arguments similar to those used in section 5 .2 .
Adding equations (6 .1 .35) and (6 .1 .36), we obtai n

f'/f + h'/h = 0

(6 .1 .38)

f = Kh-'

(6.1 .39)

which implies
/
where K is a constant . By re-scaling the time coordinate, t -* K' zt, we may set
K = 1 . Equation (6 .1 .37) now yields
(6.1 .40 )
r

i.e .,
d
(rf) 1 '
dr

(6. 1 .41)
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which implies
f = 1 + C /r

(6 .1 .42 )

where C is a constant . Equation (6 .1 .42) together with equation (6 .1 .39) (with
K = 1) solves equations (6 .1 .35(6 .1 .37), and thus we have found the general
solution, first discovered by Schwarzschild, of the vacuum Einstein equation for
static, spherically symmetric spacetimes ,

dsz = -~1 +

)dt2

+ 1 + C I dr2 + rzdZ2 (6 .1 .43)
r/

where d 112 is shorthand for (d82 + sinZBdo) .
Perhaps the first point to notice about the Schwarzschild solution is that it is
asymptotically flat Z i .e ., as r -- > oc, the metric components approach those of Minkowsici spacetime in spherical coordinates . This allows us to interpret the Schwarzschild metric as the exterior gravitational field of an isolated body . We may interpret
the constant C by comparing the behavior of a test body in the weak field regime
(r -+ oo) with the behavior of a test body in the Newtonian theory of gravity .
Examination of the geodesics of the Schwarzschild metric (see section 6 .3)-or,
equivalently, direct comparison of the Schwarzschild metric with the Newtonian
metric discussed in section 4 .4a (which, however, is not expressed in a convenient
gauge to facilitate the comparison)-shows that for large r, the behavior of a test
body in the Schwarzschild solution with parameter C agrees with the behavior of a
test body in a Newtonian gravitational field of mass M = -C/2 (i .e., restoring the
G's and c's, GM/cZ = -C/2) . Thus, we interpret -C/2 as the total mass3 of the
Schwarzschild field, and we may write the Schwarzschild metric in its final form ,
/
+
dsz = -I~
1 - )dt2
2M

t
2M)
1drz + rZ dSZZ ( 6. 1 .44)
r

A striking feature of the Schwarzschild solution is that the metric components
become singular in the strong field regime at both r = 2M and r = 0 . This singular
behavior of the components could be due to either (i) a breakdown of the coordinates
used to obtain the general form of the metric, equation (6 .1 .5), because f° = 0 or
Dar = 0 (or f° and Dar become collinear) or (ii) a true singularity of the spacetime
structure . We shall see in section 6 .4 that the "singularity" at r = 2M is caused
merely by a breakdown of the coordinates, while the singularity at r = 0 is a true,
physical singularity . However, we note here that the "singularity" at r = 2M occurs
at a numerical value of the radial coordinate given by
rs ~ 2GM

km

-~ 3

(6 .1 .45)

(MO)
2 . A precise, general no tion of asymptotic flatness will be given in chapter 11 .
3 . A general definition of total mass for asymptotically flat solutions (based on this idea of examining
the distant gravitational field) will be given in chapter 11 .
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where Mo -== 2 X 1033 g is the mass of the Sun . Thus, for an "ordinary body," such
as the Sun or the Earth, the Schwarzschild radius, rs, is well inside the radius of the
body where, of course, the vacuum Schwarzschild solution is no longer valid .
Indeed, the coordinate and physical singularities respectively at r = rS and r = 0 are
relevant only for bodies which have undergone complete gravitational collapse .
Finally, we mention that the vacuum Einstein equation also can be solved for a
general spherically symmetric spacetime, without the assumption of staticity . As was
first shown by Birkhoff (1923), the Schwarzschild solution remains the only solution
of this more general system of equations (see, e .g., Hawking and Ellis 1973 for a
proof) . Thus, all spherically symmetric spacetimes with Rab = 0 are static . This
result, known as Birkhoff's theorem, is closely analogous to the fact that the Coulomb solution is the only spherically symmetric solution of Maxwell's equations in
vacuum . It can be interpreted as saying that in gravity, as in electromagnetism, there
exists no monopole (i .e ., spherically symmetric) radiation .

6 .2

Interior Solutions

We turn our attention, now, to the static, spherically symmetric solutions of
Einstein's equation with a perfect fluid stress-energy tensor ,
(6 . 2 . 1 )

Tab - PUaUb + P (gab + UaUb)

In order to be compatible with the static symmetry of the spacetime the fluid
4-velocity, u°, must point in the same direction as the static Killing vector field,
i .e .,

u a = - (e o)° = f t ,z(dt)° (6 .2 .2)
where f is the function appearing in the general metric form equation (6 .1 .5) . The
solutions we seek describe the possible interior fluid sources of the exterior
Schwarzschild metric, and thus our investigation will yield the equations of structure
for static, fluid objects, such as stars .
Einstein's equation with a fluid present is obtained simply by adding the appropriate stress-energy terms to equations (6 .1 .35(6.1 .37) . We shall take the three
independent equations in the form

8 1r7oo = 81rp = Goo = Roo + 2 (Roo + R,' + R22 +

R33

)

(rh z)T' h' + r- 2 ( 1 - h-i)

(6.2.3)

22 + R33)
8 1rT 1 = 81rP = G 1 1 = R 1, - 2 (Roo + Rl ' + R
= (rfh) - f' - y.-z (1 - h-1)

(6 . 2 .4)

1
87rT 2 = 81rP = G22 = 2(fh) - 1 iz drL(.f h)-' /zf' I
+

2

(rf h)-'f' - ~ (rh2) -lh'

(6.2 . 5)
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Equation (6 .2.3) involves only h . (This could have been predicted from the
general analysis of the structure of Einstein's equation given in chapter 10, which
shows that the equation Goo = 8rrTOO is an "initial value constraint" which, in the
static case, involves only the geometry of the spacelike hypersurface I orthogonal
to ~° and thus cannot involve f.) It can be rewritten in the form
r,

(6.2.6)

r

from which it follows immediately that the solution for h i s
h (r) = 1 -

2m (r) - I

(6 .2 .7)

r

where
r

(6 .2 .8)

m(r) = 4 7r p(r')r'Zdr' + a
0

where a is a constant . Smoothness of the metric on I at r = 0 requires that as r --)- 0
the area of spheres approach 41r times the square of their proper radius, i .e ., that
h (r) - 3- 1 as r -~ 0 . Thus, in order to avoid a "conical singularity" in the metric at
r = 0, we must set a = 0 . Since I must be spacelike for a static configuration, we
see that a necessary condition for staticity is h ~ 0, i .e. ,
r i-i!! 2m

(r)

(6 .2 . 9)

If p = 0 for r > R, our solution for h, equation (6 .2 .7), joins on to the vacuum
Schwarzschild solution with total mass
7 R
M = m(R) = 4 r p(r)rZdr
0

(6 .2 .10)

Equation (6 .2 . 10) is formally identical to the expression for total mass in Newtonian
gravity . Note, however, that this formal analogy is misleading because the proper
volume element on I (see appendix B) is
(3)g d3x = h I 12 r 2 sin 8 drd9do so that
the total proper mass is
7

R

-1 / 2

Mp = 4 r r p (r)rZ 1 - ~m (r)
~o

r

dr

(6 .2 .11)

The difference between M and MP can be interpreted as the gravitational binding
energy, EB, of the configuration,
EB=Mp-M

,

(6 . 2. 12)

which is always positive since MP > M.
If we write

f = e 245
equation (6 .2 .4) becomes

(6 .2 .13 )
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do _ m (r) + Oar 3P
dr r[r - 2m(r)]

(6 .2.14)

In the Newtonian limit, we have r3P « m (r) and m (r) « r, so equation (6 .2 .14)
reduces to

LO

i

M(r)

dr r 2

( 6 . 2 . 15 )

'

which is simply the spherically symmetric version of Poisson's equation for the
Newtonian gravitational potential . Thus, in the static spherically symmetric case we
may view 0 = Z In f as the general relativistic analog of the Newtonian potential .
For nonstationary configurations, however, there is no known analog in general
relativity of the Newtonian potential .
If we substitute our results, equations (6 .2 .7) and (6 .2 .14), into our final equation
(6.2.5), it is apparent that we will obtain an equation for dP/dr . However, the rather
messy algebra required for doing this can be circumvented by noting tha t

1
(eµ)n 87r0aT' = ( eµ)b 0a ( 8 rT°b - G "b)
= Da [(eµ)n (8 ,7rTab - G °b )]

- LVabµ ( 8 -7 rT "b

- Gab)

(6 .2 .16)

where Wabµ = Da (Bµ)b . Setting µ = 1, we find the first term on the right-hand side
of equation (6 .2 .16) vanishes if equation (6 .2 .4) is satisfied . Thus, since W221 :0 0,
1 22 - Gzz) is
we see that (given eqs . [6 .2 .3] and [6.2 .4]) the vanishing of (8 rT
equivalent to

(el )b OaTab = 0

(6 . 2 . 17)

and hence we may replace equation (6 .2.5) by equation (6. 2 . 17) . We have already
calculated this component of VaTab for a perfect fluid in equation (4 . 3 .8) , and thus ,
without further work, we obtain [using (e1) b = h' 1 z(dr)b = h-1,2( a/ ar) b ] ,
h-1 1z P
~ = -(P + p) (ei ) bua OQub = -h- 112(p + p) d~

(6. 2. 18)

where equations (6 .2 .2) and (6 .2 .13) were used for the last equality . Using equation
(6 .2 .14), we may eliminate ddi/dr to obtain our final result ,
dP _ P + P In (r) + 47rr 3 P
(6.2.19)
(
)
Equation (6 .2.19) is known as the Tolman-Oppenheimer-Volkoff equation of hydrostatic equilibrium . In the Newtonian limit (P << p, m(r) << r) it reduces to the
Newtonian hydrostatic equilibrium equation . '
dP pm (r)

Tr

rz

(6 .2 .20)

4 . It is interesting to note that although general relativity has little effect on the equilibrium
configurations of stars with P << p and m(r) << r, it still can have a significant influence on the
stability of stars with equation of state P = Cp" with A near the critical value of 4/3 ; see Chandrasekhar
(1964) .
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In summary, we have found that the spacetime geometry inside a static, spherical
fluid star is
r -i
2 = -eZ 0 dtZ + 1 - 2m ( )
~ drZ + r2dSZ2
(6 . 2.21 )
ds
r

where
r

m (r) = 4 7r o p (r' )r 12 dr'

(6.2.22)

and 0 is determined from equation (6 .2 .14) . The necessary and sufficient condition
for equilibrium is that equation (6 .2 .19) be satisfied .
Thus, for fluid matter with a given equation of state, P = P(p), equilibrium
configurations can be determined as follows : We arbitrarily prescribe a central
density p,, and hence a central pressure P, = P(pj . Then we integrate equations
(6.2 .19) and (6 .2 .22) outward until we reach the surface of the star, P = p = 0, at
which point we join the solution onto the vacuum Schwarzschild solution, equation
(6 .1 .44) . Finally, we solve for ik by integrating equation (6 .2.14), subject to the
boundary condition 0 ~ 0 as r ~ oc (or, equivalently, by requiring 0 to match onto
the Schwarzschild value at the surface of the star) . This procedure differs from that
used in Newtonian theory only in that equation (6.2 .19) has replaced equation
(6 .2 .20), and equation (6 .2.14) has replaced equation (6 .2 .15) .
The most important difference between equilibrium configurations in general
relativity and Newtonian gravity can be seen from the fact that (assuming P ? 0) for
a given density profile p(r) ? 0, the right-hand side of the relativistic hydrostatic
equilibrium equation (6.2 .19) is always larger in magnitude than the right-hand side
of the Newtonian equation (6 .2.20) . This means that for a given p(r), the central
pressure, P,, required for equilibrium is always higher in general relativity than in
Newtonian theory ; i .e., it is harder to maintain equilibrium in general relativity . This
is dramatically illustrated by consideration of uniform density configurations, corresponding to an incompressible fluid of density po ,
Po (r :_5 R)
P fir) _ ~ p (r > R)

(6. 2 . 23)

and hence (in both general relativity and Newtonian theory)
m (r) = 3 7rr3 Po

(r ::- R)

(6.2.24 )

The Newtonian equation of hydrostatic equilibrium (6 .2 .20) is easily integrated to
yield (for r :_5 R),
2

P(r) = 3 lrP o(R Z - r 2)

(6.2. 25 )

where the boundary condition P (R) = 0 has been imposed . Thus, the central pressure of a Newtonian uniform density star is
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(7J.)1/ 3

P, = 3 Irpo R2 =

-M2/3Pa/3 (6 .2.26)
6

which is finite for all values of po and R, i .e ., equilibrium can be achieved with
sufficiently large pressures for all po and R . On the other hand, the general relativistic
equation of hydrostatic equilibrium (6 .2 .19) also can be integrated exactly, as was
first done by Schwarzschild (1916b), yieldin g
(1 - 2M/R)' / 2 - ( 1 - 2Mr z IR Y/ z

[

6.2. 27)
P ('r) = PO { 1 -- - 2Mrz/R 3)'/Z - 3(1 - ~I R)~/z (

Thus, the central pressure required for equilibrium of a uniform density star in
general relativity is

P` -

4

1
1/ - 1
_3( 1 - 2M/R) 2

(6.

2. 28)

For R >> M, equation (6 .2 .28) reduces to the Newtonian value, equation (6 .2 .26) .
However, now P, becomes infinite whe n

(6.2 . 29)
i.e., when
R = 4M

(6.2.30)

Thus, in general relativity, uniform density stars with M > 4R/9 simply cannot
exist . Another way of stating this result is that the maximum possible mass of a star
of uniform density po is
M"me"

j4
°t/z
9{3 r 1Z P

(6 . 2 . 31 )

The existence of upper mass limits in general relativity is not an artifact of having
restricted consideration to stars of uniform density . In fact, if we assumes only that
the density, p(r), is nonnegative and is a monotone decreasing function of r,
dp/dr :_5 0, then we can derive the following two types of upper mass limits for
static, spherical stars in general relativity : (i) For stars of fixed radius R, the maximum possible mass is given by the uniform density value, MmaX = 4R/9 . (ii) For
a fixed equation of state below a density po (which is physically realistic at low
densities), an upper mass limit exists independent of the equation of state at higher
densities than po . (The value of this upper mass limit depends, of course, on the value
of po and the equation of state assumed to hold below po .) We now shall derive th e
5 . In fact, the assumption that p ? 0 follows from the monotone decrease assumption, dp/dr :_5 0,
since the interior solution must eventually match onto the exterior Schwarzschild solution with p = D .
Conversely, the assumption that d p/dr _!5; 0 follows from p ? 0 if we assume, in addition, that the fluid
has an equation of state, P = P(p), with P ? 0 and dP/dp ? 0, since equation (6 .2 .19) implies
dP/dr -_ 0 .
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upper mass limit (i), and then indicate how the upper mass limit (ii) is obtained .
The existence of an upper mass limit at fixed star radius R already follows fro m
the condition h i_?t 0, which, as seen from equation (6 .2 .9), implies that a necessary
condition for staticity is

M :_5 R / 2

(6. 2 . 32)

We can sharpen this limit to M :-!5; 4R/9 using the condition f ? 0 which states that
the Killing field ~a is timelike everywhere . To do so-assuming only that p _i?! 0 and
dp/dr :-s 0 but without any assumptions whatsoever about P-we must examine the
two independent equations which do not involve P from the basic set
(6.2.3)-(6 .2 .5) . We already have solved equation (6 .2 .3) for h, so the remaining
equation is obtained by taking the difference of equations (6 .2 .4) and (6 .2 .5) ,

0 ::-- G11 -

G22

= 2 (r fh) -if ~ _ r-- z ( l - h - t) + ~ (~.hz ) - th ,
- 2 (.fh)-'~Zd~, [ (.fh)- ' ~z f ']

(6.2.33)

Substituting our solution for h, equation (6 .2 .7), in the second and third terms, and
performing a few algebraic manipulations, we fin d

I r-th- 1 l2 d~

i/z

= (fh)I

r

n

/

z dr

(6 .2 .34 )

r(3)

Since dp/dr ---5 0, the average density, which is proportional to m(r)/r3, also must
decrease monotonically with r, so we hav e

d - r-'h- ' / z df

dr

'1Z

dr

~0

(6.2 .35)

Integrating this inequality inward from the surface, R, of the star to radius r, we
obtain

1
d f 1i2
1 df 1/2
(
)
( )
rh I 1z ( r) dr r ' Rh' / Z (R) dr R
_2M 1/ 2
3
r ~ -MAR
R dr 1
r= R

(6 .2.36)

where we have used the fact that our interior solution must join on smoothly6 to the
Schwarzschild solution, equation (6 .1 .44), and hence we have calculated the derivative of f' /2 at r = R using the exterior Schwarzschild metric . Multiplying equation
(6.2 .36) by rh' /2 and integrating inward again from R to 0, we obtai n
fl/2(o)

(1 - 2M/R)' / Z -

M

ro
J

1-

2 ( ) - 1 /2
m r

rdr

(6.2 .37)

6 . As long as p and P are continuous at r = R , equations (6 . 2 .3)-(6 . 2 . 5) imply that h and f are at
least C' there .

6.2 Interior Solutions 13 1

where again we have used f112 (R) _ (1 - 2M/R)112 and we have also used the
explicit solution, equation (6 .2 .7), for h . Now, the condition dp/dr -5 0 implies that
m (r) cannot be smaller than the value it would have for a uniform density sta r

m(r) ~ Mr3/R3

(6.2 .38)

Hence, the second term on the right-hand side of equation (6.2 .37) will be smallest
in magnitude when equality holds in equation (6 .2 .38) . Thus, we obtain
M R 2.Mrz t/z
1
R3 Jo 1 - R3 1
rdr
f /z(0) c (1 - 2M/R)I/2 I

~ 1 - 2MI R ) t/z - 1
2
2

(6 . 2. 39)

Thus, the condition f' /2 (0) ~_: 0 implies that a necessary condition for staticity i s

( 1 - 2MIR)' /z ' 1
- 3

(6 . 2 .40)

M :!5; 4R/9

(6 . 2 .41)

i.e .,
which is the desired result . Again, we emphasize that absolutely no assumptions
concerning the pressure, P, of the star entered into the derivation of equation
(6.2 .41) .
Given the existence of an upper mass limit at fixed radius, the existence of an
upper mass limit for a given equation of state below density po (assuming this
equation of state is physically reasonable and that dp/dr :_5 0) should not be surprising . If the equation of state does not become very "stiff" (i .e ., large P) at low
densities (which is what we mean by "physically reasonable"), an upper mass limit
will exist for stars whose density is everywhere less than po . Since dp/dr :_5 0, stars
whose density fails to be less than po must consist of a "core" of mass MO and radius
ro where p ? po, surrounded by an "envelope" where p < po . Given the equation
of state for p < pa, the total mass, M, is determined by the parameters mo and ro .
The function M(mo, ro) will be continuous in rr o and ro . However, since the core
density is at least po everywhere, we have the lower mass limit for the core ,
mo i_2! 3 7rro3 pa

(6 .2 .42 )

On the other hand, from the above upper total mass limit, equation (6 .2 .41), we
would expect an upper limit on the core mass mo for a given core radius ro . Indeed,
the same derivation as led to equation (6 .2.41)-except that we use the core radius,
ro, rather than the surface of the star as the boundary, and we use equation (6 .2 .14)
rather than matching to the Schwarzschild solution to evaluate df' 1Z/dr at ro-yields
the more stringent limit ,
2
mo :5 9 ro [1 - 6 1rroz Po + ( 1 + 67rro2 Po)l/Z ]

(6 .2 . 43)
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where Po = P (po) is the pressure at the core-envelope boundary . But equations
(6.2.42) and (6.2.43) restrict rrr o and ro to a compact region of the mo-ro plane . Thus,
M(mo, ro) is a continuous function defined on a compact set . Therefore, M is
bounded !
It should be pointed out that upper mass limits for a given equation of state at all
densities occur in Newtonian theory also . The important difference which occurs in
general relativity is that one obtains a limit which is independent of the equation of
state at sufficiently high densities . Since there is unavoidable uncertainty in our
knowledge of the physically correct equation of state at very high densities, this
independence is essential to a derivation of a firm upper mass limit .
For cold matter, the dominant contribution to the pressure at densities much less
than nuclear density ( --1014 g cm-3) arises from electron degeneracy pressure . At
"low" densities (n << me3c3/h3 --- 1031 cm - 3, where n is the number density of
electrons and me is the mass of the electron) this source provides a pressure at T = 0
of
~,Z( 3 7r2)2 / 3 n5 / 3
5m,,
whereas at high densities (n >> me 3c3/ h) we hav e
P =

P =

h C ( 3 ?T Z)1/ 3 4/ 3
n
4

(6 .2 .44)

(6 .2 .45 )

At densities approaching nuclear density, cold matter will be mainly in the form of
free neutrons, and a similar degeneracy pressure due to neutrons becomes important .
The precise form obtained for the equation of state depends, of course, on assumptions concerning the form of matter at the density under consideration and the
microscopic forces acting between the fundamental constituents . While these factors
are well understood at low densities, significant uncertainties arise at nuclear density
and above .
The mass, M, and radius, R, of equilibrium configurations of cold matter for
central densities between ---105 g cm-3 and _ 1017 g cm-3 are shown in Figure 6. 1 .
Near and above nuclear density, Figure 6 .1 is only a sketch of the qualitative features
found for physically reasonable equations of state, since the precise values of M and
R in this region depend upon many assumptions . (For a tabulation of exact values
in the nuclear density regime for a wide variety of equations of state, see Arnett and
Bowers 1977 .) Even well below nuclear density the predicted equilibrium
configurations depend somewhat upon assumptions involving the composition of the
star . Cold bodies on the segment AB of the curve comprise stable equilibrium
configurations supported by electron degeneracy pressure . These bodies are known
as white dwarfs . As first shown by Chandrasekhar (see Chandrasekhar 1939), the
maximum mass of a white dwarf is given by '
7 . We c an see why an upper mass limit of this magnitude should exist by comparing the central
pressure needed to hold up a uniform density Newtonian star, equation (6 . 2 . 26 ), with the high density
limit of the electron degeneracy pressure , equati on (6 . 2 . 45) . Taking p = µNmN n, where mN denotes the
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Fig . 6 .1 . The equilibrium configurations of cold matter, Given an equation of state,
P = P(p), an equilibrium configuration is uniquely determined by the value of the
central density pc . The masses and radii of these configurations are shown here for
values of pc ranging from ^' 105 g cm-' at point A to - 10" g cm-3 beyond point D .
In the white dwarf regime, the values of M and R depend somewhat upon the
assumed composition of the star. In the neutron star regime, the values of M and R
depend greatly upon assumptions about the state of matter as well as assumptions
about the interactions between the fundamental constituents of matter . In this latter
regime, the figure is only a rough sketch of the qualitative features found for most
equations of state .

MC -~ 1 . 4

2 2
1 MO
(L N

(6.2.46)

where µN is the number of nucleons per electron and MO denotes the mass of the Sun
(-2 x 1033 g) . In Newtonian theory with a fixed value of N. the mass monotonically increases with central density, approaching the limiting mass (6 .2.46) for
a configuration with p, --.* x at radius R - ~, 0. In general relativity with a fixed value
of AN, there is a "turnover" in the curve (i .e., the mass begins to decrease with pj
at a finite value of p, (Chandrasekhar and Tooper 1964), although the value of MC
is not significantly changed . However, the turnover at point B shown in Figure 6 . 1
mass of a nucleon, equating the two pressures, and restoring the G's and c's, we obtain the order of
magnitude estimate
Mc ~

~ hC ~3i '
1
MO
G
µNZmNZ - µNZ
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is due to the increase in µN at h igh density caused by the conversion of protons and
electrons to neutrons . General arguments (see Sork in 1981) show that an instability
sets in at the "turnover" po int B of the curve, making the configurations on the
segment BC unstable . However, configurations on the segment CD are stable . Such
bodies, called neutron stars, are composed mainly of neutrons and are supported
largely by neutron degeneracy pressure . Since the density of matter in a neutron star
is comparable to that of atomic nuclei, a neutron star is much like a huge , highly
neutron-enri ched nucleus (with atomic weight - 1057) except that it is bound together by gravitation rather than by nuclear forces . On accout of uncertainties in the
equation of state, the value of the maximum possible mass , M(D), of a neutron star
is considerably more uncertain than the white dwarf limit (6 . 2 . 46) . However , most
physically reasonable equations of state yieldM(D) below 2 M o . Beyond point D on
the curve, th e configurations again become unstable .
If one applies the above upper mass limit argument to the equation of state for cold
matter, choosing po of the order of nuclear densities (so that there are few uncertainties in the equation of state below p Q), a firm upper mass limit of - 5 M ® is
obtained (see Hartle 1978) . If the general features of the equation of state are trusted
somewhat beyond nuclear density, the above limit of - 2 M ® appears to be a realistic
upper limit to the maximum possible mass of a spherical body composed of cold
matter . We should emphasize, however, that our analysis applies only to the spherical case, and thus, for example, these upper mass limits need not hold for rapidly
rotating bodies .
The existence of an upper mass limit for cold matter has extremely important
consequences for the ultimate fate of stars . Ordinary stars are supported against
collapse under their own weight by ideal gas pressure resulting from high temperature . This pressure is much higher than the pressure that could be produced by
cold matter at comparable densities, and the above mentioned upper mass limits for
cold stars do not apply . However, a hot star radiates energy from its surface, and
unless this energy is replenished , hydrostatic equilibrium cannot be maintained . If
stars had no source of energy, they would contract -very slowly at first, but eventually on dynamic time scales when instabilities set in-until such high densit ies
were reached that the "cold matter" pressure would dominate the thermal con tribution to the pressure . At that point, if the mass of the star were sufficiently small
that stable equilibrium could be achieved with this cold matter pressure, the star
would simply cool down, remaining in static equilib rium forever . On the other hand,
if the mass of the star were greater than the cold matter upper mass limit, equilibrium
never could be achieved, and the star would have to undergo complete gravitational
collapse .
In fact, stars, of course, do have an internal source of energy : nuclear reactions .
Consequently, they are able to stave off-typ i cally for billions of years, though for
much less time for ve ry massive stars-their ultimate fate of either support by cold
matter pressure or complete collapse . However, this does not alter the fundamental
conclusion that stars with mass greater than the cold matter upper mass limit must
eventually undergo complete gravitational collapse, unless, of course, they shed
enough mass du ring the course of stellar evolution to fall below this limit.
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When a star forms by condensation of a gas cloud, it contracts and heats up until
the central temperature and density are sufficiently high that nuclear reactions converting hydrogen to helium occur there . The collapse of the star is then halted, and
a long lasting equilibrium is maintained until finally a large core of helium is built
up . If the star is sufficiently massive, contraction of this core then will take place
until helium reactions begin to occur, resulting in the formation of heavier elements .
This process may then repeat itself until a large core of the most stable nuclei, nickel
and iron, is synthesized .
The crucial issue governing how far along this evolutionary sequence a star
proceeds is whether the electron degeneracy pressure at any stage becomes sufficient
to support the star . If the mass of the star is greater than Mc, equation (6 .2 .46),
electron degeneracy pressure cannot support the star, and the large nickel and iron
core will be built up (unless instabilities caused by explosive nuclear burning occur
prior to this stage and literally blow the star apart) . However, if the mass of the star
is less than Mc, the contraction will be permanently halted at a prior stage . No further
nuclear reactions will occur, and the star will simply cool down forever in a stable,
white dwarf configuration .
If M is greater than Mc, then after a core of nickel and iron of mass - Mc is built
up, this core simply will not be able to support itself : Electron degeneracy pressure
is not sufficient, and no further energy generating nuclear reactions can occur .
Hence, the core will undergo gravitational collapse . By the time the density of the
collapsing core has reached nuclear densities, neutron degeneracy pressure and
nuclear forces provide a significant cold matter pressure . If the total mass of the
collapsing part of the star is below the upper mass limit for cold matter (-2 Mo),
the collapse may be halted, resulting in a neutron star . Confirmation of the existence
of neutron stars has been provided by the discovery of pulsars-the astronomically
observed objects which emit exactly reproduced signals with periods of fractions of
a second . The only viable theoretical explanation of pulsars is that they are neutron
stars which possess a "hot spot" rotating at the signal period which becomes oriented
toward us during each revolution .
When the collapse of the core is halted or slowed down at nuclear densities, a
shock wave will be produced and will propagate outward into the envelope of the
star. It appears likely that this shock wave is responsible, in many cases, for blowing
off the outer envelope of the star with an enormous release of energy, thus producing
a supernova. The details of exactly how this occurs, are, however, not well understood at present . Nevertheless, the discovery of pulsars at the sites of the Crab and
Vela supernova remnants has provided strong observational confirmation of the
picture that supernovae are produced in conjunction with the collapse of the core of
a star at the endpoint of stellar evolution .
Thus, in summary, if the mass of a star is sufficiently small, it can attain final
equilibrium as a white dwarf or a neutron star . However, if the mass of the collapsing
portion of a star is greater than the cold matter upper mass limit, equilibrium can
never be achieved, and complete gravitational collapse will occur . As discussed at
the end of section 6 .4, the endpoint of such a collapse in the spherical case will be
a Schwarzschild black hole.
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6.3 Geodesics of Schwarzschild : Gravitational Redshift, Perihelion
Precession, Bending of Light, and Time Delay of Radar Signals
In this section, we will analyze the behavior of test bodies and light rays in the
exterior region (r > 2M) of the Schwarzschild solution by solving for the timelike
and null geodesics of the Schwarzschild geometry . Our analysis of the geodesics in
the strong field regime (r near 2M) is physically relevant, of course, only for highly
condensed stars or totally collapsed objects, but our results in the weak field regime
(r >> M) apply to the exterior field of "ordinary bodies" such as the Sun .
It would involve a fair amount of labor to solve directly the geodesic equation in
the form (3.3.5) . Fortunately, almost all of this labor can be avoided by taking
advantage of the symmetries of the Schwarzschild solution using proposition C .3 .1
of appendix C : The inner product, u° ea, of a Killing field ~a with a geodesic tangent
U' is constant along the geodesic . As we shall see below, these constants of the
motion enable us to reduce the problem of finding the geodesics to the problem of
one-dimensional motion of a particle in an effective potential.
Proposition C .3.1 immediately allows us to derive a formula for the change
between emitted and observed frequency of light signals sent between two static
observers, i .e ., for the gravitational redshift . (A similar derivation of the cosmological redshift in an expanding homogeneous and isotropic universe was given
above in section 5 .3a .) Consider two static observers (i .e., observers whose
4-velocity is tangent to the static Killing field ea) O, and 02 whose 4-velocities are
u ~ and u2 . Suppose O1 emits a light signal at event P, which is received by 02 at event
P2, as illustrated in Figure 6 .2 . As discussed in section 4 .3 ., in the geometrical optic s

02

01

Fig . 6 .2 . A sp acetime di agram showing a l ig h t signal sent from static observer O,
to static observer 02 .
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approximation this light signal travels on a null geodesic, whose tangent we denote
by V. The frequency of emission i s
to, = -(kaui) 1 pt

(6 .3 .1 )

while the frequency measured by the observer receiving the signal i s
W2 = - (ka ll 2 ) l pz

(6 .3 .2)

However, since u ; and u2 both are unit vectors which point in the direction of the
timelike Killing field e", we hav e
ul -

[~al(

(6.3 .3)

-~ b ~b)l/z] I pi ~
[

ui = ~°l (

_e e

1 ]

b b)' z

I

(6.3 .4)

PZ

By proposition C .3 .1 we have (ka~°) I P, = (ka6°) I Pz, so we obtain
(
Wl
(02

&)11 1
2 P2
-~b
l`_ tb r611112 1Pt
< <

(

1

-2M/r2)1/2

( 1 - ~/r1 ) 1 / 2

e

(6.3 .5)

where the explicit form of 6 b & =Sit = - ( 1 - 2M/r) for Schwarzschild spacetime
has been used and r, and r2 are, respectively, the radial coordinates of 01 and Q .
Note, however, that the above derivation is valid in an arbitrary stationary spacetime .
Equation (6 .3 .5) shows that for r2> r, (i .e ., for the emitter closer to the center
of gravitational attraction than the receiver), we have wZ < wl, i .e., the frequency
of the light will be decreased ("shifted toward the red") . Physically, this makes sense
because according to quantum theory the energy of a photon is proportional to its
frequency, E = hw, and we would expect the photon energy to be degraded as it
"climbs out of the gravitational potential well ." Indeed, in the limit where M is much
less than r1 and r2, as is the case outside the surface of ordinary bodies, equation
(6.3.5) becomes

Aw
GM
GM
w c rl + c r2 ~

(6 .3 .6)

where we have restored the G's and c's in this equation . This can be interpreted as
saying that the change in the locally measured energy of a photon, hAw, equals the
change in its Newtonian gravitational potential energ y

The gravitational redshift has been measured and found to be in agreement with
the prediction of general relativity to within the 1% experimental uncertainty by a
laboratory experiment devised by Pound and Rebka (1960) which uses the Mossbauereffect to measure the tiny frequency shift of photons on the surface of the Earth
which fall down a tower. The gravitational redshift of spectral lines from the Sun and
some white dwarf stars has also been observed, but the accuracy of these measurements for testing equation (6 .3 .5) is not as high due to convective motions
(which broaden the spectral lines) in the case of the Sun and a number of other
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uncertainties in the case of the white dwarfs . More recently, the gravitational redshift
has been confirmed to about 0 .01% accuracy by the tracking of hydrogen masers
launched by rocket (Vessot and Levine 1979 ; Vessot et al . 1980) . Confirmation of
the existence of a similar "gravitational time dilation" effect also has been achieved
by comparison of atomic clocks flown in airplanes with clocks on the ground (Hafele
and Keating 1972; Alley 1979) .
It is worth pointing out that, as proven in section 6 .2, the maximum value of M/R
at the surface of a static spherical body (with dp/dr -,_5; 0 everywhere inside the body)
is 4/9 . Thus, by equation (6 .3 .5), the maximum redshift of light emitted from the
surface of a static star is

to, I co (r = 9M/4) = 3
w ( r _ oo
W Z max

(6.3 .7)

i.e ., in terms of the redshift factor z defined in chapter 5, we hav e
zmax =

WI I
Z

- 1=2

(6.3 .8)

max

This rules out the possibility that observed redshifts of greater than 2 (as are commonly found for quasars) could arise solely from the gravitational redshift of light
emitted from the surface of a static, spherical body .
In order to learn more about the behavior of light rays and test bodies in the
exterior gravitational field of a spherical body, we need to solve for the timelike and
null geodesics . First, we note that because of the parity reflection symmetry,
B - .* IT - 0, of the Schwarzschild metric, if the initial position and tangent vector
of a geodesic lie in the "equatorial plane" B = Tr/2, then the entire geodesic must
lie in this "plane ." Since every geodesic can be brought to an initially (and hence
everywhere) equatorial geodesic by a rotational isometry, this means that without
loss of generality we may restrict attention to study of the equatorial geodesics, and
we shall do so .
The coordinate basis components of the tangent u ° to a curve parameterized by z
are (see eq . [2 .2 .12])
Fi

U IL = dT ° zµ

(6 .3 .9)

For timelike geodesics, we choose z to be the proper time ; and for null geodesics,
we choose z to be an affine parameter . Thus for these cases we have (recalling that
B = a/2 )
1 _ 2M /r \ t 2 + ( 1 - 2M /r) - 1 ~2 + r 2 2
, ( 6.3 . 10 )
- K - gab uau b - -!l
J
whe re
1 (timelike geodesics) (6
.3 .11)
0 (null geodesics)
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In the derivation of the gravitational redshift, we already used the fact that the
quantity

E = -gabs"ub = (1 - 2M/r)t

(6 .3 .12)

is a constant of the motion, where e° = (a/dt)° denotes the static Killing field . In
the case of timelike geodesics, at large distances from the center of attraction
(r » M) where the metric becomes flat and the norm of ~"becomes -1, E reduces
to the special relativistic formula for the total energy per unit rest mass of a particle
as measured by a static observer . In general, we may interpret E for timelike
geodesics as representing the total energy (including gravitational potential energy)
per unit rest mass of a particle following the geodesic in question, relative to a static
observer at infinity, since it is the energy that would be required of such an observer
in order to put a unit rest mass particle in the given orbit . Similarly, in the null case,
hE represents the total energy of a photon .

The rotational Killing field ip° = (a/ao)" also yields a constant of the motion, L,
via proposition C .3 .1,
L = Sab O °U b

=

I' Z

~

(6 .3 . 13 )

We may interpret L as the angular momentum per unit rest mass of a particle in the
timelike case, and we may interpret JCL as the angular momentum of a photon in the
null case . In the Newtonian limit, equation (6 .3.13) simply expresses Kepler's
second law : equal areas are swept out in equal times . In general relativity, the spatial
geometry is not Euclidean and we cannot interpret equation (6 .3 .13) in terms of
"areas swept out," but it is interesting that the simple form of equation (6 .3 .13) (with
the appropriate interpretations of r and
do/dT) remains exactly valid in the
strong field regime .
Substituting equations (6 .3 .12) and (6.3 .13) in equation (6 .3 .10) and rearranging
terms, we obtain our final equation for geodesics with remarkably little labor ,
\ z \
(
2 rz+ 2 1 - ~ ) LZ+ x 1 =2E2
(6 .3 . 14 )
This equation shows that the radial motion of a geodesic is the same as that of a unit
mass particle of energy EZ/2 in ordinary one-dimensional, nonrelativistic mechanics
moving in the effective potential ,
1 M Lz
V = 2K - K

r

ML Z

+ 2rz - r3

(6 . 3. 15 )

Once the radial motion is determined using this effective potential, the angular
motion and time coordinate change are easily found from equations (6 .3 .13) and
(6.3 .12) . The crucial new feature provided by general relativity is that in equation
(6.3 .15) in addition to the "Newtonian term," -KM/r, and the "centrifugal barrier
term," L2/2r2 , we have the new term, -ML2 /r 3, which dominates over the centrifugal barrier term at small r .
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We consider, first, the timelike geodesics, x = 1 . The extrema of the effective
potential V are given b y

0 = v = r-a[Mr2 - LZ r + 3ML2]

( 6. 3 . 16 )

Equation (6 .3.16) has the roots
R± _

L2 ±

(L4

- 1 2L 2M 2)1/2
2M

(6 .3 . 1 7)

Thus, if L2 < 12M2, there are no extrema of V, as illustrated in Figure 6 .3 . A particle
heading toward the center of attraction (r -"- 0) with L 2 < 12M2 will fall directly to
the r = 2M surface and, indeed, will continue its fall into the spacetime singularity
at r = 0 (see section 6 .4) .
For L 2 > 12M2, it is easy to check that the extremum R+ is a minimum of V, while
R_ is a maximum, as illustrated in Figure 6 .4 . Thus, stable circular orbits (r = 0)
exist at the radius r = R, and unstable circular orbits exist at r = R_ . For L >> M,
the formula for R+ becomes
R+ ==- LZ/M

(6 .3 .18 )

V

0
_1
-2
-3
6M2 .
Fig . 6 .3 . The effective potential, V, for timelike geodesics i n the case L 2 =

which is just the Newtonian formula for the radius of a circular orbit of a particle of
angular momentum per mass L orbiting a spherical body of mass M . This justifies
the interpretation of the constant C in our derivation of the Schwarzschild solution,
equation (6 .1 .43), as -2M . Note that according to equation (6 .3 .17), R+ is restricted
to the range
R , > 6M

( 6 .3 . 19 )

Thus, in general relativity, no stable circular orbits exist at radii smaller than 6M .
Furthermore, the unstable circular orbits are restricted to the rang e
3M < R _ < 6M

(6 . 3 . 20)
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Thus, no circular orbits at all exist at radii less than 3M .

V

0 .6

0. 55

0. 5

.
Fig . 6 .4 . The effec t ive potential , V, for timelike geodesics in the case L2 = 24M2
(Note that th e scale of V is great l y expanded as compared with Fig . 6 .3 . )

The energy of an ordinary particle in one-dimensional motion which sits at the
minimum or maximum of a potential V is, of course, just the value of V at that point .
Thus, from our mathematical analogy, equation (6 .3 .14), we see that the true energy
per unit rest mass, E, of a particle in a circular orbit of radius R is given b y
z
Z E Z(R )= V (R)=2

RR -~M )

(6 . 3 . 2 1 )

so that
R
2
(R ) = R 1 /z R _ ME M )i1 z

(6 .3 .22 )

where equation (6 .3 . 16) was used to eliminate L 2 in terms of R (= R + or R _) . Note
that if R :_5 4M, we have E ? 1 and, indeed E --+ oo as R --+ 3M . Thus , particles in
the unstable circular orbits between 3M and 4M would escape to infinity if perturbed
radial ly outward .
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The binding energy, EB, per unit rest mass of the last stable circular orbit at
R=6M is

EB = 1 - E = 1 -- (8/9) /z --= 0 .06 .

(6 .3 .23)

Now, a particle orbiting in the Schwarzschild geometry will emit gravitational
radiation, as discussed for weak fields in section 4 .4b . Because of radiation reaction,
it will deviate slightly from geodesic motion . A particle initially in a circular orbit
with R >> M (and thus with E -== 1) should slowly spiral in to smaller radii as it
loses energy by gravitational radiation, remaining in a nearly circular orbit until it
reaches the orbital radius R = 6M . At that point, the orbit becomes unstable and the
particle should rapidly fall to r = 0 . According to equation (6 .3 .23), about 6% of
the original mass-energy of the particle will be radiated away during the time in
which the particle spirals to R = 6M . (For the Kerr metric with a = M, the corresponding fraction of energy radiated is 42% ; see chapter 12 .) This illustrates that
although the emission gravitational radiation was found to be very weak in the
examples of section 4 .4b, large amounts of energy can be converted to gravitational
radiation in astrophysically plausible processes .
If a particle is displaced slightly from the "equilibrium" radius R, of a stable
circular orbit, the particle will oscillate in radius about R, For sufficiently small
displacements, it will execute simple harmonic motion with frequency cur given b y

Or

z =

dzV M(R + - 6M)
keff - dr2 R+
R+ (R+ -- 3M )

(6.3 .24)

where equation (6 .3 .16) was used to eliminate Lz, and we should emphasize that the
"time" implicit in (Or is the proper time T measured by the particle as opposed to the
coordinate time t of the Schwarzschild geometry . On the other hand, for a circular
orbit, the angular frequency, too = ~, is given by equation (6 .3 .13) ,
u'0 2

=

M
Lz
.3 .25 )
R4 R}(R+ - 3M) (6

where, again, equation (6 .3 .16) was used to eliminate L z : In the limit of Newtonian
orbits, R} >> M, we have wr --= cop . If w, = ws, then the particle would return to
a given value of r exactly one orbital period later ; i.e ., the orbit will close . Indeed,
in the Newtonian theory of gravity, all bound orbits-not just the nearly circular
orbits-are closed ellipses . The failure of w, to equal top in general relativity means
that the orbits do not close ; rather there is a precession of the angle at which the
maximum and minimum values of r are achieved . For nearly circular orbits, this
precession rate is given by
LJP = LJ

fi

-

(Or

=

- [(1 -- 6M/R })' I z - 1 1 w o

(6 .3 .26)

In the limit R fi >> M, we have, to lowest nonvanishing order ,
3(GM)3 12
3M 3 /2
cep --~- R *~Z =
zR ~/z
C

(6 . 3 . 27)

where we have restored the G's and c's in the final formula . We have considered only
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nearly circular orbits here, but a more general analysis (see, e .g ., Weinberg 1972)
shows that to lowest nonvanishing order the precession of an arbitrary elliptical orbit
is given by
3(GM)3 12
wp = ~z~l
ez)as / z
(6 .3 .28 )
where a is the semimajor axis of the ellipse and e is its eccentricity .
For the orbit of the planet Mercury, general relativity predicts a precession rate of
43 seconds of arc per century . Precisely this residual precession rate had been
observed (after taking into account known effects such as perturbations of the planet
Venus) prior to the formulation of general relativity and had been an unexplained
mystery . The explanation of the precession of Mercury's orbit by general relativity
was one of the most dramatic early successes of the theory . Although the general
relativistic precession of Mercury's orbit is extremely small, the similar precession
observed in the orbit of the binary pulsar mentioned at the end of chapter 4 is about
4° per year . This result has been used to estimate the masses of the two bodies in this
system.
We turn, now, to consideration of the null geodesics . Setting K = 0 in equation
(6 .3 .14), we find the effective potential for null geodesics to be simpl y
z
V = 2 3 (r - 2M)
(6 .3 .29)
Thus, the shape of V is independent of L and, as illustrated in Figure 6 .5, the only
extremum of V is a maximum occurring at r = 3M. Thus, in general relativity,
unstable circular orbits of photons exist at radius 3M, so that, physically, gravity has
a very significant effect on the propagation of light rays in the strong field regime .

V

0

Fig . 6 . 5 . The effective potential, V, for null geodesics .

The minimum energy, E, required to surmount the top of the potential barrier is
given by (see eq . [6.3 .211 above)
2E 2 = V(R = 3M) = L2M/[2(3M)3]

(6 .3 .30 )
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i . e .,

L 2 /E 2 = 27M 2

(6 .3 .31 )

Now, for a light ray propagating in flat spacetime, it follows directly from the
definitions of L and E that LIE is the impact parameter of the light ray, i .e., the
distance of closest approach to the origin r = 0 . Since the Schwarzschild geometry
is asymptotically flat, for a light ray initially in the asymptotically flat region
(r » M), LIE will represent the apparent impact parameter,

b = -LIE

(6 .3 .32)

of the light ray even though it no longer represents the "distance of closest approach ."
Thus, the Schwarzschild geometry will capture any photon sent toward it with an
apparent impact parameter smaller than the critical value, b,, given by

bc = 33 /2 M

(6 .3 .33)

Hence, the capture cross section, o,, for photons in the Schwarzschild geometry i s
o-

= 7rb

2

= 27 7rM 2

6 .3 .34)

To analyze the "light bending" effects of the Schwarzschild geometry on the light
rays which are not captured, it is convenient to derive an equation for the spatial orbit
of the light ray by solving equation (6 .3 .14) forr and then dividing ~, equation
(6 .3 .13), by r . We obtai n

d (k = L E
2
dr r

-

L3 r
r

(

1/2

(6 .3 .35)

- 2M)

We wish to find the change, A(P = 0+x - 0-x, in the angular coordinate 0 of a light
ray in the Schwarzschild geometry traversing a path as illustrated in Figure 6 .6 . I n

-- ''~

Ro

F ig . 6 . 6 .

~

Dia gram illu strat ing the "bend ing of light" effect .

order not to be captured, the impact parameter, b, must be greater than the critical
value, equation (6 .3 .33) . In that case, the orbit of the light ray will have a "turning
point" at the largest radius, Ro, for which V(Ro) = Ez/2, i .e ., at the largest root o f
Ro - bz(Ro - 2M) = 0

(6 .3 .36)
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which is

Ro =

'

2b

3/ 2

cos 3 cos-

- 3 bM

(6 .3 .37)

By symmetry, the contributions to A(k made by the parts of the path prior to the
turning point and after the turning point will be equal . Hence, by equation (6 .3 .35),
the total change in the angular coordinate, O q) , is given by
DO = 2

L

dr
[rab-z - r(r -2111)]' / z

(6 .3 .38)

It is convenient to make the change of variables, u = l 1r, in terms of which
equation (6 .3 .38) becomes
1/RO

~~ = 2 L

du

(b

-2

- U

2

(6 .3 .39)

+ 2Mu3)' /i

In the case of flat spacetime, M = 0, we have Ro = b, and equation (6 .3 .39) yields
simply
A0 1m=0 = 2 sin"' (b/Ro) _ IT
(6 .3 .40 )
as obviously must be the case since the trajectory is a straight line . When M :4 0,
according to equation ( 6.3 .39) A(P will not equal -rr; i.e., there will be a nonzero
deflection of the light ray, which we may interpret physically as being due to the
gravitational attraction of the Schwarzschild geometry . We wish to calculate the
contribution to the "light bending" valid to first order in M . Actually, it is rather
tricky to calculate this contribution by varying M keeping b fixed in equation (6.3 .39)
because of the M dependence of the integration limit I /Ro and the singular behavior
of the integrand at this limit . However, we can circumvent these difficulties by
working with M and Ra as the independent variables . In other words, as we vary M,
we compare A4) for light rays which have the same Schwarzschild radial coordinate,
RQ, at the point of closest approach rather than, say, light rays with the same apparent
impact parameter, b . (It is not difficult to see that to first order in M, it makes no
difference whether we keep b or Ro fixed, but to higher orders in M it does matter
whether we compare light rays with the same value of b or the same value of Ro .)
Eliminating b via equation (6 .3 .36), we obtain
Ocp = 2

J

1

/RO

du

(b . 3.41 )

(Ro z - 21lIRo 3 - u 2 + 2Mu 3) 112

Differentiating with respect to M at fixed Ro and evaluating the result at M = 0, we
obtain

dM

M=O

(Ro Z - 2MRo 3 - uz

JO
11 b

=2o

+2

M14

3)312
M= 0

)

(b-3 - u3
du
(b -2 _ uz)3 / z

= 4b-'

( 6 .3 .42)
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Thus, to first order in M, the deflection of light is given b y

aaM)

M=0

_

4GM
= b~2

(6 .3 .43)

where we have reinserted the G's and c's in the last step .
For a light ray which grazes the surface of the Sun, equation (6 .3 .43) predicts a
deflection of 1 .75 seconds of arc . This "bending" of starlight passing near the Sun
has been observed during solar eclipses beginning with the 1919 expedition led by
Eddington (Dyson, Eddington, and Davidson 1920), thus confirming this important
prediction of general relativity, but because of numerous difficulties the accuracy of
these measurements has only been about 1 0% . However, the bending of radio waves
emitted from a quasar as it approaches eclipse by the Sun has been measured to about
1% accuracy (Fomalont and Sramek 197 6 ) and has been found to agree with equation
(6.3 .43) .
A further measurable effect concerning the behavior of null geodesics in the
Schwarzschild geometry is the "time delay" of radar signals emitted from Earth . To
analyze this effect, we divide t (as given by eq . [6 .3 .12]) hy r (as determined from
eq . [6 .3 .14]), thereby obtainin g
dr

C

(1 _
~ - ~ -~ 1 /
\

2

(6 .3 .44)

Integration of this equation over the trajectory of a null geodesic yields the total
change, At, in Schwarzschild time coordinate along the trajectory . Consider, now,
the following situation . A radar signal is emitted from Earth, located at Schwarzschild radial coordinate RE . The signal passes near the Sun, with radius of closest
approach Ro, and then is reflected off a planet, located at R . The signal then retraces
its trajectory and returns to Earth, as illustrated in Figure 6 .7 . (The motion of Earth
and the planet during the intervening time is neglected .) How much time, DT, elapses
on the clock of an observer on Earth between emission and reception of the signal ?
We wish to calculate DT to first order in M . By integrating equation (6 .3 .44) and
then differentiating with respect to M (holding Ro fixed) we obtain (problem 5), in
close analogy to the derivation of the light bending effect,
At = 2 [(RE - Ro)'/2 + (R P - Ro)' 1 2]

c

+

Rp + (R p2 - Ro)' / 2
2 In

+ 2GM

C

2 In

[RE

(R2
+

2 )' /2
- R0

Ro
R- R \ 1/z
(RP _ R 1/ 2
+ I + ~ (6 .3 .45)
(R: + Rod RP + Ro d

It should be noted that we have formulated the question-purely for mathematical
convenience-so that as we vary M, we compare null geodesics with the same Ro,
rather than, say, null geodesics with the same b or the same total change, A(k, in
angle in passing between RE and Rp. Unlike the light bending case, here the first order
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terms in M depend sensitively on what parameters of the null geodesics are held fixed
as M is varied .
The proper time, AT, that elapses on Earth is related to the change in coordinate
time, At, by

AT = (1 - 2M/RE)'/2 Ot

(6 .3 .46)

Thus, to first order in M, the reflected radar signal will be measured to arrive back
on Earth at a time after emission given b y
AT = - c GR [(RE - Ro)'/2 + (R P + Ro)'/2) + A t

(6 . 3 . 47)

where At is given by equation (6 .3 .45) .
Planet

t Rp

Ro Sun

y Re
Fig . 6.7 .

Earth
D iagram ill ustrating the "time delay of light" effect .

Actually, equation (6 .3 .47) by itself is not very useful for a direct test of the
general relativistic time delay effect, since the parameters RE, RP, and Ro appearing
in the equation are not known to the necessary precision . Therefore, the procedure
used to test the time delay prediction is to write down a formula for how AT is
expected to vary with time (due to the motion of the Earth and planets), treating all
parameters (in particular, the orbital parameters of the planets) as unknowns . A "best
fit" to the observed data then is used to determine all the parameters . When this is
done, the agreement between the theoretical formula and observation is excellent . On
the other hand, a slight modification of the general relativistic contribution-in
particular, the change that would be produced in the formula by altering gr, to
(1 - 2yM/r)-' where y differs from unity by only 0 .2%-produces a formula
which cannot be satisfactorily fit by the observed data . (These highest precision data
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actually have come from the tracking of spacecraft which emit signals rather than
reflection of radar off of planets [Reasenberg et al . 1979] .) Thus, this prediction of
general relativity has been confirmed to high precision .
In summary, the analysis of timelike and null geodesics in the Schwarzschild
geometry leads to a number of important predictions which have been tested by solar
system observations : the gravitational redshift, the precession of planetary orbits, the
bending of light, and the time delay of radar signals . These predictions provide
stringent quantitative tests of general relativity, and it is gratifying that general
relativity thus far has passed these tests very successfully .

6.4 The Kruskal Extension
We turn our attention now to the analysis of the singularities at r = 2M and r = 0
in the coordinate basis components of the metric of the Schwarzschild solution . As
discussed in section 6 .2, for any static equilibrium configuration the region r :_S: 2M
will be within the matter-filled interior, so analysis of the singularities at r = 2M and
r = 0 for the vacuum Schwarzschild solution is irrelevant to the study of the gravitational field of a static star, as was first pointed out by Schwarzschild . However,
as mentioned at the end of section 6 .2, sufficiently massive bodies will undergo
complete gravitational collapse, and the region r :_5 2M of the vacuum Schwarzschild solution is very relevant to the description of the endpoint of this collapse .
Whenever the metric components in a coordinate basis are badly behaved for
certain values of the coordinates, there are two possible causes : (1) The spacetime
geometry is, in fact, singular; or (2) the spacetime geometry is nonsingular, but the
coordinates fail to properly cover a region of spacetime . In general, it is not an easy
task to determine in a given situation which of these two possibilities holds . (Indeed,
it is nontrivial even to formulate a precise general definition of the notion of
"singularity in the spacetime geometry ." We will postpone a full discussion of this
issue until chapter 9 .) Normally, possibility (1) would be demonstrated by calculating a curvature scalar, such as Rabcd R °b`a, and showing that it blows up "at the
singularity of the metric components" and furthermore, that this singularity lies at a
finite affine parameter along some geodesic (so that the "singularity" is not "at
infinity," in which case it is not really a singularity) . However, as discussed in
chapter 9, one may have spacetime singularities where no curvature scalars blow up .
Normally, possibility (2) would be demonstrated by explicitly displaying an extension of the "nonsingular region" of the original metric, i .e ., a (nonsingular) spacetime (Al, gam) which includes the original spacetime (M, gab) as a proper subset .
Normally, this would be accomplished by finding a coordinate transformation which
eliminates the singularities of the original metric components .
In the case of the Schwarzschild metric, we already pointed out that the Schwarzschild coordinates will be badly behaved where the timelike Killing field 6° becomes
collinear with D°r . We shall see below that this occurs at r = 2M, and that the
"singularity" at r = 2M is merely a coordinate singularity . On the other hand, the
singularity at r = 0 is a true singularity in the spacetime geometry, as can be
demonstrated by calculating via equations (6 .1 .29)-(6 .1 .34) the curvature invariant
R R abca
oncd
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We begin, however, by considering two simple examples which help illuminate
the nature of the problem . As a first example, consider the two-dimensional metri c

ds 2

=

- t dt2 + dx2

(6 .4 .1 )

defined over the coordinate range - 00 < x < cc, 0 < t < oo . This metric appears to
have a singularity at t = 0 . However, the true nature of the spacetime geometry can
be seen by making the coordinate transformation t -3, t' = 1 It. In the new coordinates, the metric is seen to be simply the flat metric ,

dsz = -(dt')2 + dx2 (6 .4 .2)
and the original spacetime is seen to be the portion t' > 0 of Minkowski spacetime .
Thus, the apparent singularity at t = 0 of the original me tric, equation (6 .4 .1), really
represents t' --> oo in Minkowski spacetime and is not a singularity at a ll but merely
corresponds to the covering of an infinite region of spacetime with a finite range of
a coordinate . The spacetime geometry is geodesically complete as t -> 0 (t' --* oo),
i.e., all the geodes ics approaching t = 0 extend to arbi trarily large values of their
affine parameter . On the other hand, the spacetime of equation (6 .4 .1) is not geodesically complete as t -> oo (t' --), 0) . However, we can extend the original spacetime
"beyond t = oo" by adding on the , portion t'
0 of Minkowski spacetime . This
example provides an exce llent illus tration of how one can be misled by interpreting
coordinate labels such as t as physically meaningful qu antities . It also illustrates how
an appropriate coordinate tran sformation can help one analyze what is really going
on in the space time.
Our second example will be seen to be closely anal ogous to the Schwarzschild
solution, and for this reason we will analyze it in detail . We consider the Rindler
spacetime,
ds2 = -x2dt2 + dxz

(6 .4.3)

with coordinate ranges -oo < t < 00 , 0 < x < oo . This metric appears to have a
singularity at x = 0. (The determinant of gµ„ vanishes at x = 0, so the inverse metric
components g are singular at x = 0.) Geodesics terminate with finite length at
x = 0, but calculation of curvature scalars shows no bad behavior8 as x -* 0,
suggesting that the singularity may be simply a coordinate singularity . This metric
is not simple enough for trial and error guesses at coordinate transformations to have
much chance of success, so we need a more systematic approach . In general, the best
procedure is to introduce new coordinates which are linked closely to the spacetime
geometry . This can be achieved, for example, by introducing a family of geodesics
which "head toward the singularity" and using the affine parameter along the geodesics as one of the coordinates . In general, there is no foolproof method for elimination
of coordinate singularities ; for example, for coordinates based on a family of geode8 . In fact, the cur vature of the Rindler metric va nishes, showing i mmedi ately th at the R indler
space time mu st b e simpl y a portion of tw o-dimension al Minkowski spacetime . However, in order to
pursue the an alogy w ith the Schwarzschild metric, we prefer not to make use of this fac t in our ana lysis .
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sics, new coordinate singularities will be produced whenever the geodesics cross .
However, in two-dimensional spacetimes, there does exist an essentially foolproof
method for analyzing coordinate singularities . This is because in two dimensions, the
null geodesics divide up (at least locally) into two classes-"ingoing" and
"outgoing"-and within each class two distinct null geodesics cannot cross, since
their tangents would have to coincide at their intersection point, thus implying that
the geodesics coincide everywhere . This suggests that we introduce null coordinates,
i.e ., coordinates such that the first is constant along each "outgoing" geodesic and
the second is constant along each "ingoing" geodesic . In this way, our coordinate
grid will be based on the geometrical (and well behaved) "grid" of null geodesics .
The only coordinate singularities which can result from using null coordinates in
two-dimensional spacetimes arise from bad parameterization of the geodesics, and
this can be investigated and corrected by comparing the coordinate parameterization
with an affine parameterization .
The null geodesics of Rindler spacetime are easily found from the null condition ,

0 = S,,b VV = -xz i z + x2 ( 6 .4 .4)
where k" is the geodesic tangent and the dot denotes derivative with respect to affine
parameter . Equation (6 .4.4) implies tha t
(dt/dx)z = 1/x2 (6 .4 .5)
so that along each geodesic, we have
t = tln x + constant (6 .4 .6)
where the plus sign refers to the "outgoing" geodesics, and the minus sign refers to
"ingoing" geodesics . Thus, we may define null coordinates (u, v) by
u = t - In x

(6 .4.7)

v = t +

x

In

(6 .4.8 )

In the coordinates (u, v), the metric components are simpl y

ds2 = -e°-" du dv (6 .4 .9)
In making the coordinate transformation, equations (6 .4 .7) and (6 .4 .8), we have
not yet achieved our goal of analyzing the singularity at x = 0, since the coordinate
ranges -oo < u < oo and -oo < v < oo still correspond only to the region x > 0
of the original Rindler spacetime . However, we are now in a position to reparameterize the null geodesics by new coordinates U = U(u), V = V(v), which will
show how to extend the spacetime beyond "x = 0" (or, beyond "u = 00" and
"v = -oo") . The form of the metric, equation (6 .4 .9) is sufficiently simple that we
could easily guess this transformation, but in order to be more systematic we
calculate the affine parameter along the null geodesics . This is most easily done by
using the fact that the "time translation vector" (a/at)a of the original Rindler metric,
equation (6 .4.3), is a Killing field, and thu s

E = -gab k°(d/dt)b = xz dt/dA

(6 .4 . 10)

is a constant of the motion, where A is the affine parameter . Thus, for the outgoing
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null geodesics, substituting for x and t from equations (6 .4 .7) and (6 .4 .8) and setting
u =constant, we find
A = 2E

J

e

dv = C + (e-"/2E)e°

(6.4.11)

where C is a constant . Thus, A,,„, = e° is an affine parameter along the outgoing
geodesics . A similar calculation shows that A;,, = -e-u is an affine parameter along
the ingoing geodesics . (Note that the finite ranges of k„, and A ;,, show that all the null
geodesics of the original Rindler spacetime are incomplete .) This suggests that we
make the coordinate transformation U = -e-", V = e°, which puts the metric in the
extremely simple form,

(6 .4.12)

ds2 = -dU dV

The original Rindler spacetime corresponds to the coordinate ranges U < 0,
V > 0 . However, there is no longer any singularity in the metric components at
U = 0 or V = 0, so we may now extend the spacetime by allowing the ranges of U
and V to be unrestricted, - 00 < U < oo, -oo < V < oc . The final coordinate transformation T = (U + V)/2, X = (V - U)/2, converts the metric to the immediately recognizable form,

(6 .4 .13)

dsZ = -dT2 + dX2

showing that our extended spacetime is just Minkowski spacetime !
The original coordinates (t, x) are given in terms of the final Minkowski coordinates (T, X) by
x = (X 2 - T 2 )' /2

(6 . 4. 14 )

t =tank - 'tank-'(T/X) (6 .4.15)
From equations (6 .4 .14) and (6 .4 .15), it can be seen that Rindler spacetime is simply
the wedge X > I T I of Minkowski spacetime, i .e ., region I of Figure 6 .8 . Exam-

II

T

x= 0

L
X

t = ;°°

l Y / \ k

t =constan t

I
x =constant

x=0
t= - CO

Fig . 6 . 8 . Rindler spacetime, displayed as the " wedge," 1, of two-dimensional
Minkowski sp acetime .
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ination of equations (6 .4.14) and (6 .4 .15) or of Figure 6 .8 shows the nature of the
coordinate singularity : The null lines X = {-T are mislabeled by the original coordinates as x = 0, t = too. Our transformation to the null geodesic coordinates (U, V)
allowed us to "break through" the coordinate barrier at X = I T I and extend the
spacetime to all of Minkowski spacetime .
Note that the "time translation symmetry" of the Rindler metric, equation (6 .4.3),
really corresponds to the "boost symmetry" of Minkowski spacetime . The observers
at constant x undergo the uniform acceleration a = 1 /x, which diverges as x -+ 0.
It is easy to check that static observers in the Schwarzschild spacetime must undergo
a proper acceleration (in order to "stand still" in the "gravitational field") given by
a = (1 - 2M/r)- "M/r2, which diverges as r --> 2M . Thus, the behavior of the
Schwarzschild time coordinate as r -* 2M is analogous to the behavior of the Rindler
time coordinate as x -+ 0 . (Indeed, the mathematical analogy between the two
metrics could be made more manifest by introducing a new space coordinate y = x2
to put the Rindler metric in the form ds2 = -y dt2 + 4y-' dyz .) Therefore, it should
not be surprising that the coordinate singularity of the Schwarzschild spacetime at
r = 2M is closely analogous to that of the Rindler spacetime, as we now shall show .
The Schwarzschild spacetime is, of course, four-dimensional, but, because of the
spherical symmetry, only the two-dimensional "r-t part" of the metric is of importance for analyzing the nature of the singularity at r = 2M. Hence, we shall study
the two-dimensional metric

dsz = -(I - 2M/r)dt2 + (1 -- ?M/r)-' dr2 (6 .4 .16)
We apply the two-dimensional method described above, using the outgoing and
ingoing radial null geodesics of the Schwarzschild spacetime . The null condition,
analogous to equation (6 .4 .4), i s

0 =g ab le°kb = _ ( 1 - 2M l r) t z + (1 - 2M/r) -l rz

(6 .4 . 1 7)

which implies
(d,)2

r
2
drr - 2M ~

(6.4.18)

Thus, the radial null geodesics of Schwarzschild satisf y
t - {-r* + constan t

(6.4 . 19 )

where the "Regge-Wheeler tortoise coordinate" r* is defined b y

r, =r+2M ln (r/2M - 1 )

(6 .4 .20)

so that dr*/ dr = (1 - 2M /r)- ' . We define the null coordinates u, v by
u = t - r, ,

(6.4.21 )

v=t+r,

(6.4.22)
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In these coordinates,' the metric (6 .4 .16) takes the form

ds2 = -(1 - 2M/r) du dv

,

(6 .4 .23 )

where r is now viewed as a function of u and v, defined implicitly b y

/ r
r+2Mlnl2M-1

=r,=(u--u)/2

(6 .4 . 24)

Using equation (6 .4 .24), we can rewrite equation (6 .4 .23) as
-r/2M

ds2 = - ZMe ec''-u>laM du dv
r

(6 .4 . 25)

where we have factored the metric components into a piece, e -'12M /r, which is
nonsingular as r --* 2M (i.e ., as u --+ oo or v --+ -oo) times a piece with simple u and
v dependence . Comparison with the Rindler case, equation (6 .4 .9) (or calculation of
the affine parameter along the null geodesics) suggests that we define new coordinates U and V by
M
(6 .4.26)
U = -e-u1 a

(6 .4.27)
in terms of which the metric become s

32M 3 e -'1 '~''

ds 2 = - dU dV
r

(6.4. 28)

There is now no longer a singularity at r = 2M (i .e ., at U = 0 or V = 0), and thus
we can extend the Schwarzschild solution by allowing U and V to take on all values
compatible with r > 0 . The singularity which persists at r = 0 is physical-as
1
mentioned above, the curvature scalar Rab~dR `d blows up there-so it cannot be
eliminated by a further coordinate transformation .
If we make the final transformation T = (U + V)/2, X = (V - U)/2, the full
Schwarzschild metric takes the final form given by Kruskal (1960) (see also Szekeres
1960),
32M 3 e- ./~r
(6 .4.29)
ds2 = (-dT2 + dX2) + r2(dB2 + sines do)
r
The relation between the old coordinates (t, r) and the new coordinates (T, X) is given
by

r
~2M

_

1)e r/2M

= X2

- T2

= In X + T) = 2 tanh-'(T/X)
(

(6.4. 30)
(6 .4. 31 )

9 . The "hybrid" coordinates (u, r) or ( v, r) are known as Eddington - Finkelstein coordinates (Eddington 1924; Finkelstein 1958 ) .

154 The Schwarzschild Solutio n

and in equation (6 .4.29), r is to be viewed as the function of X and T defined by
equation (6 .4 .30) . The allowed range of the coordinates X and T is given by the
condition r > 0, which yields
X2

- TZ > -1 (6 .4.32)

A spacetime diagram for the Kruskal extension is shown in Figure 6 .9 . The causal
structure of the extended Schwarzschild spacetime is easily seen from the diagram
since, by construction, the radial null geodesics are 45° lines in Kruskal coordinates .
The Kruskal extension is remarkably similar to the extension of the Rindler spacetime, the major differences being (1) the Schwarzschild spacetime is fourdimensional, so each point in Figure 6 .9 really represents a two-dimensional sphere
of radius r and (2) there are physical singularities in the extended region at
X = ±(TZ - 1)F12, as shown . Note that the singularities at "r = 0" have a spacelike
character and exist in the future of region II and the past of region III, rather than
corresponding to "a timelike line at the origin of coordinates" as a naive interpretation of the Schwarzschild coordinates (t, r) might have suggested . The bad
behavior of the coordinates (t, r) can also be seen in the "Kruskal diagram" 6 .9 . From
equation (6 .4.30) we see that Dar = 0 at X = T = 0, and it is not difficult to verify
that the static Killing field ~° vanishes there also . Note also that Var and 6a become
collinear along the null lines X = ±T . The vanishing of 6a at X = T = 0 leads to
a mislabeling of the lines X = ±T as "t = -too" analogous to the behavior of the
t-coordinate in Rindler spacetime . Note, however, that although the Kruskal coordinates are very convenient for analyzing the "strong field" region of the Schwarzschild
geometry, they are not convenient for analyzing the asymptotically flat region,
r -3l. 00 .
The extended Schwarzschild spacetime has a rather surprising structure . The
region I of Figure 6 .9 corresponds to the original region r > 2M of the Schwarzschild solution, and can be interpreted physically as representing the exterior grav-

r = 0/

T L II r=2M
t=
X I con stan d

T
III r=2 M
t= - ° O
r= 0

Fig . 6 . 9 .

r : constant

The Kruskal extens ion of Schwarzschild spacetime .
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itational field of a spherical body . However, a radially infalling observer in region
I will cross the null line X = T and enter region II . Once this observer has entered
region II, he can never escape from it . Within a finite proper time (see problem 6)
he will unavoidably fall into the singularity at X = (T 2 and, indeed, any
light signal he sends from region II will remain in region II and also will fall into the
singularity . For this reason, region II is referred to as a black hole. (A general
definition of the notion of a black hole will be given in chapter 12 .) Region III has
exactly the "time reversed" properties of region II, and is referred to as a white hole .
Any observer present in region III must have originated in the spacetime singularity
atX = -(T 2 - 1)1/2 and, within a finite time, must leave region III . Finally region
IV has properties identical to the original region I . It represents another asymptotically flat region of spacetime which lies "inside" the "radius" r = 2M . How this
can occur is best illustrated by examining the geometry of the spacelike surface
T = 0, which is shown in Figure 6 .10 . Note, however, that an observer in region
I cannot communicate with any observer in region IV ; as seen from Figure 6.9, a
light signal sent from region I toward region IV will instead go into the black hole
and be "swallowed up" by the spacetime singularity .

= 2M

Fig . 6 .10 . The spatial geometry of the hypersurface t = 0 of the Schwarzschild
spacetime, shown as it would look if it were embedded in flat space . (One dimension
is suppressed, i .e ., the topology of the hypersurface is R X SZ, not R X S', so each
circle-such as the one shown at r = 2M-really represents a two-sphere .) The
portion of the surface lying above the "throat" at r = 2M in the figure correspond s
to the portion lying in region I of Figure 6 .9 ; the portion below r = 2M lies in
region IV of Figure 6 .9 .

How much of this picture of the extended Schwarzschild solution should we take
seriously? The extended Schwarzschild solution is, of course, a perfectly valid
solution of the vacuum Einstein equation, and as such, represents a possible structure
for spacetime in general relativity . However, in order to "produce" the fully extended
Schwarzschild solution, we must "start" with two asymptotically flat regions of
spacetime together with an initial singularity in the region III which connects them .
There is no reason to believe that the initial configuration of any region of our
universe corresponds to these initial conditions, so there is no reason to believe that
any region of our universe corresponds to the fully extended Schwarzschild solution
(although, of course, this possibility cannot easily be ruled out) . However, as
discussed in section 6 .2, sufficiently massive bodies will undergo complete gravitational collapse . The interior metric of these bodies will not be the Schwarzschild
metric since T,,b 4 0 there, but at all stages of the collapse the metric outside a
spherical body will be the Schwarzschild metric, since, as mentioned at the end of
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section 6 . 1, it is the only spherically symmetric vacuum solution of Einstein's
equation . Therefore, the spacetime geometry corresponding to the gravitational
collapse of a spherical body will be as shown in Figure 6 .11 . All of regions III and
IV (as well as parts of regions I and II) will be "covered up" by the matter and thus
replaced by a "normal" spacetime region . However, a spacetime region corresponding to region II of the extended vacuum Schwarzschild spacetime will be produced
when the radial coordinate of the collapsing body becomes less than 2M . Another
representation of the spacetime geometry resulting from spherical collapse is shown
in Figure 6 .12.
Thus, regions III and IV of the extended Schwarzschild solution are probably
unphysical, but region II is of great physical importance : The complete gravitational
collapse of a spherical body always produces a Schwarzschild black hole region of
spacetime .

r= 0

r= 0
(origin of
caardinotes )

Fig . 6 .11 . T he spacetime resulting from the complete gravitational collapse of a
spherical body . All of regions III and IV of the ex tend ed Sch warzschild spacetime
(Fig . 6 .9) are "covered up" by the collapsing matter . However, (part of) the black
hole region II is produced .

Problems 15 7
--~' --r-
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r=2M
~ I

collapsing
matter

Fig . 6 .12 . Another representation of the spacetime of Figure 6 .11 . Here, one of
the two suppressed spatial dimensions is restored, so each of the circles shown on
the collapsing body corresponds to the 2-sphere surface of the body at an instant of
time . However, the light cones no longer are represented by 45° lines . Indeed, the
spacelike nature of the singularity and the inevitable capture by the singularity of any
particle or light ray in the region r < 2M is illustrated here by the "tipping over" of
the future light cones in the strong field region .

Problems
1 . Let M be a three-dimensional manifold possessing a spherically symmetric Riemannian metric with Dar # 0, where r is defined by equation (6 .1 .3) .
a) Show that a new "isotropic" radial coordinate r can be introduced so that the
metric takes the form ds2 = H(r)[dr"2 + r2 dSZ2] . (This shows that every spherically
symmetric three-dimensional space is conformally flat . )
b) Show that in isotropic coordinates the Schwarzschild metric i s
ds2 = - ~l + M/2r)Zdt2 +

(1 + M}4[dr"2 + r2 dSZ2] .

2 . Calculate the Ricci tensor, Rab, for a static, spherically symmetric spacetime,
equation (6 .1 .5), using the coordinate component method of section 3 .4a. Compare
the amount of labor involved with that of the tetrad approach given in the text .
3 . Consider the source-free (j° = 0) Maxwell's equations (4 .3 .12) and (4 .3 .13) in
a static, spherically symmetric spacetime, equation (6 . 1 .5).
a) Argue that the general form of a Maxwell tensor which shares the static and
spherical symmetries of the spacetime is Fab = 2A (r)(eo) [Q (e ,)6l + 2B (r)(e2)[a {e3}bl,
where the (eµ)p are defined by equation (6 .1 .6) .
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b) Show that if B (r) = 0, the general solution of Maxwell's equations with the
form of part (a) is A (r) = -q/r2, where q may be interpreted as the total charge .
[The solution obtained with B (r) * 0 is a "duality rotation" of this solution, representing the field of a magnetic monopole . ]
c) Write down and solve Einstein's equation, Gab = 8 7rTQb, with electromagnetic
stress-energy tensor corresponding to the solution of part (b) . Show that the general
solution is the Reissner-Nordstrom metric ,
2)/
2M q z
'
2Y +
drZ+r2dS22
+
I1 --RZ
ds2 = - 1 --Z
r r ~ dt2 + ~ r
r
4. Let (M, gam ) be a stationary spacetime with timelike Killing field 611 . Let
VI

_ea 6

a) Show that the acceleration ab = u° VQub of a stationary observer is given by
ab = V In V .
b) Suppose in addition that (M, gab) is asymptotically flat, i .e ., that there exist
coordinates t, x, y, z [with 6a = (a/ar)°] such that the components of gab approach
diag(- 1 , 1, 1, 1) as r --> oo, where r = (x2 + y2 + z2)1/2 . (See chapter 11 for
further discussion of asymptotic flatness .) As in the case of the Schwarzschild
metric, the "energy as measured at infinity" of a particle of mass m and 4-velocity
u° is E = -me°ua. Suppose a particle of mass m is held stationary by a (massless)
string, with the other end of the string held by a stationary observer at large r . Let
F denote the force exerted by the string on the particle . According to part (a) we have
F = mV-'[ % V V aV]` / 2 . Use conservation-of-energy arguments to show that the
force exerted by the observer at infinity on the other end of the string is F . = VF.
Thus, the magnitude of the force exerted at infinity differs from the force exerted
locally by the redshift factor .
5 . Derive the formula, equation (6 .3 .45), for the general relativistic time delay .
6 . Show that any particle (not necessarily in geodesic motion) in region II (r < 2M)
of the extended Schwarzschild spacetime, Figure 6 .9, must decrease its radial coor[ZM/r - 1]'/Z . Hence, show that the maximum
dinate at a rate given by I dr/dT I
lifetime of any observer in region II is z = 7rM [- 10-5(M/Mo) s], i .e., any observer in region II will be pulled into the singularity at r = 0 within this proper time .
Show that this maximum time is approached by freely falling (i .e ., geodesic) motion
from r = 2M with E --* 0.

PARTII

ADVANCED TOPICS

SEVEN

METHODS FOR SOLVING EINSTEIN'S EQUATIO N

The theory of general relativity presented i n chapter 4 provides a complete classical
description of spacetime structure and gravitation. All physic ally possible spacetimes
correspond to solutions of Einstein's equation (4 .3 .21 ). Thus, by solving Einstei n's
equation for spacetimes of physical interest, we can obtain complete predictions for
the phenomena of. interest . Unfortunately, Einstein's equation translates into a complicated coupled system of nonlinear partial differential equations and, as with most
nonlinear partial differential: equations, there exist no general methods for obtaining
all solutions . Indeed, aside from the Robertson-Walker and Schwarzschild solutions
.Kerr solution (see chapter 12), and some
(discussed in detail i n chapters 5 and 6),
other solutions mentioned in the present chapter, very few solutions o f physical
interest have been found.
In this chapter, we shall discuss some of the methods which have been employed
to obtain physi cally relevant solutions. Ou r discussion of successful methods is far
from exhaustive . Furthermore, we shall make no attempt to enumerate all the
solutions which have been obtained or discuss the ir prop erties. Rather, our purp ose
here is to present some of the most important techniques: for extracting solutions .
In section; 7.1 we analyze solutions with stationary and ax-isymmetric symmetry
and show how Einstein's equation in vacuum can be reduced to a system of two
coupled equations for two unknown functions together with a further quadrature .
Unfortunately, even these equations are difficult to salve directly, except in the static
case, where the compleft solution can be found . In section 7 .2 we analyze spatially
homogeneous (but not isotropic) cosmological models and show -hp w Einstein's
equation can be reduced to solving a coupled system of ordinary differential Pquations . Ouch a system always can be solved num$rically, if not analytically, so there
is no obstacle to obtaining all homogeneous cosmological solutions .) In section 7.3
w e give a brief des cription of the pr ure for obtaining solutions by assuming
special algebraic properties of. the Weyl . tensor as a simplifying hypothesis . This
technique has produced a wealth of solutions, though only a few of direct physical
interest . In section 7 .4 we outline aprocedure for constructing new solut ions from
a given solution with a Killing vector Meld , ..This technique has proven particularly
useful for generating -stationary, axisymmetric solutions . Finally, in section 7.5 we
derive the equations governing small perturbations from a known exact solu ti on.
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Although it may not be possible to find nearby exact solutions, a great deal of useful
information often , can be obtained from perturbation theory .
7.1 Stationary, Axisymmetrfc Solutions
As already mentioned in sect ion b . 1, a spacetime is said to be stationary if there
exists a one-parameter group of isometries ffr whose orbi ts are timelike curves . Thus,
every stationary spacetime possesses a timelike Killing vector field e (see appendix
Q . (Conversely, every spacetime with a timelike Killing vector field whose orbits
are complete is stationary .) Similarly , we call a spacetime axisymmetric if there
exists a one-parameter group of isometries X# whose orbits are closed spacelike
curves , which implies the existence of a spacelike Killing field 0° whose integral
curves are closed . We call a spacetime stationary and axi symmetric if it possesses
both these symmet ries and if, in addition, the actions of ar, and X# commute:

at o X# -- X0 o a,

(7.1 .1 )

i. e . , the rotations commute with the time translations. This is eas il y seen to be
equivalent to the condition that the filling vector fields f° and *" commute,

Stationary , ax isymmetric spacetimes are of considerable interest in general relativity since they describe equilibrium configurations of axisyrnrr etric, rotating bodies .
Thus, in particular, in order to general ize the results of section 6.2- to account for
rotation, we must be able to solve Einstein's equation with perfect fluid source in the
presence of these symmet ries . Stationary, axisymmetric vacuum solutions are also
of greatinterest, since they desctibe the exterior gravitational field~f rotating bodies
and would be needed to match onto the interior solutions .
The commutativity of V and t~1'a implies that we can choose coordinates fX4 = t,
XI ; X3 ) so that both e ° _ (O/ dt)a and
x'
(-O/ ao)l are coord inate vector
fields. As discussed in appendix C, the metric components in such a coordinate
system will be independent of t and ~6, so ,the metric will take the form

ds2 ~ 2 8,,,(x , x~ )dxwdx `

(7:1 .3)

j c, y

Thus, we must solve for 10 unknown functions, gµY, of two variables: We shall
show, now, that by a further careful selection of coordinate s ystem , a weak further
assumption (see hypothesis i of theorem 7 . 1 . 1 below) and some use of Einste in's
equation, we can reduce the metric to a form involving only three func tions of two
variables (see eq. [7. 1 .22} below), and reduce the problem of solving Einstein's
equation to that of solving two equations for t wo unknown functions (see esgs.
[7 . 1 .24] and [7 .1 .251 below) together with a quadradure for a third function (see eqs .
[7. 1 .26] and [7. 1 .27D.
The first crucial simpl ification arises from the fact that under the hypotheses of the
following theorem, the two-dimensional sub spaces of the tangent space at each point
which are spanned by the vectors orthogonal to f° and ~V are integrable , i . e., tangent
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to two-dimensional surfaces . We shall state and prove the theorem first and then
discuss its implications for simplifying the general form of stationary, axisymmetric
metrics.
TMott EM 7. 1 . 1 . Let e° and 4i° be two commuting Killing fields such that (i)
e[Q 4 ~c fd] and f[a *b 0c *d] each van ishes at at least one point of the spacetime
(which, in particular, will be true if either Ca or *" vanishes at one point) and
(ii) fa Rp Ibe`+fidI = zfia Ra "'C`+/i d' = 0. Then the 2 p1'anes orthogonal to C°artd *°
are integrable .
Proof. This theorem is a di rect appl ication of Frobenius's theorem (see appendix
B) . We want to know when the planes orthogonal to the 1-forms & and 0. are
integrable. According to the dual formulation of Frobenius's theorem (theorem
B . 3.2) the necessary and sufficient cond itions for integrability are

(7. 1 .4)
! Ahl I-

(7 .1 .5)

where (µ 1)a, (µ2)p, (a I)., (a2)a are arbitrary 1-fornns. We shall establish the theorem
by proving that equation (7. 1 . 4) holds; the proof that equation (7 .1 .5) also holds
follows in an identical manner . Equation (7 . 1 . 4) is equivalent to
yf[a fb Vc Sd] = 0

(7 .1 .6)

s

which, in turn, is equivalent to
eaWO° Cb 0`fd =

0

(7 .1 .7)

where is the volume element associated with the metric (see appendix B) . We
define the twist, wa, of f° by
W. = Eabcd f' 0

cfd

(According to eq. [B .3 .6], (aQ measures the failure of
onal.) Our task is to show that efi ° wa = 0.

(7 . 1 . 8)
to be hypersurface orthog-

By hypothesis (i), we know * ° &~, vanishes at at least one point, so it will vanish
everywhere if and only if its derivative is identically zero . We have
Ob

Q'b Wa + tt?a 0b*a

= t la Op (t1, + fda 06 *a + 24s'2 0[6 wad

(7.1 .9)
where the formula (C. 2.13) for the Lie derivative was used . However, the group of
diffeomorphisms X# generated by 41° leaves jr invariant (since 41° and f° commute)
and leaves the metric invariant (since r° is a Killing field) . Hence, X# must leave
invariant any tensm, field that can be constructed uniquely out of f" and the metric .
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Since c4 is such a tensor field, we must. har e'
£*CVb = 0 (7 . 1 . 10)
Thus, to complete the proof, we need only compute 7bwa] . We have
E abcd +Cj~ W _ E ab cdE
d
&f, vc W*V S B)

, (61c Va el)

where equations (B . Z. 11 ) and (B .2. 13) were used . Now, using Killing' s equation
(C. 3. 1), we have
--~

However, we find
V ( c
6b) = (V f )Vpeb + CcV
6b
c ~ va
cQ a

=0

(7.1-13)

Here the trace of Filling's equation was used to eliminate the first term, while
equation (C.3 .6) was used to express the second term in terms of the Riemann tensor .
The aEntisymmetry of the Riemann tensor in its last two indices was used to get ,the
final conclusion . On the other hand, we have
V(" Q c ea + S av g f J =

( gb)(
f ) + (Vce)(V fc) + fb vc v c fa + Ca vcv 8 fc
~
0c a
b
S

2& D~ Q lcl fal

where Killing 's equation was used to get the second line and equation (C.3 .9) was
used to get the third line. Thus, we find
V1a Wb) - ~ ~ 'E~'d E~V wl
=

r` eabcd

dt

(7 .1 .15)

and, finally,
Vb (*a Wa) = Ztp" V[b raj
_ "'_2 E
bacdyta S cRde~°

=Q

(7 .1 .16)

by hypothesis (ii). This completes the proof. Cl
1 . Another way of seeing this is that in a, coordinate syste m adapted to both e ° and #* °, any tensor
Tom . . . T . . .d whose components T° . . .'~a . . :.v are constructed out of the. components j" and g,y and their
= 0, which proves that f# T° . . .o . . .d = 0 accord coordinate derivatives must satisfy
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The hypotheses of theorem ? .1 .1 will be satisfied in a wide range of stationary,
axisymmetric spacetimes of physical interest . In particular, if the spacetime is
asymptotically flat, there must be a "rotation axis" on which qi° vanishes, so hypothesis (i) will be satisfied . For a vacuum spacetime, we have Rte, = 0, so hypothesis
(ii) is trivially satisfied . In addition, hypothesis (ii) will also be satisfied when the
matter stress-energy T,,b = (81r) -' (Its, - I g bIt) has the form of a perfect fluid with
4-velocity in the plane spanned by f° and *a (i .e., circular flow) or if Tb is the stress
tensor of a stationary, axisymmetric electromagnetic field (Carter 19 69) .
For spacetimes which satisfy the hypotheses of theorem 7 . L 1, we may choose
coordinates x2, x3 in one of the orthogonal two-surfaces and "carry" these coordinates to the rest of the spacetime along the integral curves of e° and *°. In the
coordinates (t, 0, x2, x3), the metric components take the form

f- v
8~~

W 0
X 0
922

\(sym.)

0
0
Sze

(7.1 .17)

$33

where V _ -goo= r`&far w ' g01 ' _ fa 4k,, X - g 11 = 4ia W'a , and the 2X 2
block of zeros expresses the orthogonality of afax 3 and a/ a'x 3 with a/& and 0/,94p.
(A physical interpretation of W is established in problem 3.) Thus, theorem 7 .1 . 1
allows us to .reduce the number of nonvanishing met ri c component s to six . Without
theorem 7 . 1 . 1 , only t wo metric component s in the Z x Z dock could be set to zero
by use of the coordinate freedom available in a coordinate system adapted to f°
and 41°.
We still have not specified how the two-surface coord inates x2 and z 3 are to be
chosen, and, as we shall see, significant fu rther simplification can be achieved by a
judicious choice of these coordinates . We define the scalar function p by

i .e ., p2 is minus the determinant of the t - 40 part of the metric . Assuming V. P VE 0 ,
we choose p as one of the coordinates, x2, of the two-surface . We choose the other
coordinate, z, = x 3, so that Daz is orthogonal to V. P. [This is accomplished by setting
z = constant along the integral curves of V°p, which uniquely determines z up to the
transPornations z -o- z' = f(z) .] In the coordinates t, 0, p, z the metric takes the
form
ds2 = - V (dt

-

w do)2 + V-' 1 p2d0 2 + fZ2(dp2 + 11dz ) (7.1 .19)

where w = W/V. Thus, we have reduced the unknown metric components to four
finctions, V, w, fl, A of two variables p, z. Equation (7 .1 . I9) is the general form
of a stationary, ansymmetric spacetime satisfying the hypotheses of theorem 7, 1 . 1 .

ing to equation (C .2 .4) . That £#oji, = 0 holds, of course, also could be proven directly using the foTmulas
of appendix C (problem 1) .

166 Methods for Solving Einstein's Equatio n

The form of the metric can be s impli fied further for vacuum spacetimes , R,,b = 0.
The components of R ,.,b in the plane spanned by f" and qi° can be computed from
equation (C . 3 .9) or, alternatively, from the general coordinate basis formulas of
section 3.4a . The equation
yields
DaDa p = 0

(7 .1 .21 )

where D. is the covariant derivative operator on the t wo-dimensional surface spanned
by p and z with the induced metric ds2 = SZx(dpx + 11dz2). Thus , p is harmonic,
i. e. , it satisfies the two-dimensional Laplace equation in the two-steifaces . This has
two important consequences : (1) If p y~ constant, it can be shown that VQ p can vanish
only at isolated points . Since our coordinates p, z will be well behaved except where
0Qp = 0, this shows that our coordinate system can break down only at isolated
points. In fact, in many situations it is possible to show that %p :~ 0 everywhere,
so the coordinates p, z are globally well behaved (Carter 1973) . (2) It follows directly
from equation (7.1 .2 1) that A is a function of z alone . Thus we may use the
remaining coordinate freedom to transform z via z ---)- f A'Iz dz and thereby set
A = 1 . (Note that z then becomes the harmonic function conjugate to p; see problem
2 of chapter 3.) Except for the trivial constant re-scaling or shift of origin of the
coordinates t, 0, z, we have now completely specified our coordinate system . In
these coordinates the metric _takes the remarkably simple form (Papapetrou 1953,
1966)

ds 2 = -V(dt - w do)' + V-'[pxdox + e 2y(dp Z + dz 2)] (7. 1 . 22)
where y
ln(VSZ2). Note that in flat spacetime (V = 1, w = y = 0), the coordinates (0, p, z) are'ordinary cylindrical coordinates .
In deriving equation (7 .1 .22), we have used Einstein's equation thus far only in
hypothesis (ii) of theorem ? .1 .1 and in equation (7 .1 .20) . The remaining components
of the vacuum Einstein's equation R,,b = 0 can be computed in a straightforward
manner using the methods of section 3 .4a . We shall not present the details here but
will merely quote the final results . We obtain four independent equations for V, w,
and y. The first two involve only V and w and are most conveniently formulated by
defining an (unphysical) flat three-dimensional metric ,
ds2 = p 2d02 + dpi + dig`

(7 . 1 .23)

and expressing the equations in terms of the flat c Srivative operator Q associated with
this metric. (We use the usual vector notation V rather than the index notation to
avoid confusion with the derivative operator associated with the true space time
metric .) In this way , the first two equations may be viewed as equations for axisymmetric scalar fields V. w in the unphysical three -dimensional flat space of equation
(7. 1 . 23) . The equations are :
D • {V'' VV+ p 2 V 2w Vw} = U
D • {p _2 V2~w} = 0

(7.1 .24)
(7 .1 .25)
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ay ~ i ~ av 2
'~vaA

(~)2

-

- 4p

~ v2 a- aZ

YI

' (7 . 1 .26)

The last two equations are in danger of overdetermining y. However , the integrability condition a 2'Y / o-iaP = a2'Y jdp& is identically satis fied by virtue of equations
(7 . 1 .24) and (7.115). Hence, given a solution of equations {7 . 1 .24} and (7: 1 .25) ,
a solution of equations (7 .1 .26) and (7 .1 .27) always exists and is unique up to the
addition of a constant. This-solution can be obtained by performing a line integral
of the right sides of equations (7. I .26) and (7.1 .27), i . e ., explicitly,
'Y(P)

?' (4

) = f4l,

p dp + ~ dz

(7 .1 . 28)

Thus, apart from the computation required to find y explicitly, the problem of
solving for all stationary , isym n~etric vacuum solutions of Einstein's equation has
been reduced to solving equations (7-1 .24) and (7.1 .25) for the. two axisymmetric
functions V and w in ordinary three-dimensional Euclidean space . This is a remarkable simplification of the original problem of solving the full set of Einstein's
equation for 10 unknown functions 8,,,,: Nevertheless, these equations are still
sufficiently difficult to solve that with the except ion of static solutions discussed
belowalmost no solutions have been found by direct attack on equations (3.1 ; 24)
and (7 .1 .25). (In cases where solutions have been obtained, it often has proven
useful to work with coordinates otheF' than p and z LZipay 1966; Chmdrwekhar
19831.) The equations can be reformulated through the i ntroduction of potentials
(Ernst 1968), and a few solutions of interest have been found by direct study of these
modified equations (Tarp nna Etsu and Sato 1972, 1 973): However, recent progre ss in
methods for generating solution: (discussed briefly in section 7 .4 below) his .produced algorithms for obtaining all the asymptotically flat stationary, axisymmetric
solutions, although the computations required in this procedure remain fcnmidable.
The majorexception were direct act has been completely successful is the case
of static, axisymmetric space times (with the axisymmetric Killing field 0° lying in
the hypersurfaces orthogonal to the static Killing field) . In that case, we have w = 0,
so equation (7.1 .25)- .is trivially satisfied, and if we define X = In V, equation
(7.1 .24) reduces to simplyV2

X~0

(7.1 .29)

i.e., X is an axisymmetric . solution of the ordinary Laplace equation in three dimensional flat space . Since all such solutions of this equation are e xplic itly known ,
all static, axisymntetric solutions of Einstein's equation can be obtained . Thi,s analysis of the static, axisy nmetr c sp t
s was first carried out by Woyl (1917), and
the solutions are often referred to as the Weyl solutions. It should be pointed out that
the properties of the solution of equation (7 . 1 .2}) do not tran slate in a simple way
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into properties of the spacetime metric it generates . Specifically, the monopole
solution of Laplace's equation does not generate a spherically symmetric spacetime .
To obtain the spherically symmetric Schwarzschild solution by this procedure, one
must choose X to be the potential of a finite rod on the z- axis (centered on the origin)
with constant mass per unit length .

7.2 SpatiaRy Homogeneous Cosmologies
In chapter 5 we studied in detail the solutions of Einstein's equation which are
spatially homogeneous and isotropic . These models successfully account for many
of the observed properties of our universe. However, our universe certainly is not
exactly homogeneous and isotropic, and one would like to have a better understanding of the possible dynamical behavior of the universe in the absence of these
syninetries . We already showed in chapter 5 that spatial isotropy at each point
implies spatial homogeneity, so the simplest first step toward generalizing the
Robertson-Walker models would be to obtain the spatially homogeneous but anisotropic solutions . We would expect this be a tractable problem, since on amount
of the spatial symmetry, only the- time variations should be nontrivial . Thus,
Einstein's equation should reduce to a system of ordinary differential equations . The
main purpose of this section is to demonstrate that this is indeed the case by outlining
the derivation of equations (7 .2,41)-(7 .2.43) below. The solutions to these equations
provide interesting models for the possible behavior of the universe near an initial
singularity (Collins and Ellis 1979) .
We already defined a spatially homogeneous spacetime at the beginning of chapter
5 as one which possesses a group of isometries whose orbits . spacelike hypersurfaces which foliate (i .e., pass through every point of) the spacetime . Our first task
is to define more precisely the nature of the group of isometrics we seek and to
develop some important properties of such groups . The notion of a Lie group which
we are about to define generalizes to "m parameters" the notion of a 1-parameter
group of transformations discumed in section 2 .2 .
First, we remind the reader that a group I is simply a set together with a map
W x % -, cfi (called "multiplication') and a preferred element e (called the identity
element) such that: (1) the meeltiplication law is associative, gt(S2g3) = (8 18"2)83;
(2) for all g EE fir, wt have eg = ge = g; X1(3) for every g E I ttere is an element
of %--denoted g- I and called the inverse of g-such that gg ' = g` g = e .
Many sets consisting of a finite number of elements provide examples of groups.
A good example of a group with infinitely many elements . is the collection of
diffeomorphisms of a manifold M with "multiplication" given by composition,
00 = Rio 0, and e taken as the identity map, e (P) = P for all p E M . Similarly, the
collection of isometries of a manifold M with metric g b also forms a group (which
is a subgroup of the group of diffeomorphisms), since the composition of two
isometries is an isometry, and the inverse of any isometry is an isometry .
A Lie group, G, of dimension m is a group which is also an m-dimensioml
manifold such that the inverse map (g) = g-' and the multiplication map
A8 1 , gz) = 8 82 are smooth (C'°). Thus, the elements of a Lie group can be charac-
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terized locally by m parameters, and the multiplication and inverse operations depend
smoothly on these parameters . The group of diffeomorphisms of a manifold M does
not yield a (finite dimensional) Lie group, since this group is "too big" to be
characterized by rn parameters . However, it is possible to show that the group of
isometries always yields a (possibly zero-dimensional and possibly disconnected)
Lie group . In fact, an argument given in section C .3 of appendix C shows that on
a manifold, M, of dimension n, the Lie group of isometries cannot have dimension
greater than n(n + 1)/2 . We establish, now, a number of properties of Lie groups
which will be used below in our analysis of homogeneous cosmologies .
Let G be a Lie group of dimension in . It follows from the smoothness of i and,
that for each h E G the map

called left translation by h, is a diffeonnoFphism . Let 4kh* denote the map on tensors
induced by Oh (see appendix Q. If a vector field 0 ° on G satisfies
*h* V a

=

Va

( 7. 2 . 2)

for all h E G, then v a is called left invariant. More generally , a tensor field invariant
under qih for all h E G is said to be left invariant. It is easy to s ee that the left
invariant vector fields form a vector space since sums and scalar multiples of left
invariant vector fields are also left invariant . Clearly, a left invariant vector field is
determined by its value at Y, the tangent space at the identity element, e, since if v °
is left invariant, we have
'v aI h = Oh ~ v4 W

(7 . 2 .3)

Conversely, if we define a vector field in terms of its value at e by equat ion (7. 2 .3),
we produce a left invariant vector field. Thus , the- left invariant vector fields on G
form an m- dimensional vector space.

Now , if ~ is any a~ ffeorno~~ sm on any manifold and
vector fields, wehave

va and wQ are any two

where [ , J denotes the commutator, defined in section 2. 2 above. Thus , if 0° and
w° are left invariant vector fields on a Lie group, the commutator [v, w p also will
be a left, invariant vector field . Since .the CUrilmutator. depends linearly on v and w°:
this implies that there exists a left invariant tensor fietd c° &_ such that
[V? w]° = CabOw`

(7.2.5)

The tensor field e° bc is called the structure constant tensor of the Lie group . It follows
immediately from its definition tha t

ca he - - C °~b
Furthermore, the Jacobi identity for commutators,

(7 . 2 . 6)
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implies that

(7. 2,8)
A finite dimensional vector space with a tensor c 'b, of type ( 1 , 2) satisfying
equations (7 .2 . 6) and (7 . 2. 8) is called a Lie algebra. We have shown above that the
lift invariant vector fields of a Lie group comprise a Lie algebra . Thus, every Lie
group gives rise to a Lie algebra . Conversely , it is possible to show that every Lie
algebra gives rise to a L ie group in a unique way up to global topological structure.
More precisely, given any Lie algebra, there exists a unique connected, simply
connected Lie group whose Lip algebra coincides with the given Lie algrebra .2 This
fact tremendously simplifies the analysis of Lie groups, sine Lie algebras are much
simpler objects to work with than Lie group s .
Let aa be a left invariant dual vector field. If v a is a left invariant vector field, then
aav" is constant, so
a)
= Ua QbQ'n + Qa QbUa >
0 = Qb ( aa U

(7 .2.9)

where V. is any derivative operator on G . If v° and w` are both left invariant vector
fields, we have
2v°wb Vatxb]

= (U

°1N

b

- 4?bW

,~

QaQb

i _ ,~aab Qaw b + abw a va,U b

ab

[V s w p

_ - ab C bsd U CW

d

(7 .2.10)

Thus, we find that every left invariant dual- vector field ab satisfie s

The right translation map Xh„ defined by Xh(g) = &h, also is a diffe+omorghism.
We define right invariant tensor field s analogously to left inva ri ant tensor fields. As
discussed i n -motion 2.2, any vector field generates none-parameter group of diffeomorphisms. Let xa be a right invariant vector field, and let 0, be its one-parameter
group of diffeomorpiusrns. Since x" is right invariant , we have
kh o 01 =

Ot pXh

(7 .2. 12)

for all h E G. Consequently , defining h (t) = 01(e), we have, for all g E G ,

¢t (8) -- cap o X8 (e) = X8 o Ot (e) = XB[h (t)] = h(r)S

(7 .2.13)

Thus, we find
(7. 2. 14)

i. e. , the right invariant vector fields are infinitesimal generators of left translations .
2. Existence of a Lie group associated with a Lie algebra follows from Ado's theorem (see, e .g .,
Jacobson 1962) . Existence of a simply connected Lie group follows from the universal covering group
construction described in chapter 13. Uniqueness is proven, e .g ., in Warner (1971) .
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This immediately implies that if x° is a right invariant vector field and v$ is a left
invariant vector field, we have

0

= fx v a =

[x,U P

( 7 . 2 . 15)

Similarly, if x° is a right invariant vector field and as is a left invariant dual vector
field, we have
0 = fxaa = x° VQ ab + aRVb x°

(7 .2. 16)

where V. is any derivative operator . Consequently, if x° end y a are both right
invariant but ab is left invariant, we find, by a calculation similar to that of equatio n
2Jr°yb V[4 CCbI = ynxo Da ab _` xbYa,Vaab

_

9za

(7 ,z . 17)

[X ; yp

On the other hand, by equation (7 .2 .11), we have

(7.2. 18)
Thus , we find
[ 'y
x

J

=

-C ~cb

X

ay6 s

(7 .2 . 19)

i. e., except for a change in sign , the right invariant victor fields satisfy the same
commutation relations as the left invariant vector fields: Note that equation (7 . 2. 19)
shows that c ab is also right invariant .'
Let us apply the above facts about Lie group s to homoge neous cosmological
models. By definition, in a spatially homogeneous spacetime (M, 8 b), there exists
a family of spacelike hypersurfaces £, such that for any two points p, q E 2, there
exists an element g : taf --> M of the Lie group, G, of isometries such that 8 ( p) = q .
(G is said to act transitively on each Y,,.) We will restrict attention Co the case where
for all Z and for all p, q E 1, there is a unique element g E G such that g (p) = q,
in which case G is said to act simply transitively on each Y'1. This implies
dim G = dim 'Y, = 3. In fact , almost no toss of generality results from restricting
consideration to a simply transitive action because it turns out (see, e.g . MacCallum
1979) that the only case where G does not act simply transitively or doe s not posses s
a subgroup with simply transitive action4 is the group SO (3) x R acting on the
"cylinder'" S2 x R [with the orbits of SO(3) being the two-dimensional spheres;
spatially homogeneous models with this isometry group ( called Kantowski-Sachs
models) can be treated separately by similar techniques (see , e.g., Ryan and Shepley
1975).
3. The tensor c `m,c drb i s symmetric in a and b . For semisimple Lie groups it also is pandegenerate .
Thus, semisi mple Lie groups posse ss a natural bi - invariant (i .e ., left and right invariant). metric
poi C e doC d eb•

4. In particular, the isometry groups of the homogeneous , isotropic models of chapter 5 all posses s
subgroups which have a simply transiti ve ac tio n on the homogeneou s surfaces .
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The advantage of cons idering simply transitive action is that if we (arbitrarily)
choose a point p E Y,,, we can put the elements of G into correspondence w ith the
points of El by the association g --* g(p) . (A simply transitive action is needed to
ensure that this correspondence is one-to-one .) Under this identification of G and X,,
the ac tion on £, of the isometry g corresponds to left multiplication by g on G. Thus,
the tensor fields on X, which are preserved under t he isornetries-in particular, the
spatial metric, ham, on Mr-cczrrespond prec isely to the left invariant tensor fields on
G. In particular, this means that the vector fields on X, which are preserved under
the isomet ri cs satisfy the commutation relations (.7 .2.5), and, similarly, the invariant
dual vectors satisfy equation (7 .2 .14 ) . Furthermore, the infinitesimal generators of
the isometrics on Mt-i .e ., the Ki lling vector fields of Mr-correspond to the right
invariant vector fields of G . Thus, the Killing vector fields of X, satisfy the commutation relations (7. 2.19).
Our next task is to put the metric of a spatially homogeneous spacetime with
simply transit ive group action into a useful canonical form. Consider a single homogeneous hyper-surface Mo . Ideally, one would l i ke to choose spatial coordinates
adapted to the Killing vector fields so that the c oordinate components of the spacetime metric would be independent of the spatial caor~inates . However, except for the
simple case of the translation group, G = R3 , this coot be done, since coordinate
vector fields must commute, but according to equation (7 .2. 1 9) the Killing vector
fields do not commute unless c cab = 0. Thus, in general, only one Killing vector field
can be employed as a coord inate vector field, and th is is not 'particularly useful. Thus,
instead, we choose a basis of dual vector fields (Q'),,, (Q?),, (Q3),, which are preserved under the isometries (which we can do by choosing an arbitrary basis at
p E Xo and defining the basis elsewhere by "'left translation ") . Since the spatial
metric, hit on 4 (obtained by restriction of the spacetime metric gam, to vectors
tangent t o Fo) is,, left in variant, we have
s
a, ~a t

where the components, hap, are constant on Mo, i . e . , independent of spatial posi tion.
Let p E FoY let t" denote the unit normal to Mo at p, an d let y be the geodesic
determined by (P, t°) . Then y will be orthogonal to all the spatial hypersurfaces it
intersects because, by proposition C .3 .1, the tangent to y must always remain
orthogonal to all the spatial Killing vector fields since it is init i ally. orthogonal to
them. We label the other spatially homogeneous hypersurfaces by the proper time t
of the intersection of the geodesic y with the hypersurface . Then, the vector field
t" = -D"t will be everywhere orthogonal to each 2, (since t is constant on I,), and
the integral curves of t° are all geodesics (with t°td = -1), s ince this is true along
y by construction and hence is true everywhere on each 1, by spatial homogeneity .
We define the dual vector fie lds ( a°) ,, throughout the spacetime in terms of their
values :on the initial surface 20 by "Lie transport" along t°, i . e. , by setting

fo(a`)

,= 0

(7.2. 21)
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or, equivalently, by defining (via on the hypersurface Y, by
"

('Or%(t) = 0, i [Q (0)Jo

(7 .2 .2 )

where 4 denotes the one-para met er group of diffeomorphisms generated by t a . It
follows directly from. equation (7.2.21 ) that (v%t° = 0 everywher e.

Since 4 is constructed in an entirely geometrical manner, it is not difficult to see
that it must commute with any i sometry g,
(7 .2.23)

Olog = goof

It follows immediately from this fact that on each Z (i .e., not only on 2:0), the basis
vectors (va)4 are invariant under the spatial isometries . Note also that
2t a V[a ( Q' a )b]

= ta VQ Ib r` t a %(O

la

t a Qa lQ Ib + lQ lab#a

= ft(Q * )b
-- 0

(7 .2.24)

Thus, Va(v")ba has no component perpend icular to £,. Since the part of V[,(or%]
projected into Y.r satisfies equation (7 .2 .11) since (v )4 is inva riant under the spatial
isometries,,, we have

The conclusion of all of the above discussion is the following: For a spatially
homogeneous spacetinie on which the spati al isometry group G. acts in a simply
transitive manner, the manifold structure is M = R X G. By defining the function
t and the left invariant dual vector fields (v')g, (v)a, and (Q)Q on M in the manner
described above, we can express the spa cetime metric g4 in the form
~.^
3
gab _ -vArvbr +
(7 .2 .26)
h.fi (t) ('Cr' )a(ff% ,

I
.

a P

_J

where the vector fields (v)Q satisfy

e` b ( 'Cr'2).

(7.2 .27)

Thus, to construct-spatially homogeneous cosmological models, we simply choose
a three-dimensional Lie group G, choose a basis of left invariant dual vector fields
on G, and choose the functions hi(t) [or, equivalently, choose a time-dependent left
invariant metric h,*(t) on G ]. We then define the spacetime metric on R X G by
equation (7.2 .26). All homogeneous cosmologies with simply transitive action can
be constructed in this manner .
Thus, apart from the exceptional case mentioned above where the Lie group action
is not simply transitive, the program for obtaining all general relativistic spatially
homogeneous cosmologies will be completed by (1) obtaining all three-dimensional
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Lie groups G and (2) writing down and solving Einstein's equation for, the metric
(7. 2 .26).
The first task was accomplished by Bianchi (1897), who obtained a ll threedimensional Lie algebras and classified them into nine types. (As mentioned above,
these Lie al gebras are in one-to-one correspondence, with all connected, simply
connected three-dimensional Lie groups .) We shall derive here a slightly modified
version of the Bianchi classification (see Ellis and MacCatlum 1969) . We seek all
possible tensors c`.2b on a three-dimensional vector space V satisfying c`ab = c`fb]
and the Jacobi identity, equation (7,2 .8). Let eb, be a fixed 3-form on V, i .e. , a
totally antisymmetric tensor of type (0, 3) Given c`ab , we define AQ and MI by

(7 . 2.2$)

AQ = C bba
m

~

f berl "" ~'"bc Ad7!
2 E ~d l~

r

(7 . 2 . 29)

where e' is the unique totally antisymmetric tensor of type (3, 0) satis fying
E I"e,&. = 3! = 6. Contracting equation (7.2. 29) with E,y and u sing equation
(B .2 . 13 ) ; we obtain
E„fM al = cbOf - Sbf,Aj,

(7 .2.30)

Contracting this equation over e and b and using the definition (7.2. 2$) of Aa, we find
that M I is symmetric,

M [` b] = 0

(7 .2 .31 )

Thus, we have shown--that . on a three-dimensional vector space, any c`ab satisfying
c`I = c`[I} can be written in the form

c` ay =

m d &b+

` E

Sc[a Ab,]

(7 . 2.32)

where M ' =Mme . Substitution of this expression into the Jacobi identity (7 .2 .8)
yields the remarkably simple result,
MIA.

=0

(7 .2 .33)

Thus, a three-dimensional Lie algebra is determined by a dual vector A. and a
symmetric tensor Mab satisying equation (7 .2 .33) .
If Aa = 0, then eq uation (7 .2.33) is trivially satisfied. In this case (referred to as
"class A"}, the resulting Lie algebras are classi fied (i . e . , uniquely determined up to
isomorphisms) by the rank and signature (up- to overall sign) of MI . Hence, there
exist precisely six distinct Lie algebras in this case : (i) M4 = 0, (ii) rank (M-ab) = 1,
(ri) rank (MI) = 2, signature + - , ( iv) rank (Mab) = 2, signature + + , (v)
rank (M*) = 3 ; signature ` + + ( vi) rank (M°b) = 3, signature + + + .
IfAb # 0 (referred to as "class B"), then by equation (7.2 . 33) the rank of MI cannot
be greater than two . Hence, in this case there exist four poss ibilities fog the rank and
signature (up to overall sign) of MI. However, in the two cases where the rank of
MI is equal to two, a scalar a is determined by the formul a

Ae Af = aM" Mbd E,* ew

(7. 2.34)
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since the tensors appearing on both sides of this equation are nonvanishing and must
be proportional co each other . As a result, in class B there exist two one-parameter
families of Lie algebras classified by the signature of the rank-two tensor MI and
the value of a, as wetl~as two further Lie algebras corresponding to the cases where
the rank of MI is zero (i .e ., MI = 0) or one. Tables giving explicit formulas for
the components of c lab in conveniently chosen bases for all the above Lie algebras
can be found in Taub (1 95 1) and Ryan and Shepley (1975) .
To write down Einstein's equation, we need to compute the curvature of the metric
(7 .2.26) . The most straightforward procedure to do so is to define a left invariant
orthonormal basis (eµL (which, however, will not satisfy [7.2.21]) by

(7 . 2 . 35) F
3

( e«) a B.p(l)( Q % (a = 1, 2, 3 )

(7 .2 .38)

~= 1

where, in order for the (e,6/,),, to be orthanormal, Bp must satisfy
&«s = E Ba,.BMh "s fa, jB = 1, 2t 3? ~ (7 .2 .37)
Y. $

where WA are the components of the inverse metric, h ab, in the basis dual to
('There is, of course, considerable freedom involved in the choice of Bay; additional
conditions, such as B.p = B0, Ryan and Shepley 1 97~) may be imposed in order to
uniquely specify 13 p.) For this orthunorm-al basis, we have
and, for « = 1, 2, 3 ,
3

tdB

B,"Cc (Cr~)

~JQ {ea)aj
3

Y= l

A .YV[at(eY)6i - 2 Cab (e.),

~

(7 .2. 39)

where A, Y = I (d8.p jdt)(B- ')P'' and equation (7 . 2.27) was used, Equations (7 .2 .38)
and (7 . 2 .39) determ ine the connection one-forms v ia equation (3 .4.24), and,
thus , the curvature c an be calculated by the tetrad method of section 3 .4b . This
procedure will yield a formula for the Riemann and Ricci curvature tensors in terms
of the matrix Bp and the structure constant tensor c %b, and such formulas for the
Ricci curvature are given by Ryan and Shepley (1975) . However, using equation
(7 .2.37), we can el iminate 84 in terms of h,# (as must be possible since the choices
of Li e group and hay completely determine the metric [7.2 . 26] and thus the curvature
must be expressible in term s of them), We then c an write the component formulas
thus obtained as tensor equations for the curvature in terms of the met ric , h,,b (t), on
X, and the structure constant tensor c ab . We shall not present the details of these
rather lengthy calculations here but merely present the final result . Defining K'4 by

Kab _ ~ ft h~

(7 .2 .40)
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[so that, as discussed more generally in chapters 9 and 10, Ki(t) is the extrinsic
curvature of 1j, we obtain the following formulas for the components Gb(ep)a(eD)b,
GkhbaEea)` and h`ahdbRd of the Einstein and Ricci curvature tensors :
Waa(eo r(eo)b = (K°.}2 - KQaK°b - c Qac`C b - ~ c"mac a b _' ~ C~C~"
Gbch 6a

(ea)` = R bc hba feo)` =

K 6c C c ba

- c`Cdc(ab) d - cc& ctcd'6

+

K ba C Cbe

9

, (7 .2 .41 )

(7.2 .42 )

(7 . 2 . 43 )

In the right-hand sides of equations (7 .2.4l)-(7 .2.43) all i ndices are lowered and
raised by the spatial metric,- h,,b, and its inverse, h' .
Now, the vacuum Einstein equation , R,,b = 0, is equivalent to the vanishing of the
left-hand sides of equations'(7. 2.41)-(7 .2. 43) . (The nog -vacuum Einstein equation,
of course, is obtained by setting the left-hand s ides of equations [7 .2.41]-[7.2. 43
equal to appropriate stress-energy terms .) Using the definition of Kam , equation
(7. 2 . 40), it may be verified that if equations (7 . 2 .41) and (7. 2.42) with the left-hand
sides set equal to zero hold "initially," i.e ., on the hypersurface F0, then they hold
everywhere if equation ( 7 .2.43) is satisfied (with the left-hand side set equal to zero);
in other words, the time derivatives of equations (7 . 2 . 4 1) and (7 .2.42) vanish
automatically by virtue of equations- (7 .2.40) and (7. 2 . 43) . The reason this occurs
can be traced directly to the Bi anchi identity, Vd GI = fl, and will be discussed more
generally in chapter 10. Thus, equations (7 . 2. 41 ) and (7 . 2.42) act as constraint
equations on the initial values of K,,b and ham . (The right-hand sides of eqs .
(7 .2.41]-[7 .2 .43], of course, contain h b i mpl icitly in the index raisings and lowerings .) On the other hand, equations (7 .2.40) and (7.2 .43) act as evolution equations for h,,b and K . If we take the components of equations (7 .2 .40) and (7.2.43)
in our original basis (or")a, we obtain d irectly a system of ordinary differential
equations which express dh4/dt and dK,,,p/dt as functions of hp, K p, and the group
structure constants c Yp. From the theory of ordinary differential equations, it is well
known that a unique solution of equations (7 .2.40) and (7.2 .43) always exists for
given initial values of h,* and Kam.
Thus, to obtain a spatially homogeneous solution of the vacuum Einstein equation ,
we need only solve the algebr aic constrai nt equations, (7. 2 .41 and (7 . 2.42), for the
initial data ham, K,* at t = G. A unique solution then is generated by the evolution
equations (7 .2.40) and (7 .2 .43 ) . Although in most cases it may not be possible to
integrate these equations analytically , numerical i ntegration of such a system of
ordinary differential equations always can be carried out in a straightforward manner.
Similar conclusions hold for the non-vacuum Einstein equation with appropriate
matter sources .
As an example of the above procedure, we shall determine all the spatially
homogeneous vacuum solutions for the simplest case of the L ie group G = R3 with
group "multiplication" given by addition. (This case is ca lled "type I" in the Bianchi
classification of Lie groups.) Since the group multiplication is commutative, the

7 .2 Spatially Homogeneous Cosmologies 177

vector field generators of left translations must commute, so we have c cab = 0 by
equation (7 .2 . 19). Hence any bas is of left invariant vector fields forms a coordinate
basis, and for any choice of (Q")Q constructed in the manner described above, we can
find coordinates x, y, z on R 3 so that (ar ) a = .(dX)Q, (rr )p = (d3')Q, (cr3) d = (dz). •
(The simple case c`ab = 0, of course, is the only case for which this can be done.)
Without loss of generality, we may choose {rr% to be orthonormal on the initial
surface 10 , and we may rotate this basis to diagonalize K p on 10. The evolution
equations (7 .2 .40) and (7 .2 . 43) with c b = 0 then imply that in the basis (aa) Q
(which is defined off the initial surface by eq . [7.2.21]) both h.p andK,,,p must remain
diagonal for all time . Thus, we have
K.p = ding (kt, k2, ka )

(7 . 2.4 )

had =ding ~.f t y . f2 , .f3 ?

(7. 2 . 45)

h ay = diag

(7.2.46)

i - 'j2

'j3 -

By construction, on the initial surface, we have f~ = 1 . The initial value cons traint
(7.2 . 42) is trivially satisfied, so the only requ irement on the initial values of k, comes
from equation (7 .2.41) which yields (using fa = 1),

(kj+k2 +k3 ) 2=

k2l

(7 .2 .47)

+kz+ 03

The evolution equations (7 . 2.40) and (7 . 2.43) yield
k,,,

(7 .2.48)

~
=2

Adt

- (Zfj'k,)k. + 2f;lk.2
P

(7 .2.49)

Hence, we find
(fa ' ka) = fa '

- fB ;kp) k a

+ 2faA.2

= (fik)f;Ik,

kfa2 (2ka )
(7.2 .50)

Summing` equation (7 .2.50) over a, we obtain
dKl* = -x2

(7 . 2.51)

where K = ~ f ; 'i~. = Va . If we exclude the trivi al solution K = 0 (which leads
uniquely to the Minkowsk solution) , the general solution of equation (7 . 2. 51 ) is
K = I /t

(7 .2 .52)

where the constant of integration has been absorbed in the definition of the zero of
t. Substitution of our solution (7 .2 . 2 ) into equation (7 .2. 50) yields

d
(fa- 1 Q _ - ~ (.f a ' k.)
tit t

(7 .2.53)
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which has the general solution
(7.2 .54)
where pa is a constant. Hence , by equation (7.2.48), we have
1

f;, !L- _ P„

(7 .2 .55)

f. = C . t p°

(7.2.$f)

which has the general solution
where C,,, is a constant . Equation (7 .2.48) (or eq. (7.2 .541) then yields

k, = CQp~t P--1

(7.2.57)

Substitution of equations (7 . 2 .56) and (?. 2.5'l) in equation (7 . 2. 52) yields
p.

(7. 2.58)

Equations {7 . 2 .56} and (7. 2.57), subject to the cond ition (7 .2.58), are the general
solutions (aside from Minkowski spacetime) of the evolution equations . Taking
t = I as our initial surface on which to impose the requirementf. = I and k. subject
to the constraint (7.2.47), we obtain
Ca =

1

(7 . 2.59)

2

2
a

a

Thus, the general spatially homogeneous vacuum solution (aside from Minkowski
spacetime) of Einstein's equation with simply transitive Lie group G = R3 is

ds2 = --dt2 + r ~pl dx2 + t 2p2dy2 + c 2P3dz 2

(7 .2.61 )

where p,, p2 , p3 are constants subject to equations (7. 2 .58) and (7.2 .60). Equation
{7.2.61 } is known as the Keener solution ( Kasner 1925) .
One solut ion of equations (7 . 2. 58) and (7. 2.60) is p, = 1 , pz = F3 = 0 . The
Kasner solution with thi s choice of p . can be recognized to be simply the Rindler
spa+cetime of section 6. 4 (crossed with R2) , with t and x interchanged. Thus, in this
case, the apparent singularity at t = 0 is only a coordinate singularity , and the
Kasner solution ( '1 .2.b1) is just the wedge of Mkikowski spacetime labeled as region
U in figure 6. S. However, all solutions other than the trivial solutions where two of
the p« vanish yi eld nonflat spacet imes with a physical singularity at t = 0. Note that
with the exception of the trivial solutions, all solutions of equat ions (7 . 2.58) and
(7 .2.60) must have two of the p. positive and the other negative. Thus , the Kasner
solution describes a homogeneous universe which expand s in two direction s but
contracts in the other direction . Interestingly , the analysis of the dynamics of homogeneous vacuum solutions with G = SU (2 ) (Bianchi type IX) shows that near the
initial singularity the evolution can be described as a series of "Keener epoch s"
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connected by "transition regimes" where the values of p. change (see Belinskii et al .
1970).
7.3 Algebraically Special Solution s
In the previous two sections (as well as in chapters 5 and 6) progress was made
toward obtaining physically interesting solutions of Einstein's equation by restricting
attention to spac:etimes with a high degree of symmetry . In this section, we shall very
briefly discuss a different type of simplifying assumption for obtaining solutions,
which relates to the algebraic properties of the curvature tensor . Unfortunately, since
the character of this simplifying assumption is more mathematical than physical,
many of the solutions obtained by this approach do not appear to be of direct physical
relevance. Nevertheless, this approach has been one of the most successful in
providing us with a large class of exact solutions, and some physically very important
solutions, such as the Kerr metric (see chapter 12), have been found in this way .
In the same manner as for the spatial metrics considered at the beginning of section
5 .1, at each point in spacetime we may view the Rieman tensurRb I as a linear map
from the six-dimensional space of antisymmetric tensors of type (0, 2) (i .e ., twoforms) into itself . This map is self-adjoint since Rkd =Rte. However, it should be
noted that unlike the case of a Riemannian metric considered in section 5 .1, the inner
product induced on -the two-forms by the spacetime metric g b is not positive definite,
so the familiar theorem that a self adjoint linear map has a complete ordionormal
basis of eigenvectors (which holds in any finite dimensional vector space with a
positive definite inner product) does not apply here .
The analysis of the structure of the Riemann tensor as a linear map was first carried
out by Petrov (1954, I969). We shall not present the details of the analysis of the
curvature tensor here but turn immediately to an important conclusion of the analysis :
In general, there exist precisely four distinct null directions (i .e., null vectors ka,
defined up to scaling k" ---> Ak°) which satisfy the relation

k 6k G ke ea]KdkfJ = 0

(7.3 . 1 )

where e is the Weyl tensor, defined by equation (3 . 2.28). The null directions
which satisfy equation (7 . 3 . 1) are calledprincipal null directions . Thus, every tensor
satisfying the algebraic conditions satisfied. by the Weyl tensor over a fourdimensional vector space with a metric of Lorentz signature possesses, i n general,
four principal null directions . A proof of this result by tensor methods requires a
considerable amount of analysis . However, a simple proof of this result c an be
obtained by spinor methods , and we will present this prof in chapter 13.
Although, in general , the Weyl tensor possesses four distinct p rincipal null direc tions, it is possible for some of these null directions to coincides---in which case they
satisfy stronger relations than equation (7 . 3 . 1 )-resulting in fewer than four principal null directions . Spacet imes for which fewer than four distinct principal null
directions ex ist at each point are called algebraically special spacetimes . The different types of algebraically special spacetimes are classified i n Table 7 . 1 .
In algebraically special spacetimes, we can take advantage of the conditions
satisfied by the repeated principal null direction by choosing a null tetrad (see the
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Table 7 .1
ALGEBRAIC CLASSIFICATION OF SPACETII1tES

Type

Condition Satisfied by
Description (repeated) Principa l
Null Direction k a
Algebraically general ; fair
distinct principal null
direction s

II

One pair of principal null
directions coincide s

I 1-II [D] Two pairs of pri ncipal null
directions coincide

iII

Three principal null
directions coincide

IV [N]

All four principal null
directions coincide

k'k`k, Ca*Edkfi = fl

#" k'e.Wdk,] = 0
k°k`C,b,[akr] = 0
(two solutions)

discussion of the Newman,Penrose formalism at the end of section 3 .4) with one of
the null vectors aligned with the repeated principal null di rection. Certain tetrad
components of the Weyl tensor then will vanish . This yields extra equations on the
connection components (i.e., the spin coefficients in the Newman-Penrose formalism) in addition to the conditions imposed by Einstein's equation. Using these
additional conditions, it has proven poss ible to integrate Einstein's equation exactly
.:
in many caste .
We shall not attempt to present here any of the details of how algebraically special
solutions can be found . For an excellent illustration of this approach, we refer the
reader to the pape r of Kinners ley (I969) who explicitly found all type H-H solution's
of the vacuum Einstein equation by direct integration of the Newman-Penrose equations. A survey of the algebraically special solut ions known by the l ate 1970s can
be found i n the book of Kramer et al. (1380) .

7.4

Methods for Generating Solutions

It often happens when one is trying to.solve an equation that an algorithm will exist
for constructing new solutions from a given solution . For example, for Laplace's
equation in ordinary electrostatics one can .,construct new solutions from agiven
solution by the "method of inversion" (see, e .g., Jackson 1962) .' Although. such
prescriptions often can be applied readily, they usually suffer from the serious
drawback that the solutions they generate may be of no physical interest, or at least,
not applicable to the problem that one desires to solve.
S . The medOd of inversion wor k s because sphere inversion maps the Euclidean metric into a multiple
of itself (i .e., it is a -conformal isometry„) and Laplace's equation has simple conformal transformation
properties (see appendix D).
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For the vacuum Einstein equation, Rb = 0, it turns out that if one is given a
solution with a Killing vector field e° there exists an algorithm for constructing a
one-parameter family of solutions, for which 4 a remains a Killing field . Algorithms
of this sort have been given by Ehlers (1957) and others . We shall present the
algorithm in the more general form given by Geroch (1971) . To define it, we need
to use the fact that as proven in section 7 . 1 (see eq . [7 x .15]) in a vacuum spacetime,
the twist w., of a Killing field fa, defined by
Wa

=

faWfb

V e

(7 .4.1)

` d

satisfies
(7 .4.2)
Consequently, as remarked at the end of section B,1 of appendix B, locally there
exists a scalar function, w, such that

W. = OQW

(7.4.3)

((o is called the scalar twist of f°) . Furthermore ; using equatian (B .2.13), we fin
f

De [ ~ D` f~]

=

-4oe D` e

dE°'

(7 .4 .4)

Thus, using equation (C .3 .9) and the vacuum Einstein equation R,b= 0, we find
(7 . 4 . s)
which implies the (local) existence, of a 1-form field ab such that
V[., ab] =

1 End
2

7'

C@

(7 . 4 . 6)

By adding a gradient to ab, we can adjust it so that
6a «Q - cv

(7 . 4.7)

Finally, similar calculations (problem 5) show that
(7.4.8)
where
A = re,

(7.4.9)

and thus, locally, there exists a 1-fcrim Pb such that
(7 .4.10)
where )3b can be adjusted to satisfy
f°

(3d

=

w2+ A2- 1

(7 . 4. 11 )

The algorithm for generating new solutions from a given solution now may be
stated as follows: Let g,,b be a solution of the vacuum Einstein equation R,,b = 0 with
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Killing field f°. Define w, at., and A as above . For each 0 E [fl, 1r], define g b (B)
by
gab (8) = Q8~ + 2 sin B C(A' Yb) +

A Sin 2 0

Ya Yb

(7, 4. 12) .

where a( O) and ~Q (B) are defined by
a = (cos 8 -- w sin 8)l + A2 sin 2 B

(7 .4.13)

yQ = 2aa cos 0 - ~Eid sin B (7 . 4. 14)
Thenfor all B, gab(O) is a solution of the vacuum Einstein equation . Furthermore, fa
remains a Killing field of g,,b (0) . Note that for B = it, 8 b reduces to gam ; however,
otherwise g b (8) is, in general, a 'distinct solution, Note also that even if g,,b is
nons ingular, 8,,b may develop singularities on account of the bad behavior of w, aq,
or P. re sulting from the possibility that one cannot define them globally.
The reader may,verify by direct c omputation that equation (7 , 4. 12) indeed does
define a solution of the vacuum Ei nstein equation. However, for a derivation of
equation (7.4 .12) which gives more insight into why this algorithm works, we refer
the reader to Geroch (1971) .
Unfortunately, the algorithm (7 .4 .12) does not reproduce most physically interesting features of the original metric. In particular, g b will not, in general; be
asymptotically flat even if g b satisfies this property . Furthermore, equation (7.4 .12)
produces only a one-parameter family of solutions . If one reapplies the algorithm to
9.b(0), one does ncrt : generat,e any new solutions .
However, if g b has two commuting Killing vector fields, f° and 41° (as i s the case
in the stationary axisymmetr ic spacetimes considered in section 7 .1), it can be shown
(Geroch 197 2a) that ~y" also remains a Killing vector field of the metric &( B)
generated by the algorithm (7.4 .12) using the Killing field fa. Hence, we may apply
the algorithm to g,*(0) using the milling vector kVto generate a two-parameter family
of solutions & (8, 0') from our original solution gam . We then may reapply the
transformation (7 .4. 12) to g b (B, B'). Gerwh (1972x) has shown that this procedure
does not, in general, rep roduce previous solutions, and thus a three-parameter family
of solutions is generated. Indeed, an infinite dimensional group of transformations
is generated by repeated application of the transformation (7 .2.12) . Recently, it.has
been proven (Hauser and Ernst 1 981) that-as conjectured by Geroch (1972a )--alt
asymptotically flat, stationary , axisymmetric vacuum solutions of Einstein's equation can be generated from Minkowski spacetxme by an element of this group.
Furthermore, it is known how t o- generate such asy nptoticaTly flat solutions with
desired values for all multipole moments (Hoe nselaers, Kinnersley, and Xanthopoulos 1979; Xanthapoulos 1981) . Unfortunately, the algebraic computations
required to obtain these solutions expl icitly remain formidable, so in fact ve ry few
solutions are presently known in explicit form . Nevertheless, this method for generating solutions is unquestionably one of the most i mportant techniques for solv ing
Einstein's equation .
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7.5 Ferturbat33
As emphasized a the beginning of this chapter, relatively few phys ically interesting exact solutions of Einstein's equation are known . The known solutions, such
as the Robertson-Walker solutions (chapter 5) and the Schwarzsc hild solution (chap
ter 6), may tell us a great deal about cosmology and the gravitational fields of isolated
bodies, but they leave many questions unanswered . For example, w~might wish to
know how a small inhor nogeneity in the matter distribution in a nearly RobertsonWalker universe develops with time, or how a nearly spherical star behaves i f
displaced slightly from equilibrium, or what happens if a small amount of gravitational radiation is . incident on a Schwarzs cbiid black hole . It appears hopeless to
attempt t o find exact solutions describing these processes . However, if the deviation
from a known exact solution is small, it makes sense to look for an approximate
solution by writing g4 = fl8 b + 7a (where °g b is the known exact solution) and
"linearizing" Einstein's equation i n yam . We already followed th i s procedure in
section 4.4 for the case where °g4 was the Minkowski metric, %b. In this section,
we shall, systematize the general procedure for deriving linearized equations, and for
Einstein's vacuum equation we shall obtain explicitly the vacuum perturbation equations off an arbitrary exact solution .

Consider an equation
fi(g) = 0 (7 . 5, 1 )
for an un known function g (which, more generally, may be a ,collection of functions
or tensor fields, etc .). In the case o€ :_interest, g is the spacetime me tric possibly
together with variables describing the matter distribution, and Z is Einstein's equation. Suppose an exact solution, 'g, is known and suppose we are interested in
studying situations where the deviation from °g is small . What we would really like
to have is a one-parameter (or multiparameter) family g (A) of exact solutions,

%[8 (A)] = 0

(7 .5 .2)

where A measures the size of perturbation i n the sense that (i ) 8 (Jl ) depends d ifferentiably an d, and (ii) g(0)' _ °8• Thus, small A corresponds to small deviations from
°g, and a knowledge of g (A) for small A would give us an exact perturbed solution .
However, equation (7 .5 .2) may be too difficult to solve . Nevertheless, we can derive
a much simpler equation from equation (7 .5 .2) by differentiating it with respect to
A and setting A equal to zem ,
= 0

dA~~(b'( 0)

(7. 5 .3)

a= b

Equation (7 . 5 . 3) is a linear equation for
y

d~
A=O

(7 . 5 .4)
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i. e. , it can be express s in the form
where 2 is a linear operatm . :(Eq. [7.5 .5] is referred to as the "linearization" of eq .
[7.5. 1] about °g . ) Since linear equations are generally much easier to solve t han
nonlinear equa tions , it may be feasible to solve equation (7 .5. 5) even if equation
(7.5 . 1) is ~ intractable. If we can solve equation (7 .5.5), then °g + Ay should yield
a good approximation to g (A) for sufficiently small A, and issues of physical interest
thus can be investigated .
The above procedure provides a powerful tool for obtain ing approximate solutions . However, two important points should be kept in mind when employing
perturbation techniques: (1) It is , in general, very difficult to estimate the error
involved in replacing g(A) try °8 + Ay, i.e., to determine how small A must be in
order that the approximate solution have sufficient accuracy , (2) As derived above,
existence of a one-parameter family of solutions g (,k) implies the existence of a
solution of equation (7 .5.5), where y = (dg IdA) IA-o. However , the existence of a
solution y of equation (7 . 5 . 5) does not necessarily imply the existence of a corresponding one-parameter family of solutions, 8(A), of (7 .5.2), i.e . , there may be
spurious solutions of equation (7 .5.5) . Thus, the issue of "linevization stability,"
i.e . , the existen ce of exact solutions corresponding to a solution of the linearized
equations, must be investigated before a perturbation analysis can be applied with
complete reliability.
Let us now derive the linearized vacuum Einstei n equation (7.5 . 5) fora metric
perturbation y,b of an exact solution °g,,6 of Einstein's equation in vacuum ,

)?4,, = a

(7 . 5 . 6)

To do so, we need to compute the Ricci tensor
(A) for the metric g,*(A) in a useful
R,,,8
form, specifically in terms of quantities related to the "background metric" °8ab .
Differentiation of this expression with respect to A at A = 0 then will yield the
equation we seek .
Let '`Pd denote the derivative operator associated with g b (A), and let °Va denote the
derivative operator associated with °8 b. According to the general analysis of section
3 .1, the difference between, APd and OVQ is determined by a tensor field G a , (h), which,
according to equation (3 .1 .28 , is given by
C`,b (A) =

8`a
2

(A)PV, 8t d (h) + °Vb8at(h) - °Da$Qa(JE)} (7 .5 .7)

The Riemann tensor R4kd(A) associated with g,* (A) can be computed in terns of
°R.kd and C cab (A) by replac ing the derivative operator "OQ in the definition of the
Riemann tensor, equation (3 .2 .3), by its expression in terms of °Vd and C ab . Proceeding in the same manner as in the derivation of equation (3.4 . 3), we find

Rid = °R,~'b' d - 2°V[Q Cdb], + 2G°,[, Gdb]e

(7 .5.8)
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Thus, the Ricci tensor of gam, (1l) is given by
~, . .

p~

~

.

=

-2 " Y(a C bbd -I'

2

,,
bbl,
C° uC

(7. 5 .9)

where we have used the fact that OR. = 0 since "g b is a solution of the vacuum
Einstein equation . ,
Equation (7 .5 .9) expresses R. (A) in a convenient form for evaluating its derivative RB(A) = (dR. /dA )j„so, with respect to h at A = U. It follows immediately
from its definition that C `b(1l ) vanishes when A = 0, so the term quadratic in C"ab
will make no contribution to Rte . Thus, we obtain

kw = -2°V[a &bk

(7 .5 .10)

where
dG`
A

ksQ

(7.5.11)

From equation ( 7 .5 .7) we find that
(7 .5.12)
where
y616

dgb
dA

A-o

(7 . 5 . 13)

and we have used the fact that N. (°g&-) - 0. Thus, substituting equation (7.5 .12) in
equation (7 . 5. 10), the linearized Einstein equation for y,bis found to be
0

~4S'~a

`ta °Ob°~1eY~
°QA°V, 'Yad - 2 °8
+ °g~ °Ob' G(c YQ)a (7 . 5. 14)

Since all quantities aside from y ,b, now refer only to the background metric Og,,b, we
shall in the following drop the superscript zero on the background metric and its
derivative operator , and we shall use the background metric g,b and its inverse g '
to raise and lower indices . In this notation, equation (7 .5. 14) becomes

(7 .5.15)
0 = - i Va VrY - ~ Ob Ob yac + O 6 0(cYa)b
2
2
where y = y°a = g abU. Note that equation (7 .5 .15) agrees with equation (4 .4 .4)
in the special cam of Minkowski spacet me, where g,,b = Ti,,b and Va = c3a .
equation (7.5 . 1 S) can be simplified by a convenient choice of gauge . A s shown
at the end d 'section C `2 of appe adix C, YQs and Yab + 2'Gavb) represent the same
physical perturbation, where v a is an arbitrary vector field . As in the special case of
perturbations of Minkowski spacetime considered in section 4.4 , we can solve the
curved spacetime wave equation (see theorem 10 . 1 . 2 of chapter 10) ,

.Q~Da UQ + Rabvt, = -- D6 YAa (7 .5 . I 6)
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where
1

(7. 5 . 17)

gab Y

and thereby set

t 7 . s . 1 s>

vb -ilb = o
I n this gauge , the trace of equation (7. 5. i5) yields

vavay - o

(7 . 5. 19)

Hence, we can use the restricted gauge freedom y4b -* y b + 20(~wb) with
D° VbwQ + Ra b wb = 0 to satisfy the curved space analogs of the initial value conditions (4 :4. 34a) and (4.4 .34b), thereby obtaining y - 0 throughout the spacetime by
theorem 10. 1 .2. Thus, for an arbitrary vacuum perturbation U of an arbitrary
vacuum soluti on gam, we can always choose a transverse traceless gauge whereby

D° y.b = 0

(7.5 .20)

'y=0

(7 .5. 21)

However, in general no analog of the radiation gauge conditions yo., = 0
(µ = 1, 2, 3) used in pert urbati ons of flat space time can be imposed in addition to
(7.5 .20) and (7.5.21).
From the properties of the Riemann tensor, we have
V(c Vb y,,)b + R (cn)d'ydb+
= P (cIV °Ya)b+ R aca $'Yda

Q~Otcya~ '

Rb(c lb ~ ya )d

(7 .5 . 22)

where in the second line we have used the fact that R I,. d y4b is symmetric in c and
a and Rid = RICb d = 0 since gam, is a vacuum solution . Thus, in the transverse
traceless gauge, equations (7.5 .20) and (7.5 .21), the linearized Einstein equation
becomes simply
IVb

paYac ! 2Rbac d N t = 0

(7 .5 .23)

This is remarkably similar in form to Maxwell 's equation (4.3. 1 5) in the Lorentz
gauge .
While the form of equat ion (7.5 .23) is si mple, it should be kept in mind that , with
the notable exception of a flat background metric , in practice equation (7 . 5 .23)
comprises a very complicated system of coupled partial differential equations. Success in perturbation analyses has been achieved only in a few cases where the
background metric has a great deal of symmetry or possesses other s implifying
properties, and even in these cases success has not usually been achieved by a direct
attack on equation (7.5.23) or (7.5 . 15) ,
Finally, the issue of linearization stability-i.e ., the existence of a one-parameter
family of exact solutions corresponding to a solution of the l inearized equation-has
been studied extensively for the vacuum Eins tein e quation. If the backg round spacetime (M, g,b ) is "closed"-i. e., if it possesses a compact, spacelike Cauchy hyper-
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surface I (see chapter 8)-then the Einstein equation is linearization stable about
(M, gam) if and only if (M, gam) does not possesses a Killing vector field. If (M, g,*)
possesses a Killing field, then it is necessary that yam, satisfy a second-order integral
constraint involving the Killing field in order that a one-parameter family &b(A)
exist . On the other hand, linearization stability is believed to hold for asymptotically
flat perturbations of all asymptotically flat background spacetimes (even if Killing
fields are present), although this has been proven only for the flat background
spacetime . Details of the linearization stability analyses can be found in Fischer and
Marsden (1979).

Problems
1 . Prove that foma = 0 (see eq. [7 . 1 . 10]) directly, without appealing to the arguments given in the text, i .e ., prove first that f#E,&d = 0, and then use only f*~° = 0
and the formulas of appendix C .

2. Derive Einstein's equation (7. 1 . 24(7 . 1 . 27) for the metric (7. 1 .22).
3. For a stationary, axisymmetcic, metric of the form (7 . 1 . 17), we define the locally
nvnrotating, observers to be the family of observers which are "at rest" with respect
to the t
constant hyperstu faces, i.e. , whose 4-velocity , u°, is proportional to '4711t.

a) Show that the angular momentum, L , of such observers vanishes, where L is
defined by L = u° Rio (see eq. [6.3, 13D.
b) Show that such observers rotate with coordinate angular velocity
d#/dt = - WjX. Since, in general, the metric (7.1 .17) represents the exterior field
of a stationary, axisymmetric rotating body (or black hole), we may interpret th isdofdt as resulting from the "dragging of inertial frames" produced by rotating
matter, in accord with Mach's principle .
4 . Since any isometry s(r leaves the Weyl tensor invariant, +A` C kd =Cam, it follows
that if k° is a principal null vector, then so is 011 . Since there exists only a discrete
set of principal null vectors at each point, it follows that if 0, is a smooth oneparameter group of isometrics which leaves p E M fixed, then *,* must leave
invari ant all principal directions at p . Use this fact to prove the follow ing results
(witiiout resorting to a calculation , of Cabd and its principal null directions) :

a) Every spherically symmetric spacetime is algebraically special . Furthermore,
every stati c, spherically symmetric spacetime, equation (6.1 .5), is of algebraic type
II~II.
b) Every Robertson-Walker spacctime , equati on
C,*cd = O.

5 . Derive equation (7.4. 8) .

is conformall y flat,

EIGHT
CAUSAL STRUCTURE

The causal structure of spacetime in spec ial relativ ity already way described briefly
in section 1 . 2 . Assoc iated with each "event, p, in spac:etime is a light cone, as
illustrated in Figure 1 .2. We assign the label "future" to half of the cone and the label
"past" to the other half. The events lying in the interior of the future light cone
represent events which can be reached by a mate rial particle starting at p; these
comprise the "chronological future" of p. The chronological future of p together with
the events lyi ng on the cone itself comprise the "pausal future " of p, which physically

represents 6vents which, in principle, can be influenced by a signal , emitted from .$

In general relativity, the causal structure af, spacetime i s locally of the: same
qualitative nature as in the flat spacetime of special relativity. However, sign ificant .
differences can occur globally because of nontrivial topology, spacetime singularities, or the "twisting" of the directions of light cones as one moves from point to
paint. The purpose of this chapter is to give an, account of the definitions and: basic
results concerning the causal structure of spa times in general relativity . 'hes
results not only are of interest in their own right but also,are a crucial ingredient in
the p roof of the singularity theorems, . which we shall discuss in the next chapter.
Further discussion of topics. on causal structure,. can be found i n Hawking and lis
(1973), Penrose (1972), a I p d Geroch ( 1 970b),; most of the d iscussion presented h e re
. : ,
is based on these references .

The d efinitions of chronological and causal futures in general spacetimes are given
in section .8. 1 and several properties of these sets arederives . The conditions : that
express the notion that a sQacerime be "causally well.. behaved" are discussed in
section 8.2. Finally, in son 8 .3 the notion of domains of d ndence and global
hyperbolicity are defined and numerous properties of globally hyperbol ic spacetimes
are derived. All the arguments given in this chapter rely heavily on the mach inery
of topological spaces outlined in a ndix A, and it, is assumed that the. reader has
read (or will, refer to) this appendix.
The discussion throughout this chapter will concern arbitrary spacetimes (M,'8,,b)
in the sense that we shall not attempt to impose E instein's equation on gb. Some of
the examples given here may appear to be artificial in that they are constructed by
removing points and/or making topological identifications of Minkowski spacetime.
Nevertheless, they provide excellent illustrations of tie types of phenomena that can
occur in much less artifical spacetime models in general relati vity.
188
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8 .1 Futures and Pasts: Basic Defini tions and Results
Let (M, gam) be a spacetime . At each event p E M, the tangent space, gyp, is, of
cause, isomorphic to M nkowski spacetime . We. will refer to the l ight cone passing
through the origin of V. as the light cone of p . Thus, we emphasize that the light cone
of p is a subset of gyp , not M. ' As in special relativity, at each p E M we may
c esignate ,half of the light c one as "future" and the other half as "past ." However,
in anon-s i mply connected' spacetime it may not be possible to make a continuous
designation of "mature" and "past" as p varies over M. An example of a spacetime
for which no such continuous designation can be made is shown in Figure 8.1 . If a
continuous cho ice can be made, (M, gam) is said to be time orientable. (This property
of a spacetime is analogous to, but distinct from, the notion of orientability of a
manifold defined in section B .2 of appendix B.) Thus, non -time orientable spacetimes have the physically pathological property that we cannot consistently distinguish between the notions of going "forward in time" as opposed to "backward in
time ." In the following, we will consider only time orientable spacetimes and will
assume that a continuous designation has been made of the "future!' and "past" halves
of the light cones at each point . A timelike or null vector lying in the "fugue half'
of the light cant will be called future directed.

idenl iiy

Fig . 8. 1 .

---~-

A not►-time-orientabie spaeetime .

An important property satisfied by every time orientable spacetime is expressed in
the following lemma :
LEMMA 8. 1 . 1 . Let W, g b) be time orientable. Then there exists a (highly nonunique)
smooth norivani.shin~ timelike vector field t' on M.

Proof. Sind M is peracompactr we can choose a smooth Riemannian metric k b
on M(see appendix-A). At eachp E M there will be a unique future directed timelike
vector t° which minimizes the value of gbvavb for vec tors 0 subj ect to the condition
that k,bvav b = 1 . This t° will vary smoothly over M and thus p rovide the desired
vector field. ❑
1 . It should be noted that some authors use the term "light cons" to designee the subset of M
generated by null geodesics from p (as, in fact, we did in chapter 1). They use the term "null ccoe'? to
designate what we have called the "fight cone ."
2. See chapter 13 for the definition of a non-simply connected manifold .

8.1 Futures and Pasts : Basic Definitions and Results 19 1

N ve
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P
Fig. 8.2. MinkQwski spacetime with a point an the future light cone of p removed.
In thi s spaceti me , no causal cu rve connects p and .q so q 0 J " (P) but q E J' ( p).
Thus, J+ (p) is not closed .

spacetimes neither of these statements is valid in general, as shown by simple
examples obtained by removing points from Minkowski spacetime such as in Figure
$.2. However, locally these properties always remain valid, as expressed by the
following theorem :
THEoRiEut 8 .1.2. Let (M, g,,b) be an arbitrary spacetime, and let p E M. Then there
exists a convex normal neighborhood of p, i.e., an open set U with p E U such
that for all q ,r E U there exists a unique geodesic 7 connecting q and r and
staying entirely within U. Furthermore, for any such U, 1'(p)lu consists of all
points reached by future directed timelike geodesics starting from p and contained within U, where I+(p)!u denotes the chronological future of p in the
spacetime ( U, gam). In addition, l'(p)lv is generated by the future directed null
geodesics in U emnnating, foam p .

Although theorem 8 .1 .2 may seem obvious intuitively, it is nontrivial to give a
formal proof of it . A proof of the first half is given beginning on page 134 of Hicks
( 1 965 ) , while the second half is proven as proposition 4 .5 .1 of Hawking and Ellis
(973) .
If q E P (p) and A is a causal curve beginning at p and ending at q, we can cover
A by convex normal neighborhacitfis, and using the compactness of A (since it is the
continuous image of a closed interval),we can extract a finite subcover (see appendix
A). If A failed to be a null geodesic in any such neighborhood, then with the help
of theorem $ .1 .2 we could deform A into a t melike ,curvt in that neighborhood and
then extend this deformation to the other neighborhoods to obtain a E rnel ke curve
from p to q. Thus, we obtain the following corollary of theorem 8.1 .2, which will
be Vrengthened by theorem 9.3 .8 of chapter 9:
CoRMLAttY . If q E- .I+ ( p) -- 1+ ( p?; then any causal curve connecting p to q must
ire a null eadesie .
Using similar arguments, we also see that for any set S C M, we have J+(S) C
~"(S'~ Since, clearly 1'+(S) C P(S), it follows immediately that J+ (S) = F(s). Simiiarly, we have P(S) = int[1+(,S)], and hence the boundaries of the chronological
and causal futures of a set are always equal , P(S) = J +(S) (see problem 2).
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A subset S C M is said to be achronal if there do not exist p, q E S such that
q E I+(p), i.e ., ifr(s) fl s = 0, where 0 denotes the empty set. The next theorem
asserts that the boundary of the chronolog ical futu re of a set always forms a "well
behaved," three-dimensional , achronat surface .
THEoREm 8 .1 .3. Let (M, gam) be a time orientabte spacetime, and let S C M. Then
P(S) (if nonempty) is an achro nal, three-dimensional, embedded,
C°-submanifold of M .
Proof. Let q E P(S) . If p E I*(4) , then q E 1-(p) and since 1- (P) is open, an
open neighborhood 0 of q is contained in 1-(p) as shown in Figure 8. 3 . Since q is
on the boundary of I+ (,5' ), we have o n I+(S) * 0 and thus p E r[O fl I+(S)] C
I'(S) . This proves that 1+(4) C 1* (S) . Similarly we have 1-(q) C M - 1+ (S). Now,
if P(S) failed to be achronal, we could find q, r E P(S) such that r E I+(q) and
hence r E I+(,5) . However, this is impossible since I*(,S) i s open and therefore
1+ (,S ) fl r(s) = 0. This proves that I +(S) is achronal . To obtain the manifold
structure of P (S),
(,5), we introduce Riemann ian normal coordinates x °, z' , z 2 , x 3 at
q E P(S) and consider a suffic iently small neighborhood of q that (d/dz°)° is
everywhere tirpelike and each of the integral curves of (d / dx~° enters I+(q) C I* (S' ",
and 1- (q) C M - I 1S). But this implies that each such integral curve intersects
I+(S), and since P(S) is achronal, it must intersect it at precisely one po int . Thus ,
.P

Wig . 8.3 . A spaceti me diagram showing a set S and the boundary of its future,
I+ (S ) (see th eorem 8 . 1 .3) .

i n ea ch such ne ighhurhood, we get a one-to-one association of points of t+(,S')with
coordinates (x',x 2,x3) characterizing the integral curve of (r?/dz~° . Furthermore,
usi ng the achronality of P (S), thc . vaiue of z° at the intersection point must be a
continuous din fit, s C t function of the coordinates (x 1 , x 2 , x 3), and this the above
map from a neighborhood of q in I *(S) into R' is a homeomorphism in the induced
topology ; on P(S)- By repeating this construction for all q E P(S) we obtain a
CO-compatiblejamiiy of charts covering P(S) which makes P(S) an embedded
submanifoid . 13
Before proceeding further, we need to introduce several notions that will play an
important role in many considerations of this chapter and of chapter 9 . First, although for many purposes . it suffices to consider only differentiable (or even C)
curves, when it comes to tadiug limits (as we shall do below) it is essential to extend
consideration to continuous curves The definitions of a ti melike or causal curve can
5. See Hawking and Ellis (1973) for the definition of C' - .
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be extended to the continuous case by requiring that, locally, pairs of points on the
curve can be joined by a differentiable tirnelike or, respectively, causal curve . More
precisely, a continuous curve A is said to be a future directed timelike (or causal
curve if for each p E A there exists a convex normal neighborhood U ofp such that
if A (ti), a (tz) E U with t, < t2, then there exists a future directed di, fferentiable
timelike (or, respectively, causal) curve in U from A (ti) to A (t2) . The timelike or
causal nature of a continuous curve clearly is unchanged by a continuous, one-to-one
reparameterization, and in the following we shall consider two curves differing by
such a reparameterization to be equivalent .
Next, we define the notion of extendibility of a continuous curve . We need to
distinguish clearly between the possibilities that a curve "runs off to infinity" or "runs
around and around forever" or "runs into a singularity" as opposed to the possibility
that a curve "stops" somewhere simply because one did not define it to go further .
This distinction can be made precise via the notion of an endpoint of a curve . Let
h(t) be a future directed causal curve . We say that p E M is a future endpoint of A
if for every neighborhood 0 of p there exists a to such that A(t ) E 0 for all t > to .
(Thus, by the Hausdorff property of M, A can have, at most, one future endpoint .
Note also that the endpoint need not lie on the curve, i .e., there need not exist a value
of t such that A(t) = p.) The curve A is said to be future inextendible if it has no
future endpoint . Past inextendibility is defined similarly . Note that if A is a differentiable causal curve with future endpoint p, then it may not be possible to extend
A beyond p as a differentiable causal curve, but A always can be extended as a
continuous causal curve by adjoining a continuous causal curve to A at p.
An important technical lemma relating to extendibility of causal curves which will
be used in section 8 .3 is the following .
LEMMA 5 .1,4 . Let A be a past inextendible causal curve passing through point p .
Then through any q E I+(p) there exists a past inextendible timelike curve y
such that y E I*(A) .
Proof. `Without doss of generality we may assume that the curve parameter, t, of
A has the range [0, oo) . Following Geroch(197()b), we choose an arbitrary Ricmannian metric on M . Using theorem 8 .1 .2 we can construct a timelike curve y(t)
for t E [0, 1] which starts at q and satisfies the property that y C 11 (R)~ and
dCY(t) , A (t)] < C I(1 + t), where C is a constant and the distance, d, is the greatest
lower bound of the length, measured using the Riemannian metric, of all curves
connecting a point y(t) to a point A (t') with t, t' E [0, 1] . By induction, we continue
to extend y (t) to a curve defined for t E [0, n] for all n (i .e ., for t E [0, oo))
preserving these properties . The resulting y will be past inextendible because any
endpoint of y would also be an endpoint of A. Thus, y is the desired curve . ❑
Another notion that will play a prominent role in many arguments of this chapter
and of chapter 9 is the convergence of causal curves . Let {AR } be a sequence of causal
curves. A point p E M is said to be a convergence point of {An } if, given any open
neighborhood 0 Qfp, there exists an N such that A. fl 4 :~ 0 for all n > N. A curve
A is said to be a convergence curve of IA.) if each p E A is a convergence point .
Similarly, p is said to be a limit point of JJl„} if every open neighborhood of p
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intersects infinitely many A . A curve h is said to be a limit curve of {~1n } if there
exi sts a subsequence {A'} for which h is a convergence curve . (Thus, if A .is a limit
curve, then each p E h is a limit point. Note , however , that a curve y such that each
p E y is a limit point need not be a limit curve .) The following result plays a cruc ial
role in many of the proofs given below.
LXMMA 8 .1 .5. Let {k,} be a sequence of future inextendible causal curves which have
a limit point p . Then there exists a future inextendible causal curve k passing
through p which is a limit curve of the {hn} .
Sketch of proof. We choose a convex normal neighborhood of p and a ball of
Riemannian normal coordinate radius R about p contained in this neighbcyrbood . We
pick a subsequence of .1
{kthat converges to p and, using the compactness of the
coordinate sphere of radius R, a sub-subsequence which converges to a point on this
sphere . Then we examine, in turn, all the coordinate spheres whose radii are rational
multiples, between 0 and 1, of R and continue to extract limit points lying on these
spheres and subsequences converging to these points . Finally, we take the closure
of the set of these limit points and show that it defines a continuous causal limit curve
A . We then go to the endpoint of A on the sphere of radius-R and repeat the procedure .
Continuing in this manner, we extend d indefinitely ." Technical details of this proof
can be found in Hawking and Ellis (19 73) . ❑
It should : be noted that in theorem 8.1 .5 if each JEn is a timelike curve, the limit
curve k still may be only a causal curve, i.e., a sequence of timelike curves may
converge to a null curve. Similarly, even if all the A. are smooth curves, A may be
only continuous.
As a direct application of theorem 8 . 1 . 5, we prove, now, a theorem characterizing
the nature of boundaries of chronological futures .
ci_

T)H omm 8. 1 . 6. Let C be a closed subset of the spacetime manifold M . Then every
'point p E V(L'} with p f- C lies on a null geodesic A which lies entirely in
P(G'} and either is past inextenddble or has a past endpoint on C .
PrvQf Choose a sequence of points {q. } in P(C) which converges to p, as
illustrated in Figure 8 .4. For each qR let k, be a past directed timelike curve connecting q,, to-a point in C. Consider, now, the new spacetime manifold M - C
obtained by removing the set C. (It is here that we use the assumption that C is
closed, for otherwise M - C would not define a manifold .) On M -- C, each A. is
past inextendible and p is a limit point of the sequence IA„}
. Hence, by lemma 8 . 1 . 5
there exists a past inextendible causal limit curve A pass ing through p. Each point
of A is a limit point of sequences in I+(G'), so A C
On the other hand , if any
point of A were in 1*(G}, then by the coro llary to theorem 8 .1 .2 we would have
p E T+(G"), since p could be connected to C by a causal curve which is not a null
6. It should be noted that the above argument shows the existence of an extendible limit curve through
p, together with the fact that any extendible limit curve can b e further extended as a limit curve . To assert
existence of an inexterdible limit curve (i .e., a maximal element in the set of limit curves under ordering
by inclusion) by this argument we must appeal to Zom' .skmma . However, it appears that a proof of
lemma 8 .1,5 could be given without invoking fn's lemma .
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Fig . 8 .4. A spa cetime diagram showing a sequence of points in I +( C) converging
top E I+(C ) (see theorem 8 . 1 , 6) .

geodesic . This contradicts the fact that p E P (G ) . Thus, A C I+{Q . Furthermore,
the achronality of P(C) (theorem 8. 1 .3), together with the corollary to theorem
8. 1 .2, implies that A must be a null geodesic. Finally, since A is past inextendible
in M - C, in M it must either remain past inextendible or have a past endpoint on
C. D
An example where A is past i nextendible is provided bypoint q in Figure 8 . 2. Note
that although A cannot have a past endpoint except on C , it may have a future
endpoint ; an example where A has a future endpoint is given in Figure 8 .5 .

Fig . 8.5 . A spacet im diagram of a two-dimensional flat spacttitne with topology
R x S' . The null geodesic generators of I + (p) have q as a future endpoint.

8.2 Causality Conditions
In this section, we shall give a brief discussion of formulations of the notion that
a spacetime be "causally well behaved ." Although according to theorem 8 . 1 .2 all
spacetimes in general relativity locally have the same qualitative causal structure as
in special relativity, globally very sig 'scant differences can occur. For example, we
can consWict a (flat) spacetime with topology S ` X RI byidentifying the t = 0 and
t = 1 hyperplanos. of Minkowski spacetime, as i llustrated in figure 8 . 6. The integral
curves of (d /&r in this sparerime will be closed timelike curves, and it is not
difficult to see that for all p E M we have I'(P) = I-(P) = M. Thus, in this
spacetime an observer w ith "free w ill" should have no difficulty alte ring past events .
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ide

Fig . 8 .6. Minko vvski spacetime with the hyperplanes t = 0 and t = I identi fied , A
closed tirnelike curve through poi nt p is shown .

In addition, in spacetimes with nontrivial closed causal curves [i .e ., closed causal
curves other than the trivial curve A (t) = p for all t], severe consistency conditions
may exist on solutions of the equations describing the propagation of physical fields .
Note that the existence of spa times with closed causal curves cannot be blamed
entirely on "artificial" topological identifications such as in Figure 8 . 6, since examples with topology R4 can be constructed easily by "twisting" the light cones, as
illustrated in Figure 8 .7.
C

Fig . 8. 7. A spacewne with topology R' where the light cones "tip over"
sufficiently to permit d;e existence of closed ti melike curves .

It is generally be lieved that spacetimes with nontrivial closed causal curves are not
physically realistic . However, even if a spacetime does not possess closed causal
curves, it can be "on the verge" of violat ing causality as illustrated in figure 8 .8. In
th is example, the re exist causal curves which come "arbitra rily close" to intersecting
themselves, although none of them actually do . Since an arbitrarily small perturbation of the metric in spacetimes such as this would produce causality violation,
these spacetimes also seem physically unreasonable. The mathematical possibility of
spacetimes such as Figure,8.8 frequently arises i n proofs of theorems concerning the
possible global structures of spacetimes, so it is , very useful to formulate precise
conditions whi ch characteri ze phis type of behavior.
One such characterization is the strong causality condition . A spacet ime (M, gam)
is said to be strvngly causal if for all p E M and every neighborhood 0 ofp, there
exists a neighborh ood Y ofp contained in 0 such that no .causal cu rve intersects V
more .than one. Thus, if a spacetime violates strong causality atp, then near p there
exist causal curves wh ich come arbitrarily close to intersecting themselves . In such
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Fig . 8 .8 . A spacetime which violates strong causality . The light cones "tip over"
sufficiently that the curve drawn through p is a null geodesic (which, however, is not
a closed curve because of the point removed from the manifold) . There exist no
closed causal curves in this spacetime, but there are causal curves through p which
come "arbitrarily close" to intersecting themselves .

a spacetime closed causal curves could be produced by a small modification of gab
in an arbi trarily small neighborhood of p . In the example of Figure 8 .8, strong
causality is violated at the event .labeled p .
A useful consequence of strong causality is expressed by the following lemma:
LEmmA 8 .2 . L Let (M, gam) be strongly causal and let K C M be compact . Then
every causal curve A confined within K must have past and future endpoints
in K.
Proof. Without loss of generality, we may assume that the curve parameter, t, of
A runs from -«+ to co . Let fit;}be an increasing sequence of numbers which diverges
to infinity, and let pi = A(t;) . Since fpj} is a sequence in K, by theorem A .9 of
appendix A it has an accumulation point p E K . Suppose one could find an open
neighborhood D of p such that no to E R exists for which A (t) E 0 for all t > to.
Then the same must hold for every open neighborhood V C D . This means that A
enters every such V more than once, since infinitely many points of the sequence
{A (ti)) enter V but A (t) never remains in V. This contradicts the hypothesis that strong
causality holds at p. Thus, p is a future endpoint of A . Similarly, a past endpoint
q CE K of A also exists . ❑
Although the imposition of the strong causality condition suffices to rule out the
example of Figure 8.8, one can construct more complicated examples where strong
causality is satisfied, but a modification of g ab in an arbitrarily small neighborhood
of two or more points produces closed causal curves . Thus, strong causality does not
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fully express the condition that one is not on the verge of producing causality
violation. However, this condition is expressed satisfactorily by the stronger notion
of stable causality, defined as follows .
Let t° be a #iznelike vector at point p E M, and define gb at p by
g,* = g,* " wn

(8 . 2 . 1 )

where g,* is the spacetime metric . It is easy to see that g4 is also a Lorentz signature
metric atp. Furthermore, the light cone of & is strictly larger than that of gam ; i.e.,
every timelike and null vector of g4 is a timelike vector of gam . If a spacetime were
"on the verge" of having closed causal curves, then if we "open out" the light cone
at each point, we should be able to produce closed timelike curves . Thus, we define
a spacetime (M, g b) to be stably causal if there exists a continuous nonvanishing
timelike vector field t° such that the spacetime (M, gam) (where & is defined by
[8.2 .1 possesses no closed timelike curves . The following theorem shows that
stable causality is equivalent to the existence of a "global time function" on the
spacetime . This greatly strengthens the above suggestion that the requirement of
stable causality should suffice to rule out any causal pathologies .
THEOREM 8 .2 .2 . A spacetime (M, g4) is stably causal if and only if there exists a
differentiable fiunctiort , f on M such that Q °f is a past directed tirrtelike vector
field.
Proof of "if . " Since Vfis a past directed timelike vector field, along every future
directeA timelike curve with tangent va, we have g~~4V6f > 0, and thus v(f) > 0.
Hence, f strictly increases along every future directed timelike curve . Clearly, then,
there can be no closed timelike curves in (M, gam) since f cannot return to its initial
value. Now let to = VY and define the metric gb by equation (8 .2.1) . It is easy to
check that the inverse metric to gay i s
gab

=

gab

+ t°ta l (1 - t~ t~)

(8.2.2)

Thus, we obtain
ta + t
l
t
(8 .2 .3)
= ta
( "~`Q)gl( = t` ~) =- tt °<( l - a`t~) < 0
where all index raisings and lowerings on the right-hand sides of equations (8 .1-2)
and (8.2 .3) are done with g4 and g . Hence g 'Vbfi s a timelike vector in the metric
gam. By the same argument as already given above ,: it follows that no closed timelike
curves exist in the spacet me (M, &) . Thus, (M, gdb) is stably causal.

Sketc h off proofof "oMly if ." We are given that (M, gam) is stably causal and, wish
to construct a global time function . A promising candidate can be : obtained as
follows: Using th e paracompactness of M; it is possible to show by arg uments similar
to those discussed at the end of appendix A, that one can always define a continuous
volume measure, g , +C}TLM suCh th1t:Lh E total volume of M is finite, g[M ] < oo. We
define
F(p) = A Ll ( P)1

(8 , 2.4)
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Then F strictly increases along all future directed c ausal curves (with nonvan ishing
tangent), and thu s is a promising candidate for a global time function. Unfortunately ,
F need not be cont inuous . Nevertheless , for stably causal spacetimes we can obtain
a continuous function wi th these properties by averaging F over nearby spacetimes
with "opened out" light cone s . More precisely , let t° be a timelike ve ctor field such
that gam, defined by equation (8. 2. 1), has no closed timelike curve s. For 0 9 a _S I
we define (ga)m by
(S«),* = g b - aub

(8 .2 .5)

and define Fa (p) by
Fa (P) = N'[l~ (p)]

s

(8 .2 .6)

where 1« (p) denotes the chronological past cep in the metric (g .).b. By averaging
F. over a, it can be shown that we produce a continuous function which strictly
increases along causal curves . Further "smoothing out" of this function produces a
differentiable function with these properties . Details of this proof can be found in
Hawking and Ellis (1973). ~

As a corollary, we have :
G
COROLLARY. Stable causality implies strong causality .
Proof: Let f be a global time function on M. Given any p E M and any open
neighborhood 0 of p, we can choose an open neighborhood V C 0 of p shaped so
that the limiting value of f along every future directed causal curve leaving V is
greater than the limiting value off on every future' directed causal curve entering V
(see Fig . 8 .9) . Thus, since f increases along every future directed causal curve, no
causal curve, can enter V twice .
In conclu sion , stable causali ty appears to be the appropriate notion which ex presses the idea that a spacetime is not "on the verge" of displaying bad causal
behavior .

Fig. 8.9. The neighborhood, V. of p used in the proof of the corollary to theorem
8.2.2.
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Fig. 8. 10. A spacetime diagram illustrating the definition of the edge of a closed ,
achronal set S.

8.3 Domains of Dependence; Gl" Hyperbcrlici#y
In the previous sections, attention was focused on the collection of events, I+(S)
or J+(S ) , that could be influenced by a set, S, of events . In this section, we shall be
concerned with the collection of events which, in the sense described below, are
"entirely determined" by a set of events, S, (which, for technical reasons, will be
taken to be a closed, achronal set) . Wealso shall explore the properties of spacetimes
(or spacetime regions) in which all, events are "determined" by an appropriate S. .
We begin, however, by pointing out an important property of closed, achronal
sets. For S closed and achronal, we define the edge of S as the set of points p E S
such that every open neighborhood 0 of p contains a point q E I'( p), a point
r E I-(p) and a timelike curve A from r to q which does not intersect S (see Fig .
8 .14) . We often will be interested in closed, achronal sets without,edge . (Such sets
are sometimes referred to as slices.) A repetition of the proof of theorem 8.1 .3
establishes the following result :

77HWREM 8 .3 . 1 . Let S be a {ncrnempsy} closed achronal set with edge (S ) _ 0 . Then
S is a three-dimensional, embedded, CI submanifold of M .
Now, let S be a closed, achronal set (possibly with edge) . We define the future
domain of dependence _ of S, denoted D+(S ), by

D+(S) _ ~p

E M Every past inextendible causal curve
through p intersects S

Note that we always have S C D+(S) C J'(S) and, since S is achronal, we also have
W(S') (1 r(s) = 0. Two examples illustrating the nature of D+ (S) are given in
Figures 8 . 11 and 8 .12 . Our definition of D + (S) agrees with that of Hawking and Ell is
(1973) but differs s lightly from that of Penrose (1972) and Geroch (1970b) in that
they replace "causal curve" by "%melike curve . ,,
The set D+ {S} is of interest because if "nothing can travel faster than li ght,,, then
any signal sent to p E D+(S) must have "registered" on S . . Thus, if we are given
appropriate information about "initial conditions" on S, we should be able to predict
what happens atp E D + (S). Conversely, if, say, p E I}(S} butP f D+(S'), then it
should be possible to send a signal to p without influencing S, and a knowledge of
conditions on S should not suffice to de termine conditions at p. These expectations
are confirmed by an analysis of the propagation of solutions to hyperbolic wave
equations representing physical fields in curved spacet ime (see chapter 1 0) .
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u+fc►

S
Fig. 8 . 11 . A spac etiz ne diagram showi ng the future domai n of depe ndence , D + (S ),
and Cauchy horizon H+(S) of a particular closed achronal s et S in Minkowski
sp acetime with a poin t removed .

The past domain of dependence of S, denoted D-(S), is defined by interchanging
"future" and, "past" in, (8 .3 .1), Again, from . a knowledge of conditions on S, we
expect to be able to "retrcklict" conditions at all q E D'(S) . The (full) domain of
dependence of S, denoted D(S), is defined as simply ,

D(S) = D* (,S') U D- (S")

(8 .3.2)

Tfins, D (S) represents the complete set of events for which all conditions should be
determined by a knowledge of conditions on S.
A closed ._ achronal set 7, for which D (1) = M is called a . Cauchy surface . It
follows immediately that for any. Cauchy surface 1 , we have edge (1) = 0. Thus,
by theorem 8 .3. 1, every Cauchy surface is an embedded CO subrnanifoid of M. This
justifies our use of the terminology "surface" to describe 1 , and, since £ is ac hronal,
we may think of I as representing an "instant of time" throughout the universe. .
A spacetime (M, gam) which possesses aCauchy surface, E is said to be globally
hyperbolic . (This definition differs significantly from both the original definition of
Leroy 1952 and the definition used in Hawking and Ellis 1973, but a ll three
definitions are equivalent ; see the remark at the end of this chapter . ) Thus, in a
i

Fig . 8.i2 . A spacetime diagram s howing W(S) and H+(S) for a particular closed
ach ronat set S in Minkows& i spacetime. Hire S is "asymptotical l y null" to the right
and becomes "exactly null" to the M . This example shows that H'` fSa can intersect
S even if edge (S) = 0.
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globally hyperbolic spacetime, the entire future and past history of the universe can
be predicted (or retro dicted) from conditions at the instant of t ime represented by X .
Conversely, in a non-globally hyperbol ic spacetime we have a breakdown of predictabil ity in the sense that a complete knowledge of condi tions at a single "instant of
time" can never suffice to determ ine the entire history of the uni verse . There are
some good reasons for believing that a ll physically realistic spacetimes must be
globally hyperbolic (see chapter 12 and Penrose 1979) . However, even if one does
not accept these arguments and wishes to consider a non-globally hyperbol ic spacetime, one still can apply the theorems proven below on globa lly hyperbolic spacetimes to any region of the form n#[D (S)] for any closed achronal set S .

The closure of the future domain of dependence of S, D'(S) , is characterized by
the following- property.
PROPOSITION 8 .3 .2. P E D+(S) if and only if every past inextend ible timelike curve
from p intersects S .
Proof. If there exists a past inextendible timelike curve from p which does not
intersect S, it is easy to see that the sa me property must hold for an open neighborhood 0 of P. In that case, o (1 D +(S) = 0 and p f D+(S'). Conversely, suppose
every past ' inextendible t meiike cur ve from p inte t~ S. Then either
p E S C D+ (S? C D+(,S') or p E I+ (S). If the latter holds, let q E r(p) [1 Il(S')
and suppose a past inextendible causal curve A from q failed to intersect S. Then
either (i) A remains in 1+ (S) or (ii) A intersects i +(S ) at a point r f S . In either case,
we could construct a past inextendible timelike curve from p which does not intersect
S. [In case (i) , we use lemma 8 .1 .4 to get a timelike curve y C IA (A) C 1+(S-),, in
case (ii) we use the- corollary to theorem -8 . 1 .2 to obtain a timelike curve from p to
r and then we extend it arbitrarily into the pest:} Thus for any q E I'"(P) n r(s)
we have q E D+(S) . Since every open neighborhood of p E I+(S) intersects
r(p) n P(S), we have p E D 7(35 . ❑
Some properties of the interiors ofD+(S) and D (S) can be seen from the following
lemma, the proof of which is le ft as an exerci se (problem 3) .
LEMmA int[D+(S')] = I-[D +(S')] fl I+(S)

in c En (S)3

= I LD+(S)l n I +[D (S)]

It follows immediately from the defin ition of a Cauchy surface that if 7, is a
Cauchy surface , then every inextendible causal curve intersects 1 . In fact , we have
the following stronger result .

Pxoposrrtoty 8. 3 .4. Let 7, be a Cauchy surface and let A be an inextendible causal
curve. Then A intersects 1 , I+(Y,), and I-(I) .
Proof. Suppose A did not intersect I-(Y,) . By lemma 8 . 1 . 4 we could find a past
inextcndible timelike curve y C I''" (A) C I+[M U 1+(I:)] = I+(Y,) . If we extend y
indefinitely into the future, it still cannot intersect I or-the achronality of I would
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be violated. Since every inextendible causal curve intersects X , no such y exists .
Thus A must enter Similarly, d must enter I+(1). ❑
Let S be a closed achronal set . We define the futur e Cauchy horizon of S, denoted
H+ (S), by

H +(S) = D+ (S) - I-[D+ (S)l

(8 .3. 3)

As w ill be -made more precise later (see the corollary to proposition 8 . 3 .6 below),
H+ (S ) and the analogously defined H-(S) measure the failure of S to be a Cauchy
surface. Examples of H +(S) are shown in Figures 8 .11 and 8 . 12. Clearly H+(S)
always is closed since it is the i ntersection of the two closed sets W(S) and
M -- I-[D{(S) }. Furthermore , we have

C M - H+(S)

(8 . 3 .4)

!bus, i'[H*(S)] fl H+(S") = 0, so H+(S) is achronal . Indeed, H+(S) is a portion of
the boundary of the past of the set p+(S ); specifically we have H+ (S) =
v+(S) U 5] f1 l--[D+(S)] (see problem 5).
One of the most important properties of H+(S ) is stated in the following theorem:
ZwouM$ 3 .5 . Every point p E H+ (S) lies an a null geodesic A contained entirely
within H+ (S) which either is past inextendible or has a past endpoint on the edge
of S.
Proof. The basic idea of the proof is similar to that of theorem 8 .1 .6 . Let
P E H+(S) with p f- edge(S) . Then either (i) p E I+ (,S') or (ii) p E S but
p f edge(S) . We first will show that in either case, a nontrivial past directed null
geodesic contained in H+(5) passes through p .
In case (i), since p f I"[D+(S')J, for every q E I+(p) there exists a past inextendible causal curve from q which does not intersect S . Let {q. } be a sequence of
points in I" (p) which converges to p, and let {As} be a corresponding sequence of
such curves as illustrated in Figure g .13. Since p is a limit point of {As}, by lemma
$.1 .5 there exists a past inextendible causal limit curve ; A, of the IA. 1 which passes
through p. Now, suppose A entered the open set I+(S') fl I^[D'(S')] C D+(S') • Then
so would some A. for sufficiently large n, which is a contradiction since A. n
D+(S) = 0 because each A. fads to intersect_ S . In particular, since I-(P) C
1- [D+(S) ] = 1 fD + (S )], this implies that within I+ (S) , A is a past directed causal
curve from p which does not enter I-(p). Thus, by the corollary to theorem 8 .1 .2,
within ,l+(S), A must be a null geodesic . Furthermore, if a past directed timelike
curve from a point in J1 f1 I+(S') failed to intersect S, we could construct a past
directed timelike curve from p with the same property . Since p E D+(S}, this is
impossible because of proposition 8 .3 .2, and thus by the same proposition we have
[A fl r(S)] C D (S'). Thus, A fl I+(S) C H+(S). Putting all these results together,

204 Causal Structure

Fig. 8. 13. A point p E H" (S) Cl I+(S) wi th a sequence of points qn E 1+ (P)
converging to p (see theorem 8 .3.5).

starting from every p E H+(S) ft 1'+(S) we have obtained a nontrivial past directed
null geodesic segment A lying in H+( S) .
In case (ii) where p E S but p f edge( S), we u se the definition of edge(S) to
establish exi s tence of an open set 0 such that no causal curve contained in 0 from
a point q E 1+(p) n O ,can enter I-(S) fl 0 without intersect ing S. The argument
establishing existence of a nontrivial past directed null geodesic ihroughp remaining
i n H+(S) then proceeds along similar lines .
Finally, suppo se a past , directed null geodesic A leaves H+(S), i .e., suppose the
portion of Jt contained in H+ (S) has a past endpo int r. Since H+(S) is closed , we have
r E H+(S) . If r it edge(S), we can find a nontrivial past, directed. null geodesic
segment A ' in 1~ '(S) starting from r. ,However , if A' were not a continuation of A ,
by the corollary to theorem 8 .1 .2 we could fi nd a timeline curve connecting a point
of A to a point of A ` . This would violate the achrQnal ity of H +(S'. This proves that
A cannot have a past endpoint except on edge(S) . El

The (full) Cauchy horizon of a closed achronal set S is defined by
H (S) = H+(S) U H- (S) ,

(8.3.5)

where fl-(S) is defined-by interchanging past and future in the definition of H+(S)•
Using lemma 8. 3 .3 , it is not difficult to show that the Cauchy horizon marks the
boundary of the domain of dependence of S:
Ntoposmox 5. 3.6. H(S) = b (S'),
We leave the proof of this proposition as an exercise (problem 5} . As a direct
corollary we have
CoROraARY . If M is connected, then a nonempty closed achronal set, Y , is a Cauchy
surface, for W, 8,*} if and only if ff(1) _ 0.

Proof. if b(M) = 0, we have D (1) -- in~D (2)] ~ D ( 1), so D (E) is both open
and closed . Thus, since D (E) D _X # 0 and M is connected, we have D (1) _
M. 0
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This corollary leads to the following useful criterion for Cauchy surfaces .

TWoREvt 8. 3 . 7 . If7, is a closed, achronal, edgeless7 set, then 7, is a Cauchy surface
if and only if every inextendible null geodesic intersects 7, and enters 1{{7,} and
r-(7p.
Proof. The "only if" part i s a special case of proposition 8. 3 .4. To prove the "if„
part, it suffices to sew that if 7, is not a Cauchy surfac e , then at least one null
geodes ic fails to enter I+(1) or I"(I). But if E fails to be a Cauchy surface, then at
least one of lei+(Y,) or H-( I) is nonempty (unless M is disconnected and 7, does not
intersect a component of M, in which case the result is trivial). If, say, H +(1) -A 0,
then since edge(MO) _ 0, by theorem 8 .3 .5 there exists a past inextendible null
geodesic which remains forever iu H+(1 ) and thus never enters i''(E) . Clearly , if we
extend this geodesic forever into the future, it still cannot enter I-(7,) or the achronality of 7, would be violated. 0
Now, let (M , 8 b) be a globa ll y hyperbolic spacetime with Cauchy surface I . It is
easy to see that no closed timelike curves can ex ist in M: A clos ed timelike. curve
which intersects I would violate a chronality of 1, whereas a closed timelike (or even
causal) curve which fails to intersect 7, would violate global hyperbalicity, since we
could follow this curve •`azound and around" todefinje an inextendible causal curve
which does not intersect I . In fact, we will see later (theorem 8.3 .14 below) that
(M, gam) must be stably causal . However, we fiist .show that strong causality holds;'
LEmmA 8. 3 .8. Let (Al, 8, b) be a globally hyperbolic spacerime . Then (M, g,b) is
strongly causal .
Proof. In a globally hyperbolic spacetime with Cauchy surface X, we clearly have
M = I*(E) U I U I- (M)- Suppose strong causality were violated at p E I'(1). It
follows directly from the definition of strong causality violation that we could find
a convex normal neighborhood U ofp contained in I+(Y,) and a nested family of open
sets OR C U which conve rges top such that for each n we can find a future directed
timel ike curve A. which begins in On, leaves U, and ends in O . Using lemma 8 .1 .5,
we can find a limit curve A which passes through p . Although each of the k. are
extendible, it is clear that k must either be inextendible or yield a closed causal curve
through p , in which case it could be made to be inextendible by going "arotind and
wound." Since none of the k can enter 1`(I) or achronality of I would be violated ,
A also cannot enter I`(I). However , this contradicts proposition 8. 3 .4 . Thus, strong
causality cannot be violated at p E I}(Y2) or, by the- same reasoning , at p E 1-(I) .
For the case g E I , we can choose the {{fin } so that and future directed timelike curve
starting in On must -exit 4R in I+(7Q. Again we would find that the l imit curve A could
not enter I` (Z), in c ontradiction to proposition 8 . 3 .4. 0
The remaining res ults of this section deal with the space of causal curves joining
two pints in a globally hyperbolic spsacctisne. The arguments used in the proofs
7 . The requirement that Y. be edgeless can be removed from the hypothesis of this theo rem. See
deroch (1970b) .
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provide a beautiful illustration of the abstract topological space methods outlined in
appendix A.
Let- (M, 8 b) be a strongly causal spacetime and let p, q E M . We define C (p, q)
to be the set of continuous, future directed causal curves from p to q, where curves
that differ only by reparameterization are cons idered to be the same curve . [Of
course, C(p, q) will be empty unless q E J {(p) j We define a topology, °T; on
CEPS q), thereby making (C (p, q), 9) into a topological space as follows. Let
U C M be open, and define O(U) C C(p, q) by
O (U ) = {A E C(P> q) I A C U}

(8 .3.6)

In other words , O (U) consists of all causal curves from p to q which lie eatirely ,
within U. We define our topology 9 by calling a subset , 0, of C (p, q) open if it can
be e xpressed as

0

= U O (U)

t 8 .3 .7j

where each O(U) is of the farm (8 .3.6) .
s ince OEUo fv Q m) = O w, (1 U2}, att is ea sy to check that T .does indeed
define a topology on C (p, q). Since we restrict consideration to spacetimes in which
no closed cause curves exist, it follows that if.A, k' E C (F► q) are distinct, causal
curves, the subset A of M cannot contain or be contained in the subset A' of M. From
the properfies of the topology on M, it then follow s that .the topology °i on G (P , fir)
isHausdorff. Furthermore, when no closed eausal curves-m- st, °l is second countable. (See Geroch 1970b for a sketch of the proof of this result .) Finally, the notion
of convergence defined by 3" is ,the following : JI„ ;-+ A if for every open set U C M
with A C U, there exists an N such that A. C U for all n > N. If strong causality
holds in M as we require, one can show that this notion of convergence is equivalent
to the notion of convergence of curves defined in section 8 . 1 . Sim ilarly, the notion
of a "limit. curve," A , . of a sequence (A.1 in the sense of section 8. 1 coincides with
the topological space notion, of an accumu lation point defined in appendix A.
The key theorem upon which all €urther, result s of this section are based is the
following:
'I HEoum 8. 3 .9 . Let (M, gab) be a globally . hyperbolic spacetime and let p, q E M.
Then C (p, q) is compact.
Proof. Since the topology on Qp, q) is second countable, by theorem A .9 of
append ix A we need .only show-that every i nfinite sequence {,tom} of points ( i.e. ,
curves in C { p, q} has an accumulation point (i.e. , a limit curve, A) in G(P, q).
Consider; first, the case p, q E . D(M), where I is a Cauchy surface for (,V, 8 b), and
let {A.} be a sequence i n C(P► q) as illustrated in Figure 8 . 1 4 . If we (temporarily)
remove q frum M, then {A„ I t ecomesa sequence of future inext endible causal curves
starting at p . Hence, .: by lemma 8 . 1 . 5, there exists a future inextendible (in M - q)
limit curve A wing at p. Since none of the A. enters I +(2), neither can A. If, now,
we restore the point q, then in M either (i)4 will remain inextendible or (ii) q will
be an endpoint of A.., However, possibility (i) is ruled out by proposition 8.3 .4 since
A does not enter I+(M). Hence, A (with its endpoint at q added) provides the desired
limit curve .
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P
Fig . 8 . 14. A sequence {A„ } of causal curves from p to q in the case p , q E D
(see theorem 8 .3 .9) .

The case p, q E,U+(Y, ) obviously follows by the same argument . Thus, the only
remaining nontrivial case is p E D-(Y,), q E I+{1 }. Given a sequence JA„} in
C(p,q), the above argument proves existence of a future directed limit curve A
starting at p which enters- .I+(1 ). We choose r E A fl I(Y,) and extract a subsequence {A R} such that every point on the segment of A between p and r is a
convergence point of this subsequence . Now we reverse the procedure and consider
the sequence of past inextendible (in M - p) causal curves {A} starting from q . By
the sane arguments as given above, we obtain a limit curve A' from q which enters
I`M and thus must pass through r, since r is a convergence point of JA„} and if A'
did not extend to r it would have to remain in I+(r) C ,I +(Y,) . Thus, by joining the
segment of fit' from r to q with the segment of A from p to r we get the desired, limit
curve. D

The compactness of C (p, q) directly yields a corresponding compactness of the
subset j+(p) f? r(q) in the manifold topology :
THMottEht 8.3 .1Q. Let (M, gam) be a globally hyperbolic spacetime and let p, q E M.
Then J+ EF? n ✓-(q) is compact.
Proof. Since paracompactness implies that the m anifold topology is second countable (see appendix A), by theorem A .9 in that appendix we need only show that
every sequence {r„} of points in ,I,(p) fl J-(4) has an accumulation point r. To
prove this,:we let {AJbe a sequence of causal curves from p to q such that A. passes
through rn. Since C ( p, q) is compact and first countable, by theorem A .9 we find a
subsequence {.l„} .:-which converges to a curve A 6 C (p, q) . Now view A as a subset
of M. Since A is compact (for i t is the continuous image of a closed i nterval of !R),
we can find an open neighborhood U C M of A such that U is compact . (Proof:
Cover A with open sets with compact closure, use compactness of A to extract a finite
subcover, and take the union .) By d efinition of convergence, there e xists an integer
N such that for all n > N we have A„ C U . Thus, since r;, E h„ and U C U, we
have a subsequence Jr nJ contained in U. From the compactness of U, there exi sts an
accumulation point r E U. If r ~t_ A, we would contradict the fact that A is the l imit
of {,! O . Thus, we have r E A C r(p) fl J-(q) and r is the desired accumulation
point of {t' . ❑
,,}
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From theorem A . 2 in appendix A , we obtain the following corollary:

CoRouA tY. In a globally hyperbolic spacet ime, r(p) n J-(q) is closed.
In fact, it is not difficult to see that J+(p) itself must be closed. Namely, if not we
could find a point r E J+(P) with r 0 J ' (P) . Choose q E P(r). When we would
have r E .fi+ EP3 n J-(q) but r 0 I+( P) n J-(q), which is a contradiction since
,I+ { p} i'1 J-(q) is closed . One can strengthen these arguments to obtain the following
more general result , the proof of which i s left as an exercise (problem 7) .
TxEoREm 8 . 3. 11 . Let (M , gam) be a globally hyperbolic spacetime and let K C M be
compact. Then J+(K) is closed.
Recall that for any subset S, we have I+ (S) C J+(S) C I+(S). Thus, theorem
8.3. 11 shows that for a compact set K in a globa lly hyperbolic spacetime, we have
,1+(K) = I+(K) . This implies that I{ (K) C J+(K), and thus in this cas e we can
strengthen theorem 8 . 1 . 6 to conclude that every p E !+(K) can be joined to K by
a past directed null geodesic lying in !+(K) . Thus, the phenomenon illustrated in
Figure 8 .2 cannot occur for compact sets in a globally hyperbolic spacetime.
Let (M, 8 b) be a globally hyperbolic spacetime with Cauchy surface 2: For
q E L3+(I) we define C (1, q) as the set ofcontinuous future directed causal curves
from I to q and we define a topology on C (£ , q) in the same way as for e(p, q).
Essentially the same argument as given in theorem 83.9 establishes that C (1 , q) also
is compact: A repetition of the p roof of theorem 8 . 3: 10 thin yields the following
theorem .
THEO Em 8 .3 . 12. Let (M, g b) be a globally hyperbolic spacetime with Catchy
surface 7, and let q E D'(1 ). Then ra) !l r (q) is compact.
Our final results concern the topology and causal structure of globally hyperbolic
spacetimes .

PROposmoN 8 .3. 13. Suppose I and X ' both are Cauchy surfaces for the spacetime
(M, g,b) . Then 7, an d- E` are homeumorphic.
Proof. By lemma 8 . 1 . i, there exists a nowhere vanishing timelike vector field t°
on M. Since I and V are Cauch y surfaces, each integral curve o f t° must have
precisely one intersection point with I and V . The map of I onto V obtained by
associating points which lie on the same integral curve of t` yields a continuous,
one-to-one map with continuous inv e rse. 0
Our final theorem greatly streng thens lemma 8.3. 8.
' fit 8 .3.14. Let (M, gam) be a globally hyperbolic spacetime . Then (M, gam) is
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stably causal. Furthermore, a global rime function, f, can be chosen such that
each surface of constant f is a Cauchy surface . Thus M can be foliated by
Cauchy surfaces and the topology ofM is R X X, where I denotes any Cauchy
surface .

Sketch of proof. As in theorem 8.2 .2 , we introduce a volume measure µ on M such
that µ (M) is finite, -and we define the function ,f- by
f _( P)

= µ [j

( P )l

(8.3 .8)

Using the fact that, for all q E M, J+(q) and J-(q) are closed , it is possible to show
that f (p) is continuous (i.e. , the "averaging" used in theorem 8 . 2.2 is not needed);
see Hawking and Elli s (1973) or Geroch (1970b) for details . Thus, f` defines a
continuous global time function , which can be "smoothed" to yield a differentiable
global time furtcfiaon . This pro ves stable causality . To obtain the stronger conclusions
of this theorem, we define f + by

.f +(P) = µ1j+(P)1

(8 . 3 .9)

and f by

Then f is continuous, and each surface of constant f is a closed a chro nal set. It
remains to show that every inextendible causal curve intersects each surface of
constant f. This must occur if f `(p) goes to zero along every past inexte ible. causal
curve, and if, similarly, f+(P)- goes to zero along every future inextondible causal
curve, since then fwill attain all values in the interval (0, oo ) along every inextendible
causal curve . To prove this, we suppose that A is a past inextendible causal curve
starting at q along which f - does not approach zero in the past . Then there must exist
a point p such that p E r(r) for all r E A. Hence A must be contained with in the
set J-(q) fl j+( p) . However, by theorem 8.3 . 10 this set is compact, and by lemma
8. 3 . 8 strong causal ity holds . 'Thus, by lemma 8 . 2. 1 , A must have a past endpoint ,
which contradicts the fact that A is past inextendible . Thus, f- must approach zero
as one goes along A into the past . Clearly, the analogous property also holds for
fem . ❑
Remark. Our definition of global hyperbolicity of (hl , gam} is (I) existence of a
Cauchy surface . Leray's (1952) original definition was essentially (II) strong causality holds and e(p, q) is compact for all p, q E M . The definition given by Hawking
and Ellis (1973) is (III) strong caus ality holds and J+ (p) f1 J-(q) is compact .
Lemma 8 . 3 . 8 and theorem 8 . 3.9 prove that (1) => (II) , while theorem 8 .3 . 10 shows
Q => (TII) since the proof used only the compactness of C (p, 4). Finally, the prof
of theorem 8 . 3 . 14 establishes that (III) => (I), since only properties derived from
(IIZ) played a role in the construction of Cauchy surfaces . Thus , all three definitions
are equivalent.
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Problems

1 . Prove that for any subset S of the spacetime manifold, M, we have

a) I +[I+(s)] = 1+(s) and
b) I'(9) = 1+(S), where 9 is the closure of S.

2. Let S be any subset of the spacetime manifold M. Give a p roof of the following
two claims made in the text:

a) J+(S) C I + (S) and
3. Prove lemma 8 . 3. 3 .
4. Let (M, 8Qa) be a globally hyperbolic spacetime with Cauchy surface Y., and let
C C I be closed. Show that .T+(%) - D+{G') U J+(j -- C) .
5 . Prove that for any closed, achronal set S, we hav e

6 ., Prove proposition 8 .3.6.
7. Prove theorem 8 .3.1 1 .
8. a) Let (M , 8,b) be a globally hyperbolic spacetime with Cauchy surface I . Let
C C I be closed but not aecessaffly npact . Prove that J+(G') is closed .

b) Find an example of a closed, achronal set S in Minkowski spacetime such that
✓+(S ) is not closed. (Hint : Consider a noncrompact subset of a null plane .)

NINE

SINGULARITIES

In chapter 5 we studied the dynamics of a homogeneous, isotropic universe . We
found there that if the universe presently is expanding (as it is observed to be), then
a finite time ago it must have begun in a singular state, with infinite density and
infinite spacetime curvature . In section 6 .4 we analyzed the extended Schwarzschild
geometry. There we found that at "r = 0" an infinite spacetime curvature singularity
is present. Thus, a singularity also is predicted in the complete gravitational collapse
of a spherical body .
However, the above predictions of singularities in cosmology and gravitational
collapse are based solely on the analysis of solutions with a very high degree of
symmetry . It certainly is possible that they could give a completely misleading
picture of singularity formation . For example, in the .Newtonian theory of gravity,
if a spherical, nonrvtating shell of dust is released from rest, a singularity will be
produced at r = 0 when all the matter simultaneously reaches the origin . However,
if one perturbs the shell away from spherical symmetry or gives it some rotation, then
no such singularity will occur. Thus, one might suspect that in general relativity,
nogspherical collapse will not, in general, lead to a singularity . Similatfly, if one
evolves a universe which is not exactly homogeneous and, isotropic backward into
the past,'perhaps instead of a "big bang" singularity, general relativity might predict
merely a nonsingular, high density phase which might then reexpand into the past .
Ifthis occurred, then in general relativity one would have a viable nonsingular closed
universe model with infinitely many cycles of expansion, contraction, and "bounce ."
Thus, it is of considerable interest to determine if the above predictions of singularities are merely artifacts of the high degree of symmetry of - the known exact
solutions, or whether singularities are a true, generic feature of solutions describing
cosmology and gravitational collapse in general relativity .
The purpose; of this chapter is to discuss the singularity theorems of general
relativity. These theorems prove that singularities are true, generic features of
cosmological and collapse solutions . Although they give very little information
concerning the detailed nature of these singularities, they show that models such as
the nonsingular "bouncing universe" are incompatible with general relativity provided only that certain energy conditions are satisfied by matter and several other
conditions hold in the spacetime .
211

212 Singularitie s

The prediction of singularities undoubtedly represents a breakdown of general
relativity in that its classical description of gravitation and matter cannot be expected
to remain valid at the extreme conditions expected near a spacetime singularity .
Indeed, on dimensional grounds one would expect a classical description of spacetime structure to break down at scales characterized by the Planck length,
lp = (AG/c)}11 -~ 10-33 cm (see chapter 14) . Hence, classical general relativity
certainly should break down at or before the stage where it predicts spacetime
curvatures of order 1Q2. Although the singularity theorems do not prove that the
singularities of classical general relativity must involve unboundedly large curvature,
they strongly suggest the occurrence in cosmology and gravitational collapse of
conditions in which quantum or other effects which invalidate classical general
relativity will play a dominant role .
We begin our discussion of the singularity theorems in section 9 .1 by attempting
to define the term "singularity ." Although it may be easy to recognize the "big bang"
of the Robertson-Walker solutions or "r = U„ of the Schwarzschild solution as
singularities, it is extremely difficult to give a satisfactory general notion of that
term. We provide motivation for the notion of timelike and null geodesic incompleteness as a criterion for the presence of a singularity, although even this notion
has some unwanted features . It is this criterion which is used in the singularity
theorems.
The basic idea of the singularity theorems is as follows . As already shown in
section 3 .3, geodesics are curves of extremal length . After deriving some useful
equations describing geodesic congruences in section 9.2, we obtain criteria in
section 9 .3 for when a timelike geodesic fails to be a local maximum of "length''
(i.e ., proper time) between two point or between a point and a three-dimensional
surface . We obtain similar criteria for when a null geodesic fails to remain on the
boundary of the future of a point or two-dimensional surface . Using an inequality on
the Ricci tensor which follows from local positivity properties of the stress-energy
tensor--this being the only place in the analysis where Einstein's equation is usedwe show that in appropriate circumstances "sufficiently long" timelike geodesics
cannot be maximal length curves, and "sufficiently long" null geodesics cannot
remain on past or future boundaries . However, in section 9 .4 we give global arguments involving compactness of the spaces of causal curves (see section 8 .3) to
establish existence of timelike curves of maximal length in globally hyperbolic
spacetimes . An analogous result (theorem 8 .3 .11) for null geodesics was already
given in chapter 8 . The contradiction between these results (even if the spacetime is
not assumed to be globally hyperbolic) produces the singularity theorems of section
9.5 : In appropriate circumstances "sufficiently long" timelike or null geodesics
cannot exist ; i,e., one must have timelike or null geodesic incompleteness .

9. 1

What Is a Singularity?

Intuitively, a spacetime singularity is a "place" where the curvature "blows up" or
other "pathological behavior" of the metric takes place . The difficulty in making this
notion into a satisfactory, precise definition of a singularity stems from the above
terms placed in quotes.
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By far the most serious (and, perhaps, insurmountable) difficulty arises from
trying to give meaning to the idea of a singulari ty as a "place ." In all physical theories
except general relativity, the manifold and metri c structure of spacetime i s assumed
advance; we know the "where and when" of all spacetime events, and our task is
simply to detemine the values of p hysical quantities at these events . If a physical
quantity is infinite or otherwise undefined at a point in space time , we .have no
difiiculty in saying that there is a singularity at that point. Thus, for example, we
easily may give precise meaning to the statement that the -Coulomb solution of
Maxwell's equations in special relativity has a singulari ty at the events labeled by
r = 0. However, the situation in general relativity is completely different. Here we
are trying to solve for the manifold and metric structure of spacetime itself. Since the
notion of an event makes physical sense only when man i fold and metric structure, are
defined around it, the most natural approach in general relativity is to say (as we have
been doing) that a spacetime consists of a manifold M and a met ric- &b defined
everywhere on M. Thus, the "big bang" singularity of the Robertson-Walker solut ion
is not cons idered to be pa rt of the spacetim e manifold; it is not a "place" or a "time."
Similarly, only the regi on r > 0 is incorporated into the Schwarzsch ild spacetime;
unlike the Coulomb solution in special relativity, the singularity at r = 0 is not a
ice .
On the basis of the Robertson-Walker and Schwarzschild examples, one might
expect that one still could define the notion of a singular boundary of a spacet in e.
The idea here would be to add points representing the singularity (e.g. , the points
"z = 0" in the Robertson-Walker . spacetim and "r = Q„ in the Schwarzschild
spacetime) and define a topologi cal space or perhaps even manifold wi th boundary,
structure on the r esulting collection of points. This would allow one to talk in precise
terms of a singularity as "lace" even though the metric is not defined there.
However, while this could be done "by hand" in a few simple cases like the
Robertson-Walker or Schwarzschild spacetimes, severe difficulties arise if one tries
to give a meaningful general presc ription for defining a singular boundary . In the first
place, naive definitions based on coordinate component expressions for the metric
have no chance of success as a general prescript ion since the apparent structure of
a singularity can be altered easily by a coordinate transformation, as illustrated by
simple examples like those given at. the beginning of section 6.4 (where no true
singularity was present) . 'Several coordinate independent prescriptions for defining
a singular boundary have been proposed, in particular, the "g-boundary" (Geroch
I968b) and the "b-boundary" (Schmidt 1971) . However, these prescriptions and all
others with similar properties produce boundaries with pathological topological
properties in simple examples (Johnson 1977; Geroch, Lung, and Wald 1982) .
Geroch, Kronheimer, and -Penrose (19 72) have defined the not ion of the c ausal
boundary of a spacetime by using equivalence classes of future and past inextendible
tiznelike curves (called TIPS and 1'I Fs, respectively) to define the boundary points .
However, some difficulties arise in the identification procedure of TIPS with TiFs
and in the definition of a topology on the spacetime w ith boundary points adjoined .
1 . See appendix B for the definition of "manifold with boundary ."
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Thus, at present, no fully satisfactory general notion of a singular boundary exists .
Until a satisfactory definition can be produced, we must abandon the notion of a
singularity as a "Place ."'
Of course, our failure to describe a singularity as a "place" in precise mathematical
terms does not in any way lessen the obvious fact that singularities exist in, say, the
Robertson-Walker and Schwarzschild spacetirnes . It simply means that we must find
other ways of characterizing a singularity . One approach is to note that the curvature
"blooms up" in these spacetimes, i .e., it is unbounded as r---> 0 in the RobertsonWalker spacetimes and as r - ), 0 in the Schwanschiid spacetime . However, one
encounters a number of serious difficulties if one attempts to use the notion of
curvature "blowing up" as a general criterion for singularities . In the first place,
curvature is described, by a tensor field lt&d, and if one uses bad behavior of the
components of this tensor or its derivatives as a criterion for singularities, one- can
get into trouble since this bad behavior of components could be due to bad behavior
of the coordinate or tetrad basis rather-than the curvature . To avoid this problem, one
could examine scalars formed out of the curvature, such as R , R b R °b, R„ba R', and
similar scalars fomted by polynomial expressions in derivatives of the curvature
tensor. However, even if the value of some curvature scalar is unbounded in a
spacetime, the curvature might blow up only "as one goes to infinity," in which case
one would not want to say that the spacetime is singular . On the other hand, for
"plane gravitational waves,,, i.e ., type IV vacuum solutions of Einstein's equation
(see section 7 .3),-all such polynomial 'curvature scalars vanish, but the curvature
tensor still may be singular! [Analogous behavior occurs for the plane wave solution,
F,,b = f(u)re{Qab]u, of Maxwell's equations in special relativity, where u = t - x, na
is a constant vector field orthogonal to a°u, and f is an arbitrary function . All field
invariants formed by polynomials in Fbancl its derivatives vanish identically, but F,*
will be singular if f(it) is singular.] Furthermore, in a physically meaningful sense
spa times may be singular without any bad behavior of the curvature tensor . For
example, we can remove the "wedge" of Minkowski spacetime consisting of points
with-azimuthal coordinate .0 satisfying 4 < 0 < pia . Then we can identify the points
0 = 0 with the corresponding points at 0 = Oo. The resulting space can be given
the manifold 'strwture of R'by redefining .the coordinate neighborhoods of the points
with qfi = 0 (including r = 4) . The flat metric of the . original spacetime at the points
with r{i :0 0 (where the manifold structure is unaltered) is naturally defined on our
new manifold, and it can be smoothly continued to the points with c~ = 0 and r > 0.
However, it cannot be smoothly continued to r = 0 . We have a "'conical singularity"
at r = 0 (and, thus, we must exclude r = 0 from the spacetime) even though the
curvature tensor lt b,a vanishes everywhere else! Thus, the general characterization
of singularities by the "blowing up" of curvature is unsatisfactory . The characterization of singularities by a detailed enumeration of the possible other types o f
2. A manifald w i th a Riemannian metric defined on it can be made into a metric space by using the
g reatest lower t ound of the length of curves connecting two points as a d i stance function . For a metric
space, the Cauchy ~completion calnsEruct o n (see, e .g., Royden 1963) gives a fully satisfactory notion of
a "singular boundary ." However, a Lorentz metric does not naturally give ri se to a distance function,
so the Cauchy complet ion construction cannot be applied hem .
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"pathological behavior" of the spacetime metric also appears to be a hopeless task
because of the infinite variety of possible pathological behav ior.
How, then, can one charact erize singular spacetimes? By far the most satisfactory
idea proposed thus far is bas ically to use the "boles" left beh ind by the removal of
singularities as the criterion for their presence . These "holes" should be detectable
by the fact that there wi ll be ge odesics which have finite affine length; i.e., more
precisely there should exist geodesics which are inextendible in at least one direction
but have only a finite range of affine parameter . Such geodesics are said to be
incomplete. (For timelike and spacelike g eodesics, finite affine "length" is equivalent
to finite proper time or length so the use of affine parameter simply general izes the
notion of "finite length" tc null geodesics . ) Thus, we could define a spacetime to be
singular if it possesses at least one incomplete geodesic .' We then also may classify
a singularity represented by an incomplete geodesic according to whether (i) a scalar
constructed polynomia lly from R b,d and its covariant derivatives blows up along the
geodesic ("scalar curvature singularity") or (ii) no such scalar blows up, but a
component ofRb,d or its covariant derivatives in a parallelly propagated tetrad blows
up along the geodesic (`•para11e1lY PrnPaSated curvature singularity") or (iii) no such
curvature scalar or component blows up ("non- c urv ature singularity").
One possible objection to this definition is that spacetimes wh ich are otherwise
nonsingular but simply have points "artificially" removed would be considered
singular. However, we can avoid this possib ility by restricting consideration only to
inextendible spacetimes, i.e. , spacetimes which are not isometric to a proper subset
of another spacetime. A much more serious objection is that geodes ic incompleteness
does not always correspond to the intui tive notion that there are "holes" in the
spacetime produced by the excision of singularities. If a "hole"' is present, then
incompleteness should occur for all types of geodes ics . However, Figure 9.1 shows
an example of a spacetime which is spaceli ke and null geodesically complete but
timelike geodesically incomplete . By "turning this example on its side," w e obtain
a spacetime which is timelike and null geodesically complete, but spacelike geodesically incomplete . Thus, in this latter spaceti me, there is a singularityl but no
observer or light ray can ever reach it ! Further examples of thi s nature are given in
problem 1 . Furthermore, there exist spacetimes which are timelike, null, and spacelike geodesically complete, but possess future in extendible timelike curves of
bounded acceleration which have finite-proper length (Geroch 1 9 68c) . Such a space,
Lim would be considered nonsingular according to the above definition, but given
a rocket ship with a sufficiently large but finite amount of fuel, there exists an
observer who can end his existence in a finite time .
In fact, much more : dramatic examples can be gi ven of the failure of geodesic
incompleteness to correspond to the intuitive notion of the exc ision of singular
"holes." In a compact spaceti.me . every sequence of points has an accumulation
point, so in a strong intuitive sense, no "holes" can be present . Yet, compact
spacetimes exist which are geodesicaUy incomplete; an example of one due to Misne r
I
3. In the case of a maeifoid with Riemannian metric, geodesic completeness is equivalent to Cauchy
completeness (see n . 2 and see, eg ., Kobayashi and 1'Vomizu 1963 for a proof of equivalence) .
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Fig . 9.1 . A spacetime diagram of a spacetime (R, 8„b ) conformal to M'mkowski
spacetime {R'', rUb }, i .c,, we have g~,b = ID2?1.a (see appendix D) . T'ne conformal
factor 11 is chosen to 6e spheric4ly symmetric with fl = I for r > 1 . From the
spherical symmetry of 11 , it follows that the curve lab eled r = 0 is a timclike
geodesic of &*. If we choose 0 so that (1(r = 0, t) --* 0 sufficiently rapidly as
s --* cc , this timelike geodesic will be incomplete . However, all spacelike and null
geodesics simply "mss through" the world tube of nonzero curvature and thus are
complete .

(1963) is given in problem 2. This failure of geodes ic incompleteness to correspond
properly to the existence of "holes" is, of course, closely related to the difficulty
discussed eve o f defining a singularity as a "pla ce.,,
Nevertheless, there is a serious physical pathology in any spacetime which is
time like or null geodesically incomplete . In such a spacetime, it i s possible for at
least one freely falling particle or 'photon to end its existence within a finite "tire„
(i .e . , affine parameter) or to have begun its existence a finite time ago. Thus, even
if one does not have a completely satisfactDry general notices . of singularities, one
would be justified in calling such spacetimes physically singular. It is this property
that is proven by the singularity theorems to hold ,in a wide class of sp ur s,
Given the existence of an incomplete timelike or null geodesic, one would like to
know more about the character of zhe singularity, e.g. , whether it i s a curvature
singularity [types (i) or (ii) above] or a non-curvature singularity. Unfortunately, the
singularity theorems give virtually no -information about the nature of the singularities of which they prove existence.

9.2 Timeltke and Null Geodesic Congrkience s
Let M be a manifold and let 0 C M be open . A congruence in 0 is a family of
curves such that through each g E 0 there passes precisely one curve in this family .
Thus, the tangents to a congruence yield a vector field in 0, and, conversely, a s
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discussed i n section 2. 2, every continuous vector field generates a congruence of
curves . The congruence is said to be smooth if the corresponding vector field is
smooth . In this section we shall - define the expansion, shear, and twist of timelike
and-null geodesic congruences in a spacetime (M, &b) and derive equations for their
r of change as one moves along the curves in the congruence .
Consider, first, a smooth congruence of timelike geodesics . Without loss of
generality, we may assume that the geodes ics are parameterized by proper time 7,
-1 . Then
so that the veer field, e, of tangents is normalized to unit length, f°~A
the tensor field, B,,b, defined by

B.b = qm ~.

,

(9 . 2. 1)

will be purely "spatial," i .e . ,
8~~~~

Babf

6-0

(9 . 2.2)

The physical interpretation of Bab may be seen from the following considerations .
Consider a smooth one-parameter subfamily -y,(-r) of geodesics in the congruence,
and let n° be the orthogonal deviation vector from yo for this subfamily (see section
3.3) . Then q ° represents an infinitesimal spatial displacement from W to a nearby
geodesic in the subfamily . We have
£0° = 0

(9 . 2.3)

and thus
6

17 Q = 71 6 7
7lb
b~A = Bpb

(9.2.4)

Thus, B°6 measures the failure of q° to be parallelly transported . An observer on the
geodesic yo would find the nearby geodesics surround ing him to be stretched and
rotated by the linear map Ba b .
We define the "-spatial metric" h b~ by

h,* =

gab

+ fs fb

(9.2.5)

Thus, h°b = g "h b is the projection operator onto the subspace of the tangent space
perpendicuiar to e . We define the expansion 0, shear cry,, and twist w b of the
congruence by
(9.2.6)

0 = B °~ hab

1

a,,b

= I3(,,b) - 3 Bhp

wab = B [ab]

(9 . 2.7)
(9 . 2.8)

Thus, B bis decomposed as
Bab = ~ 8h,~, + ~r~ + w~,

(9 .2.9)

Note that by v irtue of equation ( 9: 2 .2) and Frobenius's theorem , the congruence is
(locally) hypersurface orthogonal if, and only if w,,b .- 0 (see appendix B).
From equation (9 .2. 2) , we see that a,& ` and wo are purely spatial, i .e.,
v.bfb = wabf' = 0. From equation (9. 2.4), it follows that along any geodesic in the
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congruence, B indeed measures the average expansion of the infinitesimally nearby
surrounding geodesics; w b , being the antisymmetric part of the linear map &,
measures their rotation; and va, measures - their shear, i .e., an initi al sphere in the
tangent space which is Lie transported along fa will distort toward an ellipsoid with
principal axes given by the eigenvectors of eb , with rate given by the eigenvalues
of e6•

It is clear that the geodesic deviation equat ion (3 .3 .18) will yield equations for the
rate of change of 0, vim, and w„& along each geodesic in the congruence . However,
it is j ust as easy to derive these equations from scratch . We have
~C QrBeb "' 4C Qc Qb& = 6V6Vc& + Rc 6nd~c5 d

c

--B bBac -}- Reba dfc 5 d

(9. 2. 10)

Taking the trace of equation (9 . 2. 10), we obtain
d8

1

(9 .2 . 11 )

The trace-free, symmetric part of equation (9 .2 .10) yields
3

3
(9.2.12)

where R,,b is the spatial, trace-free part of Rte, i.e. ,
Rab = h., hbd Rcd ---

hab hcdR'

(9.2 : 13)

3

Finally, the sntisymmetric part of equation (9 .2. 10) yields,
C"

Oc wab = - 3 ewb- 2 a `tbw k

(9 .2.14)

Equation (9 .2.11) is known as Raychaudhuri's equation and is the key equation
used in the proof of the singularity theorems . We turn our attention, now, to
investigate the positivity property of the last term on the right-hand side of this
equation . Using Einstein'set}uation, we may write this term as
Rabf°~b = 8 1r T b - 2T8

b f"

f

b = 8 ir T bee , + 2T

(9.2.15)

Now, Tabe°eb physically represents the energy density of matter as measured by an
observer whose 4vetocity is e. It is generally believed that for all physically
reasonable classical matter this energy density is nonnegative, i .e. ,
T.b e'° fb ~ 0

(9,2.1 6)
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for all timelike 61 . Th is assumption is known as the weak energy condition . However, it also seems physically reasonable that the stresses of matter will not become
so large and negative as to make the right-hand side of equation (9. 2 . 15) negative.
This as sumption that

Tab C° e b ? -IT

(9 .2. 17)

for all unit tirnelike fa is known as the strong energy condition . For completeness,
we also mention another energy condition which is believed to hold for physically
reasonable matter : For all future directed, timelike 6°, -T°beb should be a future
directed dm.ebke or null vector. Since for an observer with 4 -velocity r the quantity
- T°b~b physically represents the energy-momentum 4-current density of matter as
seen by him, this condition, known as the dominant energy condition, can be
interpreted as saying that the speed of energy flow of matter is always less than the
speed of light . Indeed, this interpretation can be made precise : One can prove that
if Tab is conserved (i .e., VaTb = 0), satisfies the dominant energy condition, and
vanishes on a closed, achronal set S, then it also vanishes in D (S) (see lemma 4 .3 .1
of Hawking and Ellis 1973) . Note that the dominant energy condition implies the
weak energy condition, but otherwise the above three energy conditions are mathematically independent assumptions . In particular, the strong energy condition does
not imply the weak energy condition .' It is "stronger" only in the sense that it appears
to be a stronger physical requirement to assume equation (9 .2.17) rather than
(9.2 .16).
The stress tensor Zb is symmetric in its two indices, but since gabis not positive
definite, the linear map Tab from vectors into vectors need not be diagonalizable, i .e.,
it need not have four linearly independent eigenvectors . However, with the exception
of a stress-tensor representing a null fluid (specifically, lab of the form
T. = lj
1,
Xa and ya are orthonormal spacea P e + P,xaXb + P23'aYa Where is null and
like vectors orthogonal to 1°}, all stress-tensars'representing what is believed to be
physically reasonable matter are diagonalizable . The eigenvectors of ?'°b with different eigenvalues are automatically orthogonal, while eigenvectors with the same
eigenvalue can be chosen to be orthogonal, so in the diagonal case, Tb takes the form
Tea =Rte + PtXxe + P2YaYb + P3ZaZb

,

(9 .2. 18)

where {t°, X a, y°, z°} is an orthonormal basis, with t° timelike . The eigenvalue p
may be interpreted as the rest energy density of the matter, wh ile the eigenvalues p l ,
Pz, p3 are called the principal pressures . For T b of the form (9 .2. 18), the above
energy conditions are equivalent to the following conditions . The weak energy
condition will be satisfied if and only - if

p 9; 0 and

p + p; 90

(i= 1, 2, 3) (9 . 2. 19)

4 . In some references, the terminology '*eak energy condigoW" is defined to man T bk"k" i-= 0 for
all null k° . With this definition, the strong energy condition does imply the weak energy condition .
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Thes#rong energy condition is equivalent t o
3

p -4-

pi 4t 0

and

p + p; ? 0

(i = 1, 2, 3)

(9, 2 . 20)

Thus, the weak and strong energy conditions will be satisfied provided only that
p ~; 0 and there do not exist negative pressures (i.e., tensions) comparable in
magnitude or larger than p . Finally, the dominant energy condition is equivalent to
Let us return now to Raychaudhuri' s equation (9,2. 11). As discussed above, if
Einstein's equation holds, and the strong energy condition is satisfied by .Tb , then the
last term of the right-hand side of equation (9 : 2 . 11) will be negative. This can be
interpreted, physically, as a manifestation of the attractiveness of gravity . If the
congruence is hypersurface orthogonal, we have W'.b = 0, so the third term vanishes .
The second term, -Q.b o,', i s manifestly nonpositive . Thus, under these assumptions we find

dB
1
dr 3_

f9. 2 .Z2 j

which implies

dr

(0-1) _-

1
3

(9 .2.23)

and hence
8-Ir,T~ ~• ~0 1 +~,T

(9 .2. 24)

where'Bo is the initial value of @. Suppose , now, that Bo is negative, i. e ., the
congruence is.initiaUy converging. Then equation (91 .24) implies that 8-' must pass
through gem , i.e., B -~ -~, with in a proper time r c 3/1 Oo I • Thus, we have
proven the following lemma .

Leta 9.2 . 1 . Let f° be the tangent field of a hypersurface orthogonal timelike
geodesic congruence . Suppose R,*irfl a' 0, as will be the case if Einstein's
equation holds in the spacetime and the strong energy condition is satis fied by
the matter. If the' expansion 8 takes the negative value 6% at any point on a
geodesic in the congruence, then 0 goes to -w along that geodesic within
proper time r C 3 /1 80 I .
In general , the s ingularity in 0 implied by lemma 9 . 2. 1, of course, represents
merely a singulari ty in the congruence, not a singularity in the structure of spacetime .
It simply states that caustics will develop in a congruence if convergence occurs
anywhere . The conclusions of lemma 9.2 . 1 hold for congruences in Minkowski
spacetime and in many other singularity free spacetimes . However, i n the next three
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sections we shall show that in certain spacetimes, the conclusions of lemma 9. 2. 1
in conjunction with properties derived from global arguments prove the exist ence of
spacatime singularities .
We turn our aEtention ; now , to null geodesic congruences . Again, we parameterize
the geodesics by an affine parameter A , but, unlike the timelike case, we now have
no natural way of normalizing the tangent field k° and thereby adjusting the scale of
A on different geodesics . In the timelike case, we restricted consideration to deviation vectors q° orthogonal to ~ a . There actually were two independent (though
= f°&Va 77° _ fbfjrJ d +
related) reasons for doing so . (1) We have
is constant
,,° 6%f° = 0 provided &f° is normalized to be constant . Thus,
hogonal"
pa
of
77°
is uninrt
rt
along each geodesic, and the behavior of the "nono
t eresting . (2) Deviation vectors which differ only by a multiple of 6° represent a
displacement to the same nearby geodesic. Orthogonality fixes a natural "gauge
condition" on QA .
In the case of a null geodesic congruence, the above reasons for restricting the
choice of deviation vector still apply, but now they lead to two independent restrictions . First, for any dev iation vector qA , we again have k°Qa(k~ i7)
kb £knI + 71 ° kb Va kb = !0, so kb qb does not vary along each geodesic . This implies
that an arbitrary deviation vector r, " may be written as the sum of a vector not
orthogonal to k° which is parallelly propagated along the geodes ic, plus a vector
perpendicular to V. (Note, however, th at there is no natural, unique way of decomqa
posing rya in this manner . ) Thus, the behavior of the "nono rthogonal" part of
again is uninteresting, and we may restrict consideration to deviation vectors satisfying r1 "ka = 0. Second, deviation vectors which differ only by a multiple of k°
again represent a displacement to the same nearby geodesic. Thus, the physically
interesti ng quantity is really the equivalence class of deviation vectors, where two
deviation vectors are considered equivalent if their difference is a multiple of k°.
Since kQ is null and thus is orthogonal to itself, this second restriction is independent
of the first restr icti on, and it reduces the phys ically interesting class of deviation
vectors to a two-dimensional subspace, as we now shall describe with more precision.
Let Vp denote the tangent space at a point p E M . The tangent vectors in V. which
are orthogonal to ka form a three-dimensional subspace, which we shall denote. by
V. We define ~ to be the vector space of equ ivalence classes of vectors in V,,, where
x", yA E Vp are defined to be equivalent if there e xists a number c E R such that
x4 - y° = cka. Then Vp is a two-dimensional vector space, although it canFiot be
identified as a subspace of V in any natural way . As explained above, the deviation
vectors of interest live in the vector space Vp.
A tangent vector t° E V does not naturally give rise to a tangent vector in V p,
because there is no natural way of decomposing it as a sum, of a vector. in V and a
vector notVector
lying in Yp. However, if t° E Vp (l . e., if taka = 0), then t'° naturally gives
rise to a
rR in Y by taking its equivalence class . On the other hand, a dual
vector µa E V,* naturally gives rise to a dual vector µQ E (V)` by restricting its
action to vectors in tp. However, µQ naturally gives rise to a dual vector µ~ E (V)

222 Singularitie s

if and only if Aaka = µ. k° = O A More generally, a tensor T al . . .akb ; . . .bt over V.
naturally gives rise to a tensor T °I . . . °kby . . . b~ over Vp if and only if the result of
contracting any one of its indices with kA or k° and contracting its remaining indices
with vectors or dual vectors which give rise to elements of V or (VP)* i s always zero .
For tensors satisfying this property , ,the opera tion of taking outer products, commutes with the "projection" into tensors over V,,. Furthermore, for a tensor satisfying
the stronger property that cont rac tion of any one of its indices into k° or 1 . gives zero,
then projection into Vp commutes with contraction .
The spacetime metric g,* satisfies the above property and thus gives rise to a tensor
over IVP.,, which we shall denote as ham. It is not difficult to
that h,* is a positive
see
definite (i . e., signature + +) metr ic on VP. (an the other h and, the, tensor & over Vp
obtained by restricting the action of && to vectors in Vp is degenerate,_ since
k.b k b = 0, so -hb is not a metric on yp .) Note that the inverse metric h I is just . the
"hatted" tensor assoc i ated with g°b .
Consider, now, a congruence of null geodesics with tangent field k " . The tensor
field

also satisfies the above property, and thus gives rise to a "hatted" tensor field Bb . We
can decompose B,,b as
A

I~~ = ~ Blip +

&,b

+

(9.2.26)

Oab

with
8 = h6B, .b
Q',,b _= B(.a)

(9.2 . 2 ')
(9.2. 28)

Oh~v

A
Nab

=

(9 . 2. 9)

Aaa)

so that 0, &,,b, and ivy again have the physical interpretation as, respectively, the
expansion, 7,shear, and twist of the congruence . The change in the numerical factor
in the term 8h4 (as compared with I' Bhp in the timelike case) arises simply use
the relevant vector space is now' two-dimensional rather than three-dimensional .
The same derivation as led to equation (9 . 2 .1Q) in the drnelike case now yields
k`V,B.b + B`,B. = &h,dkdk`

(9 . 2. 30)

"Hatting" this equation, we obtain

(9 .2 . 31 )

k°Vc Beb + B bB~ac =cbadR
A

Finally, substituting our decomposition (9 .2.26) for Bband taking the trace, symmetric trace free, and antisymmetric parts of the equation, we obtain, respectively,
d8 _ _ 1282 - 6~~&°b + ll~~iv°" - R~k`k

k`t7ce-.b= - ftb + C~~k`k°

dA

(9.2 .32)

(9.2 .33)
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k`IV,w.b

=

--- B&.b

(9 . 2. 34)

Notice that the last term on the right-hand side of equation (9 .2 .33) vanishes if and
only if CcbakckdxAyb = 0 for all xQ, yb orthogonal to k°. This is equivalent to
keC6]cd[a kfIkckd = 0 which is just the condition that ka be a principal null vector of
the Weyl tensors (see section 7 .3):

The nature of equation (9 .2 .32) for the expansion of null geodesics is very similar
to that of Raychaudhuri's equation (9 .2.11). The only significant change is that,
using Einstein's equation, we now obtai n
Rik°kb = 8 vT,,bk°kb

(9 .2. 35 )

Thus, all that is needed to ensure that the last term of equation (9 .2 .32) is nonpositive
is that for all null kA,

T,bkokb

0

(9. 2. 36)

If the strong energy condition, equation (9.2 .17), holds, then for all timelike f° we
have ?,bf° f6 - T~° & ? 0, and by continuity equation (9 .2.36) will hold for all
null k°. Similarly, if the weak energy condition (9 .2 .16) holds, then by continuity
equation (9.2.36) also will be satisfied . For a diagonalizable Tom, equation (9 .2.1$),
the necessary and sufficient requirement for satisfying equation (9 .2.36) for all null
k° is

p + p; ? 0

(i = 1, 2, 3) (9 .2.37)

Thus, the requirements on T,,b needed to ensure that the last term of equation (9 . 2 .32)
is nonpo sitive are weaker than the corresponding requirements in the timelike case .
By the same arguments as led to lemma 9.2. 1 we obtain the following result .
L mmA 9.2. 2, Let k° be the tangent field of a hypersurface orthogonal null geodesic
congruence. Suppose Rik°k l ? 0, as will be the case if Einstein' s equation
holds in the spacetime and the weak or strong energy condition is satisfied by
the mattter . If the expansion 8 takes the negative value 6 () at any po int on a
geodes ic in the congruence , then 0 goes to -co along that geodesic within affine
length A --5 2/180 1 .

9.3
Conjugate Points
Let M be any manifold on which a connection is defined and let y be a geodesic
with tangent v° . A solution -n°, of the geodesic deviation equatio n
(see eq. j3 ,3 . 181) is called a Jacobi field on y. A pair of point s p, q E y are said to
5. Thus, it follows immediately from equation (9 .2 .33) that if the shear, &.b„ of a null geodesic
congruence vanishes, then k° is a principal null vector . In the case of a vacuum spacetime, Rte, ;:= 0,
considerably stronger results hold . If &.b = 0, then k° must be a repeated principal null vector .
Conversely, if k° is a npeated principal null vector in a vacuum, algebraic&Uv special spacetime, then
it is tangent to a shear-free, null geodesic congruence . These results are owt► as the Goldberg-Sachs
theorem, and a proof can be found in Newman and Penrose (1962) .
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IP
Fig. 9.2 . A spacetime diagram illu strating the notion of conj ugate points along the
geodesic y .

be conjugate if there exists a Jacobi field a7° which is not identically zero but vanishes
at both p and q. Thus, roughly speaking, p and q are conjugate if an "infinitesimally
nearby" geodesic intersects y at both p and q as illustrated in Figure 9.2. As 'a simple
example, the north and south poles of the sphere in Riemannian geometry are
conjugate points of every "longitudinal geodesic ." Note, however, that the definition
requires only the existence of a Jacobi field vanishing at p and q; there need not exist
an actual geodesic other than y which passes through p and q. Conversely, the
existence of a geodesic other than y which passes throughp and q does not mean that
p and q are conjugate or even that some point conjugate to p exists between p
and q.
Conjugate points are of interest because, as we shall see below, in spacetimes they
characterize the stage at which a timelike geodesic fails to be a local maximum of
proper time between two points and a null geodesic fails to remain on the boundary
of the future of a point . (In Riemannian geometry, they similarly characterize the
stage at which a geodesic fails, locally, .to be the minimum length curve connecting
points .) We shall consider, first, conjugate points on 4melike geodesics . We begin
by using the results of the previous section to obtain criteria for the existence of
conjugate points .
Let -y be a timelike geodesic with tangent E° and let p E y . Consider the congruence of all timelike geodesics passing through p . (This congruence, of course, is
singular at p itself.) Then every Jacobi field which vanishes at p is a deviation vector
for this congruence . We shall show that a point q E y lying to the future of p is
conjugate top if and only if the expansion, 0, of this congruence approaches - Go at
q . For this purpose, it is convenient to introduce an orthonormal basis of spatial
vectors e;, e2, e3 orthogonal to f° and paralielly propagated along y. Since the
components, Q7µ, of the deviation vectM~ ° for this congruence satisfy the linear
ordinary differential equations,
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IA
d2 ' dT2

(9 . 3 .2)

the value of 77'` at time r must depend linearly on the initial data 17" (0) and
dn "I dT(0) at p . Since, by construction, r7 "' (0) = 0 for this congruence, we must
have
71

'`( 7) A'`u( T) dTY(O)
y= ~

(9 .3 .3)

Substituting this in equation (9 .3 .2), we see that the matrix A µ„(T) satisfies the
equation
dzA
.~oµ f"~°A lY
d~2 - ~ R

(9.3 .4)

Clearly, we also have Aµ, (0) = 0 and dA",/dT(U) = S",,. Now, q will be conjugate
top if and only if there exists nontrivial initial data [i .e., d7l "/d7(4 ) 0 0] for which
,q" = 0 at q. By equation (9 .3 .3), this occurs if and only if det A A, = 0 at q, so
det A'"„ = 0 is the necessary and sufficient condition for a conjugate point top . Note
that between conjugate points we have det A"„ 0 0, so the inverse of A"„ exists .
Clearly, the matrix A'`„ must be related to the tensor field B b = Qb4 of the
congruence . To find this relation, we note tha t

d
r
dT
= (eµ )b fA9o 7 b

= (eµ)b B ba , p
3

2

(9 .3 .5)

Bµa~~

n= 1

However, using equation (9.3 .3), we find

dT

(9 .3 .6)

dT aT

so we obtain
a ~
d'f

d77 v

dT

a, v

L~T

( 9. 3 . 7)

Thus, in matrix notation, we find
dA/ dT = BA

(9 .3 .8)

B = ~ A`

(9.3 .9)

i.e .,
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Consequently, we obtain
B = tr B = tr ~ A -'

{9 .3 . 10}

where 'tt'' denotes the trace of the matrix . However, it follows from the formula for
the inverse of a matrix that for any nonsingular matrix A, we have 5
dA
~ dTA

[_']

_ 1
det A

f

(det A)

(9 .3 . 11)

so that

8 = d~ (In I det A

(9 .3 . 12)

Since A satisfies the ordinary differential equation (9 .3 .4), d(det A)/dr cannot become infinite anywhere along y. Therefore, if 0 --), - 00 at q, it follows from equation
(9.3.1 Z) that det A -~ 0 at q. Conversely, if det A -> 0 at q, it follows that 8 -; -ao
at q . Thus, as desired, we have proven that a necessary and sufficient condition for
q to be conjugate to p is that for the congruence of timelike geodesics emanating from
p, we have 9 - + -oo at q.
The congruence of timelike geodesics passing through p is hypersurface ordtogonal.Indeed, as proven in lemma 4 .5 .2 of Hawking and Ellis (1973), within a convex
normal neighborhood of p, the geodesics in this congruence are orthogonal to the
surfaces of constant proper time r .long tie geodesics and, from equation (9 .2 .14),
it follows that if rvb vanishes at one time, it must vanish at all times . Thus, we may
use lemma 9 .2.1 to establish immediately the following result on the existence of
conjugate points :
PROPOSITION 4. 3 . 1 . Let (M, gam) be a spacetime satisfying R b6"fib i=:,- 0 for all timelike e . Let y be a timelike geodesic and let p E y . Suppose the convergence
of the congruence of timelike geodesics emanating into the future from p attains
the negative value 66 at r E y. Then with in proper time T 5 3/ 1 661 from r
along yhere ex ists a point q conjugate top, assuming, of course , that yextend s
that faz.
In fact , the existence of a pair of conjugate points on a complete timelike geodesic
y can be proven under far weaker hypothes es than those of pro position 9.3 . 1 . If
&befb :=', 0 everywhere along the geodesic and R,*efb > 0 at point r E y, then
one can show that for p sufficiently far from r, the expansion of the timelike geodesic
congruence emanating from p must be negat ive at r. Hence p will have a conjugate
point q on y. However, even if R~~lfb = 0 everywhere on y, if the curvature term s
on the right-hand side of equation (9 .2 . 12) are nonzero at r E y, then Q,bcannot
vanish in a neighborhood of r . Since - Q bol also appears on the right-hand side of
6 . This formula previously was used i n equation ( 3. 4 .8) above. It is closely related to the identi ty
exp(tr C) = de(exp(C)] for any matrix C, which can be proven by putting C in upper triangular form .
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Raychaudhuri 's equation , a similar argument establ ishes ex istence of conjugate
points. Thus, all that is required for existence of conjugate points on y i s that
R.befl :-:* 0 everywhere on y and R,,bcd~lfd :~ 0 at at least one point of y. The full
proof of this result can be found in proposition 4 . 4.2 of Hawking and Ellis (1973).
A spacetime (M, 8 b) is said to satisfy the ximelike generic condition if each
timelike geodesic possesses at least one point at which R,Ide°ed # 0. Although the
timelike generic condition may fail to hold n'n spe~iat, idealized spacetime models,
it seems reasonable that it will hold in all physically realistic "generic " spacetimes .
In view of the remarks of the p revious paragraph, we have the following result which
plays an important role in the proof of theorem 9. 5 .4 quoted in section 9 . 5 .
PROposm4ty 4 . 3 . 2. Let (M, gam) satisfy the timelike generic condition and suppose
R,bee ~; 0 for all timelike f°. Then every complete timelike geodes ic possesses a pair of conjugate points.
Next, we turn our attention to the relation between conjugate points and the
extremal length properties of timelike geodesics . Let p, q E M and consider a
smooth one-parameter family of smooth timelike curves A . (t) from p to q, where the
curve parameter t is chosen so that for all a we have A. (a) = p, k (b) = q. We
denote the tangent vectors, {a/dt)a, by T° and the deviation vectors, (01 day, by X11.
Then X° vanishes at both p and q and, as usual, we have fTX° _
TI9bX° - XbOb 7 ° = 0 everywhere. The length of each curve is given by
r(a) = ~b f (a tit
A

(9.3.13)

where f = (-T°Ta)112 . In section 3 .3 we showed that the necessary and sufficient
condition for the curve y to extremize r for all possible smooth families A. with
Aa = y was that y be a geodesic . We repeat, now, this calculation in a coordinate
invariant form and then compute the second variation of arc length . We have
dT
b of dt
da - ,~Q da
b
L
b

_~ f TbX°p. Tb dt
d

TaV

0
-~ T" VQ [iX1']d: +

a

I

( hXb T4Vo (Tb 1f)d#

s

b

a

X 6 TQ'Va (T

if )ds
(9.3.14)
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since T°Va(f"'TX) = d(f-'TbXb)/dt and Xb vanishes at the endpoints . Thus,
setting a = 0 we see that dT/da = 0 for arbitrary X" if and only if 7'° V. (Tb/f) = 0
at a = 0, which is just the geodesic equation expressed in an arbitrary parameterization .
The second variation of arc length is
d17L

'Z

=

fb X

(9 .3 .15 )

'17V tXbTA Qa (T 1f))dt

Evaluating this expression at a = 0, assuming that .!4 is a geodesic, we find
dzT
f

day ~=o

X" (X ' p,, I 'p)oa (T if )dt
I dt

+ XbTaXcvc
b
Oaf~b fl

-

b Xb (Tc OcX -)Qa (T6 1f)dt

p

-

+

jxbrxcRdTd/fdt

Lb

XbTc cX

+

I

V

b XbTaX

O Va (T lf )Idt

` R'

T~lf dr

(9. 3 . 1b )

The term in square brackets can be reexpressed as
XaV

7ThX'Vf
- `
~, r°Qa Xb +

T A' C

Z T Tp n
1a

s

(9-3-17)

If

where the manipulations of equation (9.3 .14) and the geodesic equation at a = 0

were used. Equation (9.3 .16) can be put in more easily recognizable form by
choosing the curve parameterization so that f = I along the geodesic AO and also
choosing the deviation vector X" to be orthogonal to T° along .to . With these chores,
we find
d2T
da l

.I
~a

LO

_

b

X a{~'`Q'(T° VaXb) ~'
Xd(QX )bdt

R,

aa d 7'°TdX°}dt

(9 .3 . 18)
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where 0 is the operator appearing in the geodesic deviation equat ion (9 .3 . 1) . Using
this formula , we may establish the following theorem.
TH oRENt 9 . 3. 3 . Let y be a smooth timelike curve connecting two points p, q E M.
Then the necessary and sufficient condition that y locally ►nciximize the proper
time between p and q over smooth one parameter variations is that y be a
geodesic with no point conjugate to p between p and q.
Sketch of proof. If y is not a " geodesic, then using equation (9 . 3 . 14) we can
construct cone-parameter family of curves Aa with dTJda > 0 at a = 0. If y is a
geodes ic but has a conjugate point, r, between p and q, then we can find a dev iation
vector Xo such that (df = 0 and Xo vanishes at p and r . By equation (9.3 .18), the
variation X° = X'S between p and r followed by X° = 0 between r and q produces
no change in z to second order (see Fig . 9.3). By "rounding off the corner'' at r for
this variation, one can produce a smooth deviat ion for which d2T/da2 > 0 at
a= 0.

Y

Fig. 9. 3 . A spacetime diagram il lu strating the fact that if a timelike geodesic y
coanecting points p and q has a point r conjugate to p lying between p and q , then a
nearby t imelike curve y ' connecting p and q can be constructed which has greater
elapsed proper time than y Ewe theorem 9 .3.3) .

Conversely , if y is a geodesic with no point conjugate to p between p and q, then
the matrix A defined above will be nonsingular between p and q, so we can define
Y" = I (A `'y,, X v. Substituting 'I A µ. Y`' for X" in equation (9 .3. 18), we can show
that d Z 7./dal i s manifes tly negative definite at a = 0. These calculation s can be
found in proposition 4.5 .8 of Hawking and Elli s (1973 ) . 0 .
A notion similar to conjugacy of two points along a timelike geodesic can be
defined for a point and a smooth (or, at least, C 2) spacelike hypersurface E . (By
7. Note that this "rounding off the corner" argument is made for the (infinitesimal) deviation vector,
not for an actual (finite) geodesic . See Penrose (1 972) for further discussion .
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hypersurfuce, we mean an embedded, -three-dimensional submanifold (see appendix
B1. ) First, we define the extrinsic curvature, Kam, of 1. Let e' be the unit tangent field
of the congruence of timelike geodesics orthogonal to I. We define K~ b y

K,,b = ~a~ = Bb.

(9 . 3 . 19)

where evaluation of these tensors on 7. is understood . Note that K,* is purely spatial,
i .e ., K,*fQ = K bfb = 0. Since this congruence is manifestly hypersurface orthogonal, we have cv,* = 0 so K,* is symmetric, Kb = Kam . Hence, using equation
(C .2 .16), we can reexpress K b as
Kb

1

ffg,*

(9 .3 .20)
where h,* was defined by equation (9 .2.5) and the geodesic equation was used in the
last step. Now, h,* is the spatial metric induced on the hypersurfaces of constant
proper time from I along the geodes ic congruence orthogonal to 1 . Thus , K,*
measu res the rate of change of this~spatial metric as one moves along the congruence;
i .e., it measures the "bending" of Y, in the spacetime (M, g b) . Indeed, since Gauss ian
normal coordinates (see sect ion 3 .3) are adapted to ea (see appendix C), in these
coordinates we have
dh~
K"'° dt

(9 .3. 21 )

which reinforces our interpretation of K,,& as representing the "time derivative" of Ism.
The trace of the extrinsic curvature is often denoted by K,

K m K a Q = h °b K,,b

(9 .3.22)

K= 8

(9. 3 . 23)

Thus, we have

where 0 is the expan sion of the geodesic congruence orthogonal to 1 .
A point p on, a geodesic y of the geodesic congruence orthogonal to I is said to
be conjugate to I along y if there exi sts an orthogonal deviation vector 77" of the
congruence which is nonzero on I but vanishes at p. Thus, intuitively, p is conjugate
to I if two "infinitesimally nearby,, geodesics o rthogonal to I cross at p as illustrated
in Figure- 9.4 . By the same argument as given above for conjugate pairs of points,
p wil l be -conjugate to I if, and only if the expansion, 0, of the congruence of
geodesics orthogonal to. I approaches -oo at p . Since this congruence is manifestly
hypersurface orthogonal, lemma 9.2. 1 im mediately yields the following result .
PROPOSITION 9 .3.4. Let (M, g,*) be a spacetime satisfying R bf° fb =i:- 0 for all timelike gyp. Let 7, be a spacelike hypersurface with K = 0 E 0 at a point q E X .
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Fig . ~ .4 . A spacetime diagram depicting a point p conjugate to the hypersurface I
along the geodesic y. (The two geodesics shown are supposed to be "infinitesimally
nearby ." )

Then with in proper time r ~_-- 3/IA1 there exists a point p conjugate to 7, along
the geodesic y orthogonal to I and passing through q, assuming that y can be
extended that far .
Furthermore, by arguments similar to tho se used to prove theorem 9.3.3, the
following theorem can be proven .
,
THEOREM 9.3 . 5 . Let y be a smooth timelike curve connecting a point p E M to a
point q on a smooth spacelike hypersurface 5:. Then the necessary and sufficient
condition that y locally maximize the proper time between p and 1: over smooth
one parameter variations is that y be a ge odesic orthogonal to I with no
conjugate point to I between I and p.
We turn,vur attention, now, to conjugate points of null geodesics . It follows
directly from the geodesic deviation equation that for any Jacobi field 17° on a null
geodesic µ with tangent k°, we have
kc p~ [k"Vb (k°a)] = 0

(9 .3. 24)

which immediately implies that 71 ° cannot vanish at two points p, q E µ unless
k°,qa = 0 everywhere along µ. Furth nore, if -q° is a Jacobi field, then so i s
77 ° + (a + bA)k a, where a and b are constants, so p and q will be conjugate if and
only if there exists a Jacobi field 71a which differs from zero by only a multiple of
ka at both p and q. T}tus, along a null geodesic p, the points p, q E IA will be
conjugate if and only if a vector 'lr' inn` ~ (see section 9.2) satisfies the geodesic
deviation equarionr and vanishes°atp and q. It is clear that all such ^ * which vanish
at p arise as deviation vectors of ` any null geodes ic congruence containing the
two-dimensional family of null' geodesics emerging from P . By the same arguments
as given above in the t meiike case, q will be conjugate to p if and only if the
expansion, 0, of such a null geodes~ccongruence approaches -oo at q. Thus, lemma
9.2:2 implies the following result .
PttopvsmoN 9.3 .6. Let (M, gam) be a spacct me satisfying R,,bkpkb ? 0 for all null
k°. Let µ be a null geodesic and let p E µ . Suppose the convergence, 8, of the
null geodesics emanating from p attains the negative value 6Io at r E µ. Then
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within affine length A 2/10ol from r, them; exists a point q conjugate to p
along µ, assuming that µ extends that far.
Again , this result can be strengthened to conclude that if R bk ak b 2-: 0 everywhere
on a complete nu ll geodesic µ and there exi sts at least one point r E µ at which
either R bkakb > 0 or ke CQNdkfl kbk° 4 0, then µ possesses a pair of conjugate
points . A spacetime (M , &b) is said to satisfy the null generic condition if every null
geodesic possesses at least one point where either R bk°kb 14, 0 or
k{e CpMd lryjk bk` 7~ 0, i .e,, at least one point where k,&IWdkfIkbkc ~ 0. Thus, in
analogy to proposition 9 . 3 . 2 , we have :
PttoPosMoN 9.3 .7. Suppose (M, gam) satisfies the nu ll generic conditi on and
R,*k°kb a 0 for all null k°. Then every complete null geodesic possesses a pair
of conjugate points.
As discussed above, for timelike geodesics conjugate points signal when a timelike geodesic, y, can be varied to yield a curve of greater length between two pa int
p, q E M. If a conjugate po int, r, to p exists between p and q along y, we can find
a longer curve by perturbing toward an appropriate "infinitesimally close" geodesic
between p and r, following y from r to q, and then "rounding off the comer" at ,r,
In an exactly similar manner, for null geodesics, conjugate points signal when a null
geodesic µ connecting p and q can be varied to yield a timeIike curve t etwe ea p and
q. Again, if we have a conjugate point, r, between p and q, we can perturb toward
an "infinitesima lly close" null geodesic from p to r, follow 14 from r to q, and then
"ro und off the corner" to produce a time like curve from p to q . Thus, in analogy to
theorem 9 .3.3, we obtain the following result, the full proof of which can be found
in Hawking and Ellis (1973) .
THEOREM 9 .3 .8 . Let µ be a smooth causal cur ve and let p , q E A. Then there does
not exist a smooth one-parameter fiamity of causal curves Aa connecting p and
q with A q = µ and A . timelike for all a > 4 (i .e., µ cannot be smoothly
deformed to a ttmelike c urve) if cirtd only of µ is a null geodesic with no point
conjugate to p along µ between p and q .

For null geodesics, a notion, of conjugacy also can be defined for a point., and a
two-dinnensiorEal dikes acs (i . e. , embedded submanifald) S. At each q , E S
t
will exist precisely two future directed nu ll vectors kr, k I which are orthogonal
to S..~ if S is orientatrle , we can make a continuous choice of k; and k2 over S and
thereby define two families of null geodes ics, which we may refer to as "outgoing"
and "ingoing" families. (Even if S is not orientable, we still can define these two
families locally in a neighborhood of any poi nt .) We will refer to each of these
families as congruences even though each spans only a null hypersurface rather than
an open region of space . The expansion 8, shear &,*, and twist A,* = 0 of these
congruences a re well defined, since al l deviation vectors orthogonal to the geodesic
tangents k" are included in the congruences . Let 1e be a null geodes ic in one of these
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congruences . A point p E g is said to be conjugate to S along µ if along µ there
exists a deviation vector fia of the congruence which is nonzero on S but vanishes
at p. In analogy to proposition 9 :3 .4 we have
PROPosMort 4. 3 .9. Let (M, gam) be a spacetime sati sfyi ng &bk°kb ;-2: 0 for all null
k°. Let S be a smooth two-dimensional s pacelilce submanifold such that the
expans ion, B, of, say, the "outgoing„ null geodesics has the negative value 6%
at q E S. Then within' -affine parameter A s_ 2/ 1 661 , there exists a point p
conjugate to S along the outgo ing null geodesic µ passing through q .

In analogy to theorem 9 . 3 .5 , we also have:
T mEQttpim 4. 3 . 14. Let S be a smooth -twv-dimensivnal spacelike submanifotd and let
µ be a smooth causal curve from S to p . Then the necessary and sufficient
condition that ja cannot be smoothly deformed to a timelike curve connecting
S and p i s that ru, be a null geodesic orthogonal to S with no point conjugate to
S between S and p .
As a consequence of this theorem, . and the results of chapter 8 we obtain the
following theorem which will be_ used in the proof of singularity theorem 9.5 .3.
T HBoREht 9.3 .1 1 . Let (M, g b) be a globally hyperbolic spacetime and let K be a
compact, orientuble; two-dimensional spacelike subrnanifold of M. Then every
p E ]+ (K) lies on a future directed null geodesic starting from K which is
orthogonal to K and has no point conjugate to K between K and p.
Proof, That pies on a null geodes ic from K follows from the remarks below
t heorem 8 . 3 . 1 1 . If thi s null geodesic were not o rthogonal to K or had a conjugate
point, then by theorem 9 .3 . I4 we would have p E 1+ (K) and therefore p

I +(K) . ❑
9.4 Existence of Maximum Length Curve s
In the previous two sections we established b y means of "local" calculations
necessary criteria for a timelike curve to be a curve of maximum length between two
points (theorem 9 .3 .3) or between a point and a hypersurface I (theorem 9 .3 . 5) as
well as conditions under which these criteria could not be met (propositions 4 .3 .1 and
9.3 .4) . In this section, we shall use global arguments involving compactness of the
spaces of causal, curves C(p ; q) and C(2, q) defined in section 8 .3 to prove existence
of maximum length curves in globally hyperbolic sgacetimes . In the next section we
shall see that, under further hypotheses, these two sets of results lead to eontmdietions if all geodesics are complete, thereby producing the singularity theorems .
The length, r, of a smooth (or even C ) causal curve A between points p, q E M
with tangent T° = (a/ dt)° is given by the formula

T[A I =

f

(- T°T)112 dt

(9 .4 . 1)
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However, for the global arguments of this section, it is necessary to generalize this
notion of length to continuous causal curves between p and q in order that z be
defined for all curves in C(p , q) . Let C(p, q) denote the subset of C(p, q) consisting
of smooth timelike curves, with the topology induced by C (P, q) . Then-with the
poss ible exception of cases where null geodesics connect p and q--C (p, q) is dense
i n C (p, q), i .e. ', except for certain null geode sics every continuous casual curve
can be expressed as a limit [in . the topology of C (p, q)] of a sequence of smooth
timelike curves, If Twere continuous on C( p , q), we could extend it to a continuous
function on all of C (p, q) by setting
lim 7[A. ]
where {Jl r } is a sequence in C (p, q) which approaches the cont inuous causal curve
# E C(P,q) . However, as Figure 9 .5 illustrates, r i s not continuous on C (P,q) •
Arbitrarily close in the topology of C (p, q) to any smooth timelike curve we can find
a "zigzag" smooth tim elike curve of length arbitrarily close -to zero . Nevertheless,
we shall show below that r is upper semicontinuous on C (P,q), Le. , for each
AE C (p, q) given e > 0 there exists an open neighborhood O C e (p, q) of A such
that for all A' E 0 we have r[A] :-- T[A] + E. Given that T is upper scmicantinuous
on e (P, q), we can extend it to an upper semicontinuous function on C(p, q) as
follows . For µ E C (P, q)" and O C C(F, Q) an open n eighborhood of µ, we define

T[ o ]

= L u.b .{T[A]l a

E 0,

a

E

c(p, q)}

(9.4.2)

wher e "l . u.b." denotes the least upper bound. Then we define T[µ] by,

r[µ] = g. l. a. {T(O] J U an open neighborhood of A} (9 . 4. 3)
where "g. l .b. " denotes the greatest lower bound. Thus, the key fact that allows us
to extend the definition of r to C(P, q) is expressed by the following proposition.

µ

µ

/

p
Fig. 9.5. A smooth timelike curve µ from p to q . Arbitrarily close to µ in the
topology of C( p, q) is a smooth timelike curve µ ' with total elapsed proper time
arbitrarily close to zero .
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FRoPOSffiorr 9 .4. 1 . Let (M, g4) be a strongly causal spacetime. Let p , q E M with
q E P(p). Then r is upper semiconti nuons on C(P . 4) •
Proof. Let A E C(P , q) . We parameterize A by proper time and denote its tangent
by V . Witbin a normal neighborhood of each point r E A , the spacelike geodesics
orthogonal to u" wi ll form athree-ciimensional spacelike hypersurface . Within a
sufficiently small open neighborhood U C M of A , these hypersurfaces will fo liate
U; i.e., a unique hypersurface wi ll pass through each point of U. On U, we define
the function F by setting F(p) equal to the proper time value of A at the intersection
of A with the hypersurface on wh ich p lies. Then V°F is ti like everywhere in U,
and on A we have u ° _ - 4°F, so DaF 'GaF = -- 1 on A . Now , let p E C (P, 4) w ith
p C U. We parameterize p by F and denote its tangent by v°. Thus, by our
parameterization c hoice , we

v °PaF =

(9.4.4)

I

We decompose v" as
Va

= tX ~

*F

'-f' 1f't a

s

(9.4 . 5)

where m°VaF = 0, and thus ma is spacelike . Contracting equation (9.4.5) with VaF
and using equation (9 .4 .4), we evaluate a and find
(9 .4.6)
Therefore, we find
(9 .4 .7)

and thus
(

_ va v a

)"7

a
( _ VaFO F) 112

(9.4. 8)

since m° is spacelike . Since DaF is continuous, given F > 0, we can choose a
neighborhood U' C U of A so that (-D°FO,F)'1/2 :-5 1 + F f T[A ] in V . Then for
all p E C(p,q) contained in the open neighborhood 0' in C (p, q) defined by U',
we have
T[P]
= f

(-v'va)'I' dF _:-5 T[A) + e

(9.4 .9)

which proves upper semicontinuity. ❑
In section 8 .3 we defined C (1,P) for a Cauchy surface I in a globally hyperbolic
spacetime, but, more generally, we may define C(77,P) analogously for any achronal
set I in a strongly causal, sp acetime . Essentially the same arguments as given above
establish that T is an upper semiconta.nuvus function on the space e (1,p) of smooth
timelike curves from I to p . Therefore, by thesame argument as given above, one
can extend r to an upper semicontinuous function defined on all of C(l ,p).
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In the previous section, we showed that the necessary and suffic ient condition for
a smooth curve to locally maximize the length between two points or a point and a
hypersurface was that it be a g desic without conjugate points. Now that we have
extended the definition of fi to continuous curves, there is a possibi lity that a
continuous, nonsmooth curve between two points o r a point and a hypersurface could
have length greater than or equal to that of any geodesic. However, this possibility
can be ruled out as follows . By direct calculation, one can prove that in any convex
normal, neighborhood U , the unique geodesic y connecting two causally related
points r, s E U has length s trictly : grater than that of any other piecewise smooth
causal curve connecting those po ints (see proposition 4. 5 . 3 of Hawking and Ellis
1973 for a proof) . Therefore, by upper semicontinuity any continuous causal curve,
µ, connecting r and s in U must satisfy r[p) m5i r['Y ] . However, if equality held withit # y, let po int q be such that q E tc but q 9~ y. Let y, , 'Y2 be the geodesic
segments connecting r and q and q and s, respectively . Since by the above result y,
maximizes the length between r and q, while y2 maximizes the length between q and
s, we have T[Yij + T[Y2] "' T[µ] = r[y] , which contradicts the fact that has
strictly greater length than any other pieces smooth curve between r and s . Thus,
within any convex normal neighborhood, the unique geodesic connecting any pair
of causally related points has length strictly greater than that of an y other continuous
causal curve connecting the points. Thus, an arbitrary continuous causal curve
connecting any two points cannot be a curve of max imum length between those
paints unless it is a geodesic, since if it failed to be a geodesic at any point, we could
deform it in a convex normal neighborhoad of that point to obtain a longer curve .
Thus, in view of theorem 9. 3 .3 we have the following result .
Two"m 9 .4.2. Let W ► 8aa~ be a strongly causal spacetime. Let p, q E M with
q E JI(P), and consider the length function T defined on C(p, q). A necessary
condition for r to attain its maximum value at y E C{ p, q) is that y be a
geodesic with no point conjugate to p between p and q.

Similarly, we have:
TBEoREm 9 .4 .3. Let (M, 8,*) be a strongly causal spacetime . Let p E M, det I be
an achronal, smooth spacelike hypersurface, and consider the length function
Tdefirred on C(1 , p) . A necessary condition for T to attain its maximum value
at y E C(1, p) is that y be a geodesic orthogonal to I with no point conjugate
to I between E and p .

The above results, of course, do not assert that T must attain a maximum value.
However, we conclude this section by proving two key results which show that a
maximum is always aftained in globally hyperbolic spacetimes .
Dwo w t 9.4.4 . Let (At, gam) be a globally hyperbolic spacetime. Let p, q E M with
~ ~ J+(p), ' Then 'thgre exists a curve y E C(P, q) for which r attains its
maximum value on C(F, q)
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Proof. By theorem 8.3 . 9, C(p , q) is compact, and by proposition 9. 4. 1 , r is upper
semicon#inuous . Hence , by a slight generalization of theorem A .6 of appendix A, r
is bounded and attains its maximum . Q
'IHEv1tEm 9. 4. 5. Let (M, 8 b) be a globally hyperbol ic spctceiime. Letp E M and let
I be a Cauchy surface . Then there exists a curve y Ei C (1, p) for which T
attains its maximum value ran C( l , p).

Proof. Again, C(Y,,F) is compact and T is upper semicontinuous. ❑
9.5 Singularity Theorems
We now have developed the machinery required to prove some of the singularity
theorems . We- shall give a complete proof of three theorems which establish the
existence of singularities in the sense of timelike or null geodesic incompleteness
under conditions relevant to cosmology and gravitational collapse . Then we shall
simply quote a fourth theorem that establishes the existence of singularities under
significantly weaker hypotheses .
The first theorem we shall prove can be interpreted as showing that if the universe
is globally hyperbolic and at one instant of time is expanding everywhere at a rate
bounded away from zero, then the universe must have begun in a singular state a
finite time ago .
lliwRm 9 .5. 1 . Let (M, 8 b) be a globally hyperbolic spacetime with R, .b r ~' _Z" 0
for all timmelike e, which will be the case if Einstein's equation is satisfied with
the strong energy condition holding for matter . Suppose there exists a smooth
(or, at least C~) spaCetike Cauchy surface I for which the trace of the extrinsic
curvature (for the past directed normal geodesic congruence) satisfies
K ;L5 C < d everywhere, where C is a constant . Then no past directed timelike
curve from I can have length greater than 3/ 1 C{ . In particular, all past
directed temelike geodesics are incomplete .
Prvq~ Suppose there were a past directed timelike curve, d, from I with length
greater than 3/ 1 C 1 . Let p be a point on d lying beyond length 3/ 1 C I from 2 . By
theorem 9 .4 .5, there exists a maximum length curve y from p to 1 , which, clearly,
also must have length greater than 3 /1 C 1. By theorem 9 .4.3, y must be a geodesic
with no conjugate point between I-and p . However, this contradicts proposition
9,3 .4 which states that y must have a conjugate point between I and p. 'Fberefare,
the original curve h cannot exist . 0
The strongest unwanted hypothesis in theorem 9.5 .1 is that the universe be
globally hyperbolic . Indeed , given only theo rem 9.5 . 1, it might seem more reasonable to conclude that an everywhere expanding universe must fail to be globally
hyperbolic rather than that it must be singular . Since theorem 9 .4 .5 plays a critical
role in the proof, it might appear that the assumption of global hyperbolicity cannot
be eliminated. However, we now shall prove a theorem due to Hawking ( 1967)
which does remove this assumption . The main price paid for this removal is the
additional hypothesis that I be compact (i . e., the univierse is "closed") and the
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significantly weakened conclusion that only at least one past direct timelike geodesic
(rather than all past directed : timelike curves) must be incomplete.
THwREtat 9 . 5. 2. Let (M, 8 b) be a strongly causal 8 spacetime with R bfa eb ;_2' O for
all tirr elike e, as will be the case if Einstein's equation is satisfied with the
strong energy condition holding for matter Suppose there exists a compact,
edgeless, ach ronal, smooth spacelike hypersurface S such that for the past
directed normal geodesic congruence from S we have K < 0 everywhere on S .
Let C denote the maximum value ofK, so K ;9 C < 0 everywhere on S . Then
at least one inextendible past directed timelike geodesic from - S has length no
greater than 3/1 C 1.
Proof. Suppose all past directed inextendi ble ti m elike geodesi cs from S had length
greater than 3 /1 C I . Since the spacetim e ~int[1)(S)], 8 b) sati sfies the hypotheses of
theorem 9.3 . 1, all inexiendible -past directed timelike geodesics from S must leave
int[D(S)I. Since H(S) is the boundary of 11(S) (see proposition 8 .3.6), all such
geodesics must intersect H'(S) before their length becomes greater than 3/1 C 1 In
particular, this implies that Fl -(S} # 0. We shall prove that H-( S) must be compact
and then show that this leads to a contradiction .
The key step in proving compactness of H-(,S) is the demonstration that for each
F E H-(S) there exists a maximum length orthogonal geodesic from S to fir. First,
the length ofany causal curve from S top E H-(5 ) is bounded from above by 3/ 1 C 1 ,
so the t upper bound, To, of the length of all causal eves from S to p exists . We
wish to find an orthogonal geodesic from S-tip with length To. Let {A.,, >} be a sequence
of.timelike curves from 5 top such that
Tp

n-+m

Choose q„ EE A . with q„ * p such that the se quence {q„} converges to p (see Fig.
9.6). Since q. EE 1+(p), we have qR E _int[D-(S)] . Hence, by theorem 9 .4 .5, there
exists a normal geodes ic y„ from S to qa which maximizes the length of all causal
curves from S to q.. Clearly, we have

l lYTi TLTJ

= 7p

Let r„ be the intersection point of y,, with S . Since S is compact, there exists an
accumulation point r of the sequence I r. . Let y be the gecxdesic normal to S
originating from r . Then ;because of the continuous dependence of geodesics on their
initial point and tangent vector, y must intersect H°-(S) ai,p and
ThY l =

Inn

T[ `YM ] = Tp

Thus, we have found the desired timelike geodesic orthogonal to S which maximizes
the length from S to p.
To prove the compactness of H-(5) , we show that every sequence {p„} in H-(S)
has an accumulation po}ntp E H-(S). Let {y,~} be a sequence of maximum length
8. It has been shown by Hawking (1967) that the assumption of strong causality can be eliminated
(see problem 3) .
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H 1S 1
Fig. 9.6.
9.5 .2.

A spacetime diagram showing a construction used in the proof of theorem

orthogonal geodesics from S to p, We, now, in essence, repeat the argument given
at the end of the prev ious paragraph . Let r"„ be the intersection point of y tt with S,
and let f be an accumulation point of If.). Let y be the geo desic sxarting, from. r"
orthogonal to S, and let p be the intersection point of y with H- (S). Then p is an
accumulation point of {p„} . Thus, H,- (S) is compact .
However, since ecige(S} = 0 , by theorem 8.3.5, FI-(S ) contains a future inextendible null geodesic . Since . (M , gam) is strongly causal, by lemma 8.2.1 this is
impossible if H` (5) is compact. Thus, our assumption that all past directed inextendible timelike geodesics from S have length greater than 311C I has led to a
contrad iction. . ❑
The previous two theorems established timeli ke geodesic incompleteness in cosmological contexts . The next theorem proves null geodesic incompleteness in a
context relevant to gravitational collapse . A compact , two-dimensional, smooth
spacelike subman ifold, T, having the p roperty that the expansion , 0, of both sets
(i. e. , "ingoing„ and "outgoing") of future directed null geodesics orthogonal to T is
everywhere negative is called: a trapped surface . In the extended Schwarzschild
solution, all spheres inside the black hole (region II of Fig. 6. 9) are trapped surfaces .
As will be discussed further in chapter 12 , it fo llows from this fact that trapped
surfaces must form in and gravitational collapse whose initial conditions are
sufficiently close to initial conditions for spherical collapse . The next theoremwhich, historically, was the first general singularity theorem to be proven (Penrose
1965a)--shows that, under some further hypothese s, a singularity must occur after
a trapped surface has formed .
'IHFso 9 .5 .3 . Let (M, gam) be a connected, globally hyperbolic spacetime with a
noncornpaet Cauchy surface Y. . Suppose Rik°kb ? O for all null kaas will be
the case if (M, gam) is a solution of Einstein's equation with matter satisfying the
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weak or strong energy condition. Suppose, ,further, that M contains a trapped
surface T. Let Oo < 0 denote the maximum value of Ofor both sets of orthogonal
geodesics on T. Then at least one inextersdibfe future directed orthogonal null
geodesic from T has wine length no greater than 2/1 @o 1 .
Proof. Suppose all future directed null geodesics from T have affine length
2/100 1 . Then we may define the map ft : T X 0> 2/1 Bo 1) -3 M by setti ng f(4, a)
equal to the point of M lying at affine parameter a on the "outdoing„ null geodesic
normal to T starting at q. Similarly, we defin ef_ for the "ingoing" geodesics . Since
T x [0, 2/1 Oo 1] is a compact set and f,. and f_ are continuou s, the images off+ and
f_ and hence their union

A

= f+ {T X [o, 211 e6 Ili U f -IT X [o, 2/16% i ]}

must also be compact (see-appendix A). However, by proposition 9.3.9 and theore m
9. 3 . 11, J+(T) is a subset of A, and since P(T) is closed , we conclude that 1*(T
is compact.
We show, now, that compactness of f+(7) contradicts the existence of a noncompact Cauchy surface 1. Using lemma 8 . 1 . 1 , we choose a smooth timelike vector
field t° on M. Since P(T ) is achronal, each integral curve of t° can intersect P (T
at most once, while every integral curved t' intersects I precisely once . Thus, we
may define a map 4i: 1'(3')
by following the integral curves of t° from J +(T)
to 1. Let S C 7. denote the image, 4V[1 +(r)], of f+(T' ) under 0, and let S be l iven
the topology induced by 1. Then fir: 1*(7 ') -+ S is a homeomorphism . Since I+{T
is compact, so is S, and , hence, viewed as a subset of Y. , S must be closed. On the
other hand, since I+(T )i s a C°Rrn$nifold (see theorem 8. 1 .3), each point of 1 + (T)
has A neighborhood hom►eomorgltic to an open ball in R 3 . Since 41 is a homeomorphism, the same property holds for S, and, hence , viewed as a subset of 1 , S
must be open . However, since M is connected, I also must be connected (see
theorem 8 .3.14). Therefore, since i+(T) # 0, we must have S = ~ . However, this
is impossible since S is compact but I is noncompact. ❑
Again, theorem 9 .5. 3 contains the unwanted hypothesis that (M , g,,b) is globally
hyperbol ic. However , with some additional assumptions, this hypothesis again can
be eliminated by arguments similar t o those g iven in the proof of theorem 9 .5. 2. We
shall not attempt to give these arguments here, but will merely quote a singularity
theorem of Hawki ng and Penrose (1970 ) which eliminates most of the unwanted
assumptions, referring the reader to that -reference or Hawking and Ellis ( 1973) for
a goof.
THmoREtat 9 .5 .4. Suppose a spacetime (M, gam) satisfies the following four conditions .
(1) Rev°v ' 24 0 for all timelike and null v', as will be the case if Einstein's
equation is satisfied with the strong energy condition holdingfor matter . (2) The
timelike and null generic conditions are satisfied (see section 9 .3). (3) No closed
timelike curve exists . (4) At least one of the following three properties holds :
(a) (M, gam) possesses a compact achronal set without edge [i .e., (M, g b) is a
closed universe), (b) (M, g b) possesses a trapped surface, or (c) there exists a
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point p E M such that the expansion of the future (or past) directed null
geodesics emanating from p becomes negative along each geodesic in this
congruence. Then (M, gam) must contain at least one incomplete timelike or null
geodesic .
As compared'.with theorem 9.5 . 2, the above theorem adds only the hypothesis that
the generic conditions are satisfied. However, it entirely eliminates the assumption
that the universe is expanding everywhere . Similarly, as compared with theorem
43.3, the above theorem adds only the generic condition plus the condition that
R.be*f' ? 0 for all timelike vectors. However , it eliminates entirely the assumption
that (M, gam) be globally hyperbolic . Thus, theorem 9. 5 .4 has much wider applicability than the three previous theorems proven above . On the other hand, the conc lus ons of theorem 9.5 .4 are slightly weaker in that no information is provided conc et'ning which timel ike or null geodesic is incomplete .
` Gannon (1975) has strengthened theorem 9. 5 . 4 by adding a fourth alternative to
condition 4, namely that (M, gam) possesses a closed, achmnal, edgeless set S which
is non-simply eonnected9 and is "regular near infinity ." Here "regular near infinity"
means that S can be exp ressed as a union of a nested family of sets , Wt (i .e. , each
W sarisfies Wi C W,,,) , such that (i) each W, is compact, (ii) its boundary, W„ in
S is homeomorphic to a 2-sphere , (iii) S - irct(W;) is homeomorphic to S2 x @8 +,
where @8+ l= [0, -~o), and (iv) the expansion, 0, of the inward directed null geodes ics
orthogonal to each W; is negative everywhere on Wt . Except for the compactness"
of the W,, the four condi tions defining asymptotic regularity are satisfied by all
asymptotically flat hypersurfaces in asymptotically flat spacetimes (see chapter 11) .
Thus, in essence , Cannon ' s theorem shows that an asymptotically flat spacet ime
satisfying conditions (1)-(3) of theorem 9. 5.4. and which "initially" has appropriately nontrivial topology must develop a singularity . We refer the reader to Gannon
(1475 , 1976) for further details and results.
Theorem 9. 5. 4 gives us strong reason to believe that our un iverse is singular. As
discussed in chapter 5, the observational evidence strongly suggests that our
universe-or, at least, the portion of our universe within our causal past-is well
described by a Robertson-Walker model (differing not too greatly from a k = 0
model), at least back as far as the decoupling time of ma tter and radiation . However,
in these models, the expansion of the past directed null geodesics emana ting fmm
the event represen ting us at the present time ~becomes negative at a much more recent
time than the decoupling time. Thus, there i s strong reason to believe that cond ition
4(c) of theorem 9 .5 .4 is satisfied in our universe . " Since we expect that conditions
(1)-(3) also are satisfied , it appears that our universe must be singular . Thus, it
appears that we must confront the breakdown of classical general relativity expected
to occur near singularities if we are to understand the origin of our universe .
9. See chapter 13 for the definition of si mply connected .
10. A si ngularity theorem applicable to the case where the W, are noncompact is given by Gannon
(1976) .
11 . Thi s conclusion also can be drawn from much weaker assumptions ; see chapter 10 of Hawk ing
and Ellis (1973) .
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Problems
1 . Let (M, Ste) be a spacetime with an everywhere timelike Killing field C12. Let ju
be an arbitrary timelike curve parameterized by proper time, r, and let u ° denote the
unit tangent to A. Define E = - up f°.
a) Show that I dE/dT I s aE, where a denotes the magnitude of the acceleration
of µ .
b) Use the result of part (a) to show , that for a timelike curve with bounded
integrated acceleration , i . e.,, f a dr < m , Ecan change only by a finite amount . Use
this result to prove that
is bounded along every timelike curve of bounded
integrated acceleration .
is satisfied by all world lines whose acceleration is
The condition f a dr <
produced by a physically realizable rocket ship . Thus, part (b) shows that even if
observers are equipped with rocket ships, they cannot reach spacetime singularities
where the norm of the tim elike Kill ing field diverges to - m, as occurs, for example ,
in the negative mass Schwarzschild solution; see Zhakrabarti, Geroch, an d Lung
(1983).
2. Let M be the torus (S' x S ') and define the Lorentz metric 8„b by (Misner 1963)
ds2 =_, cos x(dyz -- dxx) + 2 sin x dam, where the angular coordinates x, y have
ranges 0 ;9 x ;9 2r, 0 s_ y ;9 21r. Show that the closed curves defined by x = r/2
and x = 3 v/2 are null geodesics with affine parameter, A, related to the y-coard nate
'i
by I A d3'IdA = 1 . Hence, show that if one traverses either of these curves infinitely
ite
amount
of
affine
parameter
is
many times in the negative y-direction, only a fin
used up . Note that when one parallelly transports the tangent to the geodesic around
one cycle in the negative y-direction, the tangent comes back larger by the factor of
e 1. Thus, this compact manifold with smooth metric is null geodesically incomplete .
Timelike and spacelike geodesics similarly wind around the . torus .infinitely many
times in the y-direction using up only a fi nite, amount of affine parameter as they
approach x = v/2 and x = 31r/2 , so (M, &b} also is timelike and spacelike geodesically incomplete .
3 . Eliminate the hypothes is of strong causality in theorem 9 .5 .2 as follows. Under
the assumption that a ll past directed timelike geodesics have length greater , than
3/1 C 1 , it was-shown that (a) for p E H-(S) there exists a maximum length geodesic ,
'Yp, from p to S and (b) IV( S) is compact. Define T: H- (S) --> R by T (p) = T[ yp j•
(i) Show that T is continuous and, hence, achieves a minimum value on H-(S)• (ii)
Show that T strictly decreases along each future directed null geodesic generator of
H-(S' ). Thus, obtain a contradiction with (i).

TEN

THE INITIAL VALUE FORMULATION

As discussed in chap ter 4, general relativity asserts that spacetime structu re and
gravitation are described by a spacetime (M, gam) where M is a four-dimensional
manifold and g b is a Lorentz metric satisfying Einstein's equation . In chapters 5 and
6 we obtained exact solutions of Einstein's equation which made highly successful
physical predictions conce rning cosmology and the structure and grav itation fields of
spherical bodies. However, much more i s requ ired i n order that general relativity be
a physically viable theory . We see a wide variety of physical phenomena for which
general relativity must account . Thus, it is essential that there exist a correspondingly
wide class of solutions of Einstein's equation. For e xample, we know on phys ical
grounds that there is a large class of poss ible gravitational fields of isolated bodies.
If a correspondingly large class of solutions of Einstein's equation failed to exist, we
would be forced t o reject general relativity as a correct theory of nature .
A closely related issue concerns the fact that quite generally in classical physics
we have a great deal of physical control over initial conditions of sysiems. If the
system then is allowed to evolve freely, its behavior is completely determined by the
initial conditions . For example, in ordinary particle mechanics we are able to control
the initial positions and velocities of the part icles . Given these initial conditions, if
the system is permitted to evolve without _outside interference, the dynamical evolution of the particles is determined. Similarly, as discussed in section 10 . Z, in
electromagnetism wee are able to arrange the initial values of the electric field,_r, and
the magnetic field, B, subject only to the constraints V • E = 4vp and 'G' • B = Q .
Again, given these initial cond itions, th e subsequent evolution of the system is
determined . Although our practical ability to control initial conditions in gravitational problems is far more limited, it seems natural to believe that (at least over
regions much smaller than cosmolog ical scales) we should, i n principle, be able to
control the initial conditions of the gravitational field and matter d istribution, perhaps
subject to some constraints as in electromagnetism. Thus, unless general relati vity
differs drastically from other theories of classical physics, it should permit a physically reasonable specification of initial data . Fu rthermore , given these initial data,
Einstein's equation (possibly supplemented by additional equations for the matter)
should determ ine the subsequent evolution .

If a theory can be formulated so that "appropriate i nitial data" may be spec ified
(possibly subject to contraints) such that the subsequent dynamical evolution of the
243
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system is uniquely determined, we say that the theory possesses an initial value
formulation . However, even i f such a formulation exists, there remain further properties that a physically viable theory should sati sfy. First, in an appropriate sense,
"small changes" in initial data should produce only correspond ingly "small changes"
i n the solution over any fixed compact region of spacetime . If this property were not
satisfied, the theory would lose essentially all predictive power, since initial conditions can be measured only to fin ite accuracy . It i s generally assumed that the
pathological behavior which would result from the failure of th is property does not
occur in physics. Second, changes in the initial data in a region, S, of the in itial data
surface should not produce any changes in the solution outside the causal future,
P(,5'), of this region . If such changes occurred, we should be able to use them to
propagate signals "faster than the speed of light ." This would undermine the entire
framework of re lativity theory. If a theory possesses an initial value formulation
which satisfies both of the above properties, we say that this initial value formulation
is well posed. Note, however, that we have not attempted to give a mathemat ically
precise definition of "well posed i nitial value formulation" here since the precise
criteria depend on the type of theory considered.
The purpose of this chapter is to establish that general relativity admits a well
posed initial value formulation. Thus, general relativity survives th is rather stringent
test of the physical viabi lity of the theory . We begin-in section 10 . 1 by discussing
the initial value formulation of particle mechanics and the theory of 'the KleinGordon field i n Minkowsk 'sp rime . In section 10.2 we analyze the initial value
formulation of Maxwell's equations in Minkowski spacetme, which shares many
features analogous to general relativity with regard to initial constraints and gauge
freedom . The initial value formulation of general relativity then is present.ed.
Our analysis of Einstein's equation and other field equations will be based on
expressing them as second order hyperbolic systems .- Analyss of Einstein's equation
formulated as a first ardor hyperbol ic system (Fischer and Marsden 1972) will not
be discussed here. In addit vn, we shall consider only initial value formulations on
spacelike Cauchy surfaces. An initial value formulation for general relativ ity on an
initial surface formed by two intersecting null surfaces also can be given (S achs
1962a; Muller zum Hagen and Seifert 1977).

10.1 Initial Value Farmutat `:off particles and Fields
A fundamental feature of Newton's second law of motio n
ma

El0.F .1 }

in ordinary, nonrelativistic, particle mechanics is, that it relates the second time
derivative, a, of the spatial position of a particle to the force, F, which-in usual
cases-is a known function of the position and velocity of the particles in the system .
Thus, for a system of particles interacting with themselves and/or eternal potentials
with forces possibly dependent on positions and velocities but not on higher time
derivatives of the particle positions, the laws of mechanics take the for m
d 9'
. t14 l
dt2 = Fi(4q. . . . . . q.

don

(10.1 .2)
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where i = 1, . . . , n and the number, n, of unknown positions is called the number
of degrees of freedom of the system . Equation (10 . 1 .2) is a system of n second order
ordinary differential equations for the n quantities qi (t), . . . , q„ (t). From the theory
of such ordinary differential equations , it is well known (see, e.g ., Coddington and
Levinson 1955) that, given arbitrary initi al values for the particle positions
410, . . . , gno , end velocities (dq, /dt)o, . . . , (dSin /dt)p at t = to there always exists
a unique solution of equation (10. 1 .2) over a finite time interval about to with these
initial values. Thus, ordinary particle mechanics possesses an initial value forma -:
inn. Furthermore, at a fixed time t the positions q, (t), q. (t) are continuous
functions of the initial positions and velocities of the particles. Since the causal
propagation ofchanges in the initial data is not an issue in nonrelativistic mechanics,
we c.onclude that the initial value formulation of nonrelativistic particle inechanics
is well posed .

The above simple example from particle mechanics contains the essential features
of initial value formulations found in all physically reasonable field theories. Consider, for example, the massive Klein-Gordon field, 0, propagating in Minkowski
spacetime,
dQd°Q, -, m 2Q, = 0

(10.1 .3)

Choos ing global inertial coordinates t, x, y, z, we may write this equation in the form
~~ _

d2 0
~ + ~Lo2 + ~~' -- M20 ( 10. 1 . 4)

The mathematical structure of equation (1 0. 1 .4) is markedly different from that of
equation (10.1 .2) : Equation (10. 1 .2) is a system of ordinary differential equations
while equation ( 10. 1 .4) ' is a single , partial differential equation. Nevertheless, the
essential content of these equations is quite sunilar . They both tell us bow to compute
the second time derivative of the unknown quantity (or qu antities) at an instant of
time, given the value and first time derivative of the quantity (or quantities) at that
time. (Actually, for eq. [10. 1 .4] one does not even need to know d¢jdt to compute
a 2q5Jar2, but in more general equations or with non -inertial time slicings , dpi/fit and
its first spatial derivatives would appear on the right side of the equation corresponding to eq. (10. 1 . 4). ) Indeed , we may heuristically view equation (10 . 1 .4) as arising
from the l imit as N --1, oo of a system of N particles coupled by nearest neighb or
harmonic oscillator interactions (see , e.g. , Goldstein 1980) . In th i s l imit, the discrete
ite set of variables q; (t)
index i goes over to the continuous label z and the fin
10
over
to
the
field
variable
satisfying equation (10 . 1 .2) goes
x, t) sa ti sfying equation
(10.1 .4) .
The physical and mathematical analogy between equations (tU . 1 .2) and (I 0. 1 .4)
suggests that Klein-Gordon theory should have the following initial value formulation: We arbitrarily specify the values of Qi and do/& on a spatial hypersurface 10
of constant inertial time, t = to. Then there should exist a unique solution of equation
(1Q. 1 .4) having this initial data.
Indeed, i t is not di fficult to show that Kle in-Gordon theory admits th is formulation
when one considers only analytic initial data , i.e ., when 0 and do /tit are analytic
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functions on lo . To see this, we observe that from such initial data, we can compute
all spatial derivatives of 0 and do/at at t = to. Equation (lU . 1 .4) then gives a2 0/ate
at t = to and by taking spatial derivatives of this equation, we may compute all the
spatial derivatives of d? ,0/ dtz at t = to in terms of previously computed quantities.
We then may differentiate equation (10 .1 .4) with respect to t, and thereby compute
d3o/dt3 and all its spatial derivatives at t = to . Continuing in this manner, we obtain
all derivatives of 0 at t = to . This enables us to write down a formal power series
solution for 0. As proven by Cauchy and generalized by Kowalewski, for a wide
class of partial differential equations-or even systems of partial differential
equations-this power series has a finite radius of convergence . We state their
theorem for second order partial differential equations (i .e., equations containing
second partial derivatives of the unknown variables but none of higher order), but
it is easily generalized to equations of arbitrary order . A proof of this theorem can
be found in most books treating partial differential equations (e .g ., Courant and
Hilbert 1962).
T w o 10 . 1 . 1 (Cauchy-Kowalewski theorem): Let t, x', . . . , xni-1 be coordinates ofR"`. Consider a system of n partial differential
j`erential equations for n unknown
functions 01, . . . , On in Ifs"`, havi ng the form
;
k
X
Fr(t,x" ; ~j a+~ildt> a4 ,/°` ">

0 & &p
i/ataxa; az 1l a
)

0100

0 5)
(1 .1 .

where each F, is an analytic function of its variables . Let f (x") and gi (x") be
analytic functions. Then there is an open neighborhood 0 of the hypersurface
t = to such that within 0 there exists a unique analytic solution of equation:
i
(10 :1 . 5) such that Oi (t #r r aj - Ji (X a) and dt 1t0 ,X «l

gi (X«) .

The Cauchy-Kowalewski theorem shows that Klein-Gordon theo ry has an initi al
value formulation, at least for analy tic initial data.. It shows that, in a nalogy to
particle mechanics, the initial value of cfi and its time derivative may be specified
arbitrarily, and that these initial values determine the subsequent evolution of 0 . It
thereby also shows that there exists a large class of solutions to the Klein-Gordon
equation, since there exist as many analytic solutions of equation (10 . 1 .4) as there
are pairs of arbitrary analytic functions of -the-,three spatial variables x"However, the Cauchy-Kowalewsk i analysis is not adequate for showing that the
initial value formulation of Klein-Gordon theory is well . posed, First, the analys is
does not establish continuous dependence of solutions on initial data in a suitable
sense. More precisely, we tray define a topology on the space of initial data which
makes two functions "close" if they and a fin ite number (or all) of their derivatives
are close . For example, we may de fine a "distance" between two functions f, and f2
on the t = to init ial data surface fig, by summ ing the least upper bounds (1 . a. b.) of
the magnitude of (fi - f2) and all its derivatives up to order k,
XEMO
+

a k i+katks( ~
t - f2 ~
~ ~ ~. b . axk a ~ka
k3
j
&
k i , ka, k3 _0 y

f

(10.1 .6)
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where ki + k2 + k3 s- k. We then may take the open balls in this norm as a basis
of a topology (see appendix A) . (Other reasonable choices of topology also can be
given .) In a compact region of spacetime, we may define a similar topology on the
solutions . The Cauchy-Kowalewski theorem gives no guarantee that-for any reasonable choices of topology on the space of initial data and the space of solutionsthe map taking analytic initial data to the analytic solutions to which they give rise
is continuous .
Furthermore, the Cauchy-Kowalewski analysis cannot even deal with the issue of
causal propagation of the field . An analytic function is uniquely determined by the
values of it and all its derivatives at one point and, thus, in particular, is uniquely
determined by its value in an arbitrarily small open neighborhood of a point . This
implies that in the analytic case if we alter the initial data in an arbitrary open region
U of the initial surface lo, we must, in fact, alter the initial data over the entire
hypersurface X0 . Thus, to analyze the issue of causal propagation, we must consider
nonanalytic initial data. However, the Cauchy-Kowalewski analysis does not even
prove existence of asolution for C°°, nonanalytic, initial data .
Thus, to show that the initial value formulation of Klein-Gordon theory is well
posed, methods other than the Cauchy-Kowalewski analysis are required . We now
shall outline a proof that the initial value formulation of the massive Klein-Gordon
field in Minkowski spacerime is well posed . Then we shall state some much more
general results obtained by this approach .

Let 0 be a smooth solution of equation (10 .1 .3). Then the stress-energymomentum tensor of 0,
Tab = da W"do

- 2

,q

(
0 C0 + M202)
ab ac '

(10 . 1 .7 )

(see eq. (4 .2.20) ), is conserved ,

Consequently, letting f° _ {a/a0° denote the time translation filling field orthogonal to the t = to hypersurface Xo, we hav e
d

°( Tabf~ = 0

(10.1 .9)

[In fact, for any Killing field f° and any conserved, symmetric Ta in curved spaceti w , we have 4°(7ab~b) _ Tb V°~" = 0 by eq . {C .3 .1}] Let So be a (threedimensional) closed ball on the initial hypersucface lo . Let 11 denote the hypersurface t = it (with tt > ia), let:K = l)+(S.) n J-(Y.1)> and let S , = D+(Sa) r1 fir .
Finally, let Sz denote the "null portion" of the boundary of K (see Fig . 10.1 ). We
integrate equation (10. 1 .9) over K and apply Gauss's law, thereby obtainin g

J

Tab ~

f

b +

1

t 3S2

abl~*~d

=

(lu.

l . l 0)

fSo

where l° is the future directed normal to S2 . (Thy natural volume elements on So and
Sl are understood in eq . X10 .1 .10]; the volume element on the null surface 5Z is
explained in appendix B .) However, it is not difficult to verify from equation
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14
so
Fi g . 10. 1 . A spacetime diagram showing the region K over which eq . (10 . 1 .9 ) is
integrated to obtain equation ( lU. l . l{f) .

(10.1 .7) that Tb satisfies the dominant energy condition, i .e., i f vd is a future directed
timeiike vector, then -i-T°bv" is a future directed timelike or nu ll vector. Con0. Hence, the second term on the left-hand side of
sequently, we have 7 bl° fb
equation (10 . 1 .`10) is nonnegative . Wri ting out the other terms explicitly, we obtain
[to")'
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(10 .1 .11 )

Equation (10. 1 . 11) is the key equation needed to demonstrate the existence of a
well-posed initial value formulation . First, it shows-without appealing to
analyticity-that there can be at most one solution in D+ (So) with given in itial data
( 0 , dcfi/o'►t) on Sfl. Namely, if dig and q5-2 both are CZ functions satisfying equation
(10. 1 . 3) with the same smooth (but not necessarily analytic) initial data, then their
difference,
q5-2 - r¢a , would be a C2 solution of equation (10 . 1 . 3) with vanishing initial data . Hence, for ijr, the right-hand side of equation (10. 1 . 11) vanishes,
which implies (assuming m # 0) that 41 = 0 on S, and hence (since Y., is arbitrary)
41 = 0 throughout D +(SQ) . [Ifm = 0, we have Dpi = 0 and air/opt = 0 in DI(So) and
since # = 0 on 50, this again implies that 0 = 0 throughout a'(So).] Similarly, 41
also vanishes throughout D-(So). This result also shows that the second requirement
for a well posed initial value formulation is satisfied: A variation of the initial data
outside of So cannot affect the solution wi thin D(SQ).
Equation ( 10, 1 .11) also shows that solutions depend continuously on the initial
data. To prove a useful fozm, of this continuous dependence that also a llows us to
prove existence of solutions for arbitrary smooth initial data, w e proceed as follows .
For simplicity, we shall restrict attention to the massive case, m 0 0 . First, by
differentiating equation (10. 1 .4 with respect to the coordinates x" we see that all
partial derivatives of 0 also satisfy the Klein-Gordon equation . Hence, we obtain
inequalities of the form (30, 1 . 11) bounding square integrals of higher space and time
derivatives of 0 on St by the c orresponding square integrals on S . Using equation
(10. 1 .4) , we can express all terms on Sp containing more than one time de rivative
in terms of the initial data di, do/at and their spatial derivatives on Sfl . Thus , we
obtain inequalities of the form
11016,,k -5

e 1 ,k lll0lljso . k + ex , k {Il aO/ 1Otjll sa, k - 1

where the norms 110 16, .k and 111 0 I'lSO, , are defined by

(14. 1 . i2)
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j
l D ki ~i lz} (10.1 .14)
sak = {1 ~ {2 + . . . +
so
k
where d denotes a kth order partial derivative with respect to space and time
coordinates, while D k= denotes a Icth order partial derivative with respect to space
coordinates only . (In eqs . C 10. 1 : 13 and [ 10. 1 . 14] we take the sums of all such
partial derivatives of order less than or equal to k . The norms defined by eqs .
[ 10.1 .1 3] and [10. 1 . 14] are called Sobolev norms .) By integrating equation
(10. I . 12) over t, from to to the maximum value of t for which D }(Sn) n X, * 0, we
obtain

110 I6 *(S), k C Cl , k ll1 ~ Il~Sp k

+ C 2 .kIIl aO1d ll jSo,k_ 1

Now, we apply the following key result . Let A be any subset of (I$" (with the
natural Euclidean metric) which satisfies the uniform interior cone condition, defined
as follows : There exists a cone of fixed height h and fixed vertex angle B such that
far eachp E A this cone can be mapped isometrically into A with vertex at p . Then,
for k > n/2 the 11 11 ,,,k norm of a smooth function f (defined by eq . [ 10 .1 .13] with
the integration region taken to be A) bounds the numerical values off in A, i .e-, there
exists a constant C' such tha t
i x~ • l.f(x) 1 -5 CIf.f jIA, k (14 .1 .16)
A proof of this result is outlined in problem 1 . Thus, taking A = D( So) and k = 3,
we find using equations (10 .1 .15) and (10.1 .1 6) ,
xED +(Sq)

Similarly, the numerical values of any mth order partial derivative of di are bounded
in terms of the initial data b y
Lu

.b. I a " .01

xE D+ (Sd)

. I Ili o,3f M + c2, M lllads/ dt IIIS0,Z + m

:S C'1' .l O 5

. .

(10 1 18)

The same type of bounds hold, of course, for x E D-(S ) .
Equations (10. 1 . 17) a n d (14 .1 , 1 g) demonstrate the continuous dependence of 0
and its derivatives on the initial data in a strong sense . Mom precisely, if we define
a topology on solutions in D (Sfl) via a norm of the form equation (10 . 1 .6) with k = m
and define a topology on the initial data on S o (or on all of Xo) via the III IIISa 3+►n norm
or the norm (10 . 1 . 6) with k = m + 3, then equation (10 . x .18) demonstrates that the
linear map from initial data to solutions is bounded and, hence, is continuous . More
generally, the map from initial data on 1¢ to solutions in any fixed compact region
of spacetime is continuous in these topologies .
Finally, we "use this continuity to prove existence of a smooth solution 0 for
azbitrary smooth initial data (di, dO/ dt) on L . We proceed by choosing a sequence
{(O;n, acf,"•'/o'►t)j, i = 1, 2, . . . , of analytic initial data on 1o such that the functions
in this sequence and their spatial derivatives up to order (3 + m) converge uniformly
to (0; aolat) on 5o. By theorem 10 . 1 . 1 there exists a solution OT with initial data
( OM, a¢r;"Jdt) on la. (Actually, theorem 10 .1 .1 as stated guarantees existence of a
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solution only in an open neighborhood of L, but further analysis in the linear case
establishes that a solution exists throughout 9t". ) However, according to equation
(10. 1 . 1 ) [and the corresponding inequality for D - (Sfl) ], {~1 }and its first in derivatives must converge uniformly in D(SQ) to a funct ion 0 ' and its first m derivatives .
Choosing m ? 2, we easily verify that this limit function di' must satisfy equation
(10. 1 .4) . Thus, for all m ? 2 we obtain a C"` solution in D (SQ). However, we proved
above that there is at most one C2 salution in I) (So). Thus,
for all
m, In' at 2. Since 0 is C " for all m ;:* 2, we have proven existence of a C°° solution
throughout D (So). Since So is arbitrary, this solution exists on all of W.
Thus, we have established that the massive Klein-Gordon field in Minkowsk i
spacetime has a well- posed in itial value formulation . Note that, unlike the CauchyKowalewski analysis, the proof of a well posed initial value formulation made use
of detailed structure of the Klein-Gordon equation . In particular, the linearity of the
equation was used in a number of places, and its "wive equation" character was
essential to the construction of a conserved Tb with positive energy . If we changed
the sign of a2 c¢/ate in equation (14. x .4), thereby turning equation (10 . 1 .4) into a
fu r-dunensional "Laplace type" equation, we would not be able to construct such
a Tom, and the method of proof would break down even though the applicability of
theorem 10. 1 . 1 would not be affected . Indeed, it is well known that equations of
"Laplace type" do not have a well posed initial value formulation .

The above results for the Klein-Gordon field can be significantly general ized. In
particular, we may replace the Klein-Gordon eq uation (10. 1 . 3) in R' by any equation
on a manifold M of the form
g°b% Db O + A°%O + Bpi + C = 0

(10 .1 .19)

where Bd is any derivative operator , A' i s an arbitrary smooth vector field, B and C
are azbitc ary smooth functions, and g b is an arbitrary smooth Lorentz metric such
that the spacetime (M, gam) is globally hyperbolic . (A second order linear partial
differential equation is said to be hyperbolic if and only if it can be expressed in the
form [1Q. 1 . 19].) This equation will have a well posed initial value formulation for
initial data ( 0 , ne 0$ ,O) on any smooth, spa celike Cauchy surface Y. , where n" is the
unit normal to 1 . There are only a few significant additional complications to the
proof of this much more general result . Specifically, for equation (14 . 1 . 19) in
general we cannot construct a conserved Tom, satisfying the dominant energy condition, but we may- construct a Tb satisfying the dominant energy cond ition whose
failure to be conserved can be bounded, so that inequalities of the form (14 . 1 . 12)
(with Ct ,k and C2,k now functions of time) s till hold. Also, in the proof of existence,
if the coefficients g ab , As, $, and C are nonanalytic, we must also approximate them
by analytic coefficients before we can appeal to theorem 10. 1 . 1 .

These results can be further generalized to systems of equations, resulting in the
follow ing theorem, a complete proof of which can be found in Hawking and Ellis
(1973).
1 HEott Em 1 0. 1 . 2. . 1. et (M, ga) be a globally hyperbolic spacetime (or a globally
hyperbolic region of an arbitrary spacetime) and let V. be any derivative
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operator. Let I be a smooth, spacelike Cauchy surface. Consider the system of
n linear equations for n unknown functions dig, . . . ,0„ of theform

8°b7avb Or

(A~;)a ~~ o, +

+

~

$ii Oi +

C,

=0

(1 0 .1 .20)

i

(Eq. [10.1 .20] is referred to as a linear, diagonal second order hyperbolic
system .) Then equation (10 .1 .20) has a well posed initial value formulation on
~ . More precisely, given arbitrary smooth initial data, (0j, n°Vadi,) for
i = 1, . . . , n on I there exists a unique solution of equation (10 . 1 .20)
throughout M . Furthermore, the solutions depend continuously on the initial
data in the sense described above for the Klein-Gordon equation in flat spacetime . Finally, a variation of the initial data outside of a closed subset, S, of
does not affect the solution in D(S) .
We remark also that the differentiability assumptions on the coefficients g1 , (ply)°,
and By as well as on I and the initial data 0;, n aDarA. on I can be weakened
significantly (see Hawking and Ell is 1973) . For results on the initial value formulation of linear partial differential equations not of second order diagonal form, see,
e.g. , Berl, ]oho, and Schechter (1964).
Finally we discuss generalizations of theorem 10. 1 .2 to some nonlinear systems
of equations . Very few results other than dworem 10 . 1 . 1 are known concerning the
initial value forcn utaticin of general, nonl inear systems of equations. However, for
second order differential equations which are quasilinear, i .e. , linear in the highest
derivative terms, many of the results on linear systems apply locally . More preciseiy,
we call a system of n send-order partial differential equations for n unknown
functions
on a manifold M a quusit3near, diagonal , second order
hyperbolic system if it can be put in the form
9 '4x; Oj; a, Oi)va Qb Of = Fi {x ; O1 ; VC Oj}

( l a. 1 .21)

where 17a is any derivative operator, g a6 is a smooth Lorentz metric , and each Fj is
a smooth function of its variables. (Eq. [10. 1 .21] differs from eq. [1 0 . 1 . 20] in that
g' is now permitted to depend on the unknown var iables and them first derivatives,
and F now may have nonlinear dependence on these vari ables :) For equations of this
type, we have the following theorem due to Leroy (1952):
'IHEQMM 10.1 .3 . Let (0o)j, . . . , (c¢o) . be any solution of the quasilinear hyperbolic system (10 .1 .21) on a manifold M and let (g o)°b = g °b(x ; (OO),> V, (coo))
Suppose (M, (go)o) is globally hyperbolic for, alternatively, consider a globally
hyperbolic region of this spacetime) . Let I be a smooth spacelike Cauchy
surface for (M, (gn)u) . Then, the initial value formulation of equation (101 .21 )
is well posed on I in the following sense : For initial data on X sufficiently close
to the initial data for (0@1, . . . , ( 0o),,, there exists an open neighborhood 0
of I such that equation (10 .1 .21) has a solution, 01, . . . , di,,, in 0 and (0,
8.&(x+ 0j; Q o,)) is globally hyperbolic . The solution is unique in 0 and propagates causally in the sense that if the initial data for iii, . . . , 0;~ agree ►vith
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that of dii , . . . , 0. on a subset, S, of I., then the solutions agree on
o n I?}(S) . Finally, the solutions depend continuously on the initial data in the
sense described above for the Klein-Gordon field.
The basic idea of the proof of theorem 10.1 .3 is to start by solving the linear
system of the form (10 .1 . 24) obtained by replacing Oj and Va O, by (0o); and 9d( -0n),
in g' and F in equation (i4i F21) . Then we obtain a solution (q5,); by theorem
14.1 .2. We substitute this solution. into the coeffic ients gI and F and repeat the
procedure . In this way, we obtain a sequence . ( O„), of solutions to linear equations .
For initial data suffic iently close to that for ( 4); i t can be shown that this sequence
converges in a neighborhood of I and that the limit satisfies equation (10. 1 ;21) and
has the above desired properties. The, proof of this convergence and the other
properties quoted in theorem 10. 1 .3 is outlined in Hawking and Ellis (1973).

10.2 Initial Value - Formulation of General Relativity
In this section, we shall show that general relativity has a well posed initial value
formulation . We prove this by casting Einstein's equation into the form (10.1 .21) for
which theorem 10. l .3 -applies . As we shall see, the analysis of Einstein's equation
differs from that of the . Klein-Gordon field in _ that there are initial value constraints
and in that we will need, to make a "gauge choice, .'., i .e ., a. choice of coordinates, so
that Einstein's equ oit:takes the desired1orm . In orderto gain more insight into the
nature of these di~~erenc~~, we begin b y analyzing the simpler problem of the initial
value formulation of Maxwell's equat4ons for the vector potential A . in Minkowski
spacetime . As we shall see, the, initial v alue formulation of Einstein's equatian is
very closely analogous to the initial value formulation of these equations .

As discussed in section 4.20 the vacuum Maxwell's equations for the vector
potential A. i n M inkowski spacetime take the form
a°~aaA~ -: aa.Aa} '= 0

(10 .2 .1 )

At first glance, :equation (10.2. 1 ) may appear satasfaexury for determining A:. We
have four equatians for the four , unknown - c ompcments of Ap . However , a closer
exarrtibat onof equation (14.2: I ) .,indicates the possibility of series trouble, since
equation (14.2. l) is not of the form ( 10, 1 .20) far. Which a well posed init ial value
formulation is known to exi st; Indeed, i f we choose a surface, fir, ofconstant inertial
Lime, t = to, asour initial hypersurface , we see that the time component of equation
( 1 4. 2 1) contains no end time derivatives at all . In ordinary vector notation,this
equation is
t ,Aa,=V •(9A/opt)= 0

(10.2 .2)

.
4 E- U

(10.2. 3)

i .e. ,

where the electric field, E , is defined by
_., -,

-,

(1-a.2.4 )
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i.e., in index notation,
Ea = (aaAb - dbAa)n b = Fin"

( 10.2 .5)

where na is the unit normal to Z . Thus, equation (1U .2 . 2) (or, equivalently, eq .
[10.2.3]) gives an initial value constraint on the initial data (Aµ, dA,,/a'+t) . Initial data
which fail to satisfy (10 .2 .2) cannot possibly yield a solution of Maxwell's equations .
The remaining three components of Maxwell's equations do contain second time
derivatives of) the spatial components of Aa, so we can solve for d2Aµ/ dtl for
µ = 1, 2, 3 in the manner required by the Cauchy-Kowalewslu theorem 10 .1 .1 .
(Note, however, that even these three equations are not of the form [10 .1 .20] for
which a well posed initial value formulation is known to exist .) One might expect
that by differentiating the initial value constraint (10.2 .2), one could end up with an
equation for a lAo/ dt2 which then would permit an initial value formulation, at least
in the sense of theorem 1U .1 .1 . However, this is not the case . We have the identity
d"19a(aaAb - a bAa) = 0

(10.2.6)

and this shows that the time derivative of equation (10 .2.2) vanishes identically if
the spatial components of Maxwell's equations are satisfied . Hence, the complete
Maxwell's equations are equivalent to the spatial components of Maxwell's equations together with the initial value constraint (10 .2.2). Thus, equation (i0 .2 .1) is
an underdetermined system for Aa, we really have only three equations (plus an initial
value constraint) for four unknown functions . Indeed, by theorem 10 .1 .1 it is not
difficult to see that in the analytic case we may specify A .Q arbitrarily throughout the
spacetime and still obtain a solution . Thus Maxwell's equations do not admit an
initial value formulation for A. in the straightfrnwazd, mathematical sense discussed
in the previous section .

However, this difficulty is not of a physical character . As already mentioned in
section 4.2, two vector potentials which differ by the gradient, dQX, of a function,
k, represent the same physical electromagnetic field . Thus, on account of this gauge
arbitrariness, Maxwell's equations cannot possibly be expected to determine AQ from
initial conditions . On the other hand, we now shall show that the initial values of Aµ
and aAµ/fit do uniquely determine a solution up to gauge, and that, physically,
Maxwell's equations do admit a well posed initial value formulation .
The most direct way of showing this is to choose an appropriate gauge for A. and
show that Maxwell's equations for A. in this gauge are of the form (10 .1 .20), thereby
yielding a well posed initial value formulation . We choose the Lorentz gaug e
daAa = 0

(10.2. 7)

(see eq . [4,2 .31] above) . Maxwell's equations in this gauge are simply

a" aQAb = 0

( 10.2.8)

Equation (10.2.8) together with equation (10. 2 .7) is phys i cally equivalent to the
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original system (10. 2 . 1 ) in the sense that solutions of (10 .2. 1) can differ from
solutions of (10. 2. 7) and ( 10.2 . 8) only by a gauge transformation .
Given our initial data (Aµ, dAµ/opt), we make a gau ge transformation so that
d°A.a = 0 on 10. Now, equation (10.2.8) implies that

and thus, by theorem 10. 1 .2, if equation (10.2.8) is satisfied everywhere, then the
gauge condition (10 .2 .7) also wi ll be satisfied everywhere if and only if
dbA6 = a(dbAbj/ ar = 0 on E . We alre ady have ensured that d°Aa = 0 on lo, and
using equation (10 .2 .8), we see that the initial condition d (dbA6) / at = 0 is equivalent to the in itial value constraint , equation (10.2.2). Thus, if V • E = 0 on 10, then
for our gauge tr ansformed initial data, equation (10.2.7) will be satisfied throughout
the spacetime if equation (10.2 .8) holds. Thus, we need only salve.equation (10 .2.8)
with the given values of the initial data. However, we can do th i s because equation
0 0.2.8) does have the form (1 U, 1 .20). for whieh, a well posed initial value formulation has been established . Thus, by theorem 10. 1 . 2, there exists a unique solution
of (10.2 .8) for the given (new) values of the initial data . Furthermore , thi s solution
depends continuously on the initial data and has the desired domain of dependence
property .
To obtain a solution with the original values (A,,„ dAµ/dt) of the initial data, we
simply "undo" the gauge transformation which made a°A,,,- 0 on lo. To show that
this solution is physica ll y unique, we note that two solutions of the original
Maxwell's equations (10. 2 . 1) with identical initial data, can be brought by gauge
transformations into solutions of (10 .2.$) with identical initial data . Since solutions
of (20.2 .8) ,with given initial data are snique thi s shows that our two solutions can
differ, at most, by a gauge transformation . Thus, Maxwell 's equations in Minkowski
spacetime possess a well posed initial value formulation in this sense .
Indeed, we may reformulate this result in a physica lly more satisfactory manner
as follows: Let E and B be specified as-arbitrary smooth vector fields on 1fl, subject
only to the constrai nts V - E = '0 • B = 0 on Xo. Then there exists a unique
solution, Fes„ of Maxwell's equations with- thes e' inifial data. Furthermore, &b depends continuously on the initial data ( E , B), and Fb atp E J'(1a) depends only on
the initial data an J-(p) fT lo - This result can be proven by introducing a vector
potential, As, whose initial data on 1. o satisfies a°Aa = 0 and reproduces the given
values of k and B on 1o. (A particularly simple choice is to take AO = 0,
aACdt = -E,~ choose A to be any solution of V X A = B, and set
aAo/at = # • A . ) Then we simply apply the results of the previous paragraph to
construct a solution with the, desired properties. Finally, we prove uniqueness by
verifying that two different solutions, A. and A Q , of Maxwell 's equations which
produce the given E and B on lo can be brought by a gauge transformation into
solutions of equation (10:2 .$) with the same initial data. Hence, by uniqueness of
solutions of equat ion (14 .2. 8), A. and A .' differ at most by a gauge transformation .
Thus, they produce the same F.&.
Thus, Maxwell's equations in Min kowski spacetime physically possess a well
posed initial value formulation . This result may be generalized to curved spacetime
(see problem 2) .
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We turn our attention, now, to Einstein's equation in a vacuum, G,,b = 0. The first
issue to consider is the nature of the initial value formulation in this theory . In other
theories of classical physics we are given the spacetime background and our task is
to determine the time evolution of quantities in the background from their initial
values and time derivatives . However, in general relativity we are solving for the
sgacetime itself. What' should be the quantity or quantities to prescribe initially in
general relativity in order that spacetime structure be determined ?
In order to answer this question, we must view general relativity as describing the
time evolution of some quantity . Let (M, gam) be a globally hyperbolic spacetime .
(We consider only globally hyperbolic spacetimes since the initial values formulation
should be relevant only in this case.) As proven in theorem 8.3.14, we can foliate
(M, ga) by Cauchy surfaces, fit, parameterized by a global time function, t. Let na
be the unit normal vector field to the hyperswrfaces I, The spacetime metric, gam,
induces a spatial metric (i .e ., a three-dimensional Riemannian metric) h,b on each 1,
by the formula
hab = g"ab + rtanb

(10. 2 . 10)

Let t° be a vector field on M satisfying t°Vat = 1 . We decompose ta into its parts
normal and tangential to 1, by defining the lapse function, N, and the shift vector,
N°, with respect to to by
N = -a °nQ = (na Ga t)-1
Na = hb tb

( 10. 2 . 1 1)
(10.2. 12)

(see Fig. 10.2).
We may interpret the vector field t° as represent ing the "flow of time" throughout
spacetime . As we "move forward in time" by parameter time t starting from the t = 0
surface lv, we go to the surface fir. If we identify the hypersurfaces Y.,o, 1, by the
diffeomorphism resulting from fo llowing integral curves of ta, we may view the
effect of "mov ing forward in time" as that of changing the spat ial metric on an
abstract three-dimensional manifold I from h,,b (0) to h,,b (t} . Thus, we may view a
globally hyperbolic spacetime (M, gam) as representing the time development of a
Riemannian metric on a fixed three-dimensional manifold . This suggests that we
view the spatial metric on athree-dimensional hypersurf'ace as the dynamical variable in general relativity. (3'he lapse function, N, and shift vector, N°, are not

Fig . 10. 2. A spacetiine diagram illustrating the definition of the lapse function , N,
and shift vector Na .
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considered dynamical, since they merely prescribe how to "move forward in time .,,
Further motivation for viewing the spatial metric as the dynamical variable in general
relativity arises frbm the Hamiltonian formulation given in appendix E .) Hence, we
would expect appropriate initial data to consist of a Riemannian metric, ham, and its
"time derivative" on a three-dimensional manifold 1 .
In section 9 :3 above, we introduced Ehe notion of extrinsic curvature as representing a well-defined, nation of the "time derivative" of the spatial metric on a hyper
st3rface I embedded in spacetime . In equation (9.3.19), f° was the unit tangent to
the congruence of timelike geodesics orthogonal to Y,, . However, if n° is any other
unit timelike vector field which is normal to Y., then its derivative along a direction
tangential to I must agree on % with that of f°, so we hav e

ha

c ab

= 2£„hab

(10. 2. 13)

where the reader is asked to verify the last equality in problem 3 . This generalizes
the formula for e xtrinsic curvature to nongeodesic normal slicings of spacetime . The
relation between K b and the coordinate time derivative fth b is given by equation
(E. 2 .30) of append ix E . Figure 14. 3 illustrates the interpretation of K,,b in terms of
the "bending" of I in spacetime .
The above considerations suggest that in general relativity, appropriate initial data
should cons ist of a triple (1 , h,,b, Kam), where I is a three-dimensional manifold, l,,*
is a Riemannian metric on 1, and K,,b is asymmetric tensor field on I Z . We shall show
below that given such initial data-subject to certain initial value constraints-there
exists a globally hyperbolic spacetime (M, 8 0 satisfying Einstein's equation which
possesses a Cauchy surface diffeomorphic to I on which the induced metric, equation (10.2. 1Q) , is h4 and the induced extrinsic curvature, equation (10 . 2 . 13), is Kam,.
Fu rtherrnare, this solution depends continuously on the initial data, satisfies the
desired domain of dependence property, and is unique in a sense made precise
below.

First, however, we establi sh some useful relations between the spacetime metric,
derivative operator, and curvature, and the corresponding qu antities they induce on
a spacelike hypersurface I embedded in M. We already noted that the spacetime
a
n

r~ .

q

. 10. 3. A spacetime diagram illustrating
PFig
the notion of the extrinsic curvature of
e~ hypersurf~e E . The dashed arrow at p represents the parallel transport of the
normal vector, n°, at q along a geodesic connecting q co p. The failure of this vector
to coincide with n° at p corresponds intuitively to the bending of Y. in the spacetime
in which it is embedded . The formula K,,b = ha` Rnb shows that Kb directly
measures this failure of the two vectors at p to coincide for q near p .
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metric g,,b i nduces a Riemannian metric ham, on I by equation ( 10.2 . 10). However ,
by theorem 3. 1 . 1, h,,b uniquely determines a natural derivative operator on Y., which
we denote as DQ. Furthermore, the derivative operator, D,,, on I gives rise to a
curvature tensor (3)R,,,d on 1 . We obtain , now, formulas relating D. and f3)Rab, d to
four-dimensional quantities.
Let va be a (spacetime) vector at a point p E I . We may uniquely decompose v°
into components tangent to and perpendicular to £ vi a

(1 .2.14)

v° = v-t na + vT

where n' is the unit normal to I and On.
ne = Q . If v~ = 0 so that v° = vl~, we may
view v° as a vector lying in the tangent 'space. to Y, at p. The condition that v_L = 0
is equivalent to
V a = hpbU b
( 1 0 . 2 . 15)
with kb given by equation (10. 2 . 1 4) and the first index of h,,,bis raised by g '. More
generally, we may view a spatime, tensor T41 ' " ."kb, . . . ~ at p E 3: as a tensor over
the tangent space to I at p if

T

eY . . . ajb Y

. . .a+

=

h°tCl . . . hakckhb4 di . .

.

hb'd'Tc, . . . ctd , ., . di

(10 .2.16)

Conversely, any tensor defined at point p on the manifold I uniquely gives rise to
a spacetime tensor at p (i.e., a tensor over the tangent space to M at p) which satisfies
equation (10. 2. 16). Note that h an plays the role of a projection operator from the
tangent space to M at p to the tangent space to I at p .
Let T" . . . °ka, . . . b, be a tensor field on the man ifold 1 . If we v iew T "- . . `~b, . . . 6, as a
spacetime tensor satisfying equation ( 1 4 .2. Ifi), we still cannot define 0, T al . . . pkbJ . . . bl
since in orda to oalculate, this quantity we would need to ktww how T °Y . . . ,%b4 . . . 6,
varies as we move offof 1 . However, hd`Ve Tai . . . °tb, . . ; k is well defined since for this
quantity, no derivatives in directions pointing out of I are taken. This tensor

not satisfy equation (10 .2.16), but we. canPtcalect its indic es using h "b to obtain a
tensor field on 1. Then , we have the following result .
LamA 14.2. 1 . Let M 8,,b) be a spacetime and lei: I be a smooth spacelike hypersurface in M . Let ham, ate the induced metric on 1, equation (14 .2 . 10), and
let D. denote. the derivative operator associated with h4b (see theorem x .1 .1) .
'Then pp is gives by the formula
~c

Q . . .ak i .

T l

b

,

b

- h

a t d3

h~et h

,lp~~"d l . . .ake,

el

(10.2 .17)

where V. is. the derivative operator associated with gam .
Proof. it is stra ightforward to verify that D,, , defined by equation (110 .2.17),
satisfies the properties ( 04 3 ) .offthe definition of derivative operator given in section
3. 1 . Furthermore , we have
Daher = had1ab ` kf% (8,,f + nnf) = 0 (10 .2-18)
sine pd8,,f = 0 and h bn' = 0. Thus, D,, is the unique derivative operator associated
with ham . 0
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From equation (10.2 .17) one can derive relations between the curvature of
7, and the spacetime curvature R . If (o. is a dual vector field on 1 , we have
(3d (od " fla

A Wc -- ADe (Oc

(10 .2.19)

However, we have
U6Db cv, = pe ( ha dhk `~d (00

= hafht~8k*Vf (h

d

8 hk `OdWe)

hsfhb'h~ °OfOdwe + h, ` K~11 dVdG,le
+hbd

Kac n e Vd(ae

s

where we have used the fact that
ha 6hcd Vb ad e = he b h d06($d ° + nd nj

= Kacn °

(10.2.21 )

Now, the middle term on the right-hand side of equation (10.2. 20) vanishes when
antisymmetrized over a and b . Furthermore, we have
h dne%(oa =
hb"Vd(n`wt) - h6d wAdn ` = --Xbew.
b

Putting together all these results, we obtai n
t')R.k` = haIhb h.,kh i~sk' -' K~ Kbd + K&Kad

(10.2 . 22)

(1Q. 2. 23)

A similar calculation (problem 4) shows that
UaKeb -- Db K°e = Rm n dh eb

(14,2.24

Equations ( 10.2. 23) and ( 10 .2. 24) are known a s the Gatos-Codaeci retations.
We turn, now, to the analysi s of the vacuum Einstein's equation. We will give
initial data (h,b, K„,b) on a three-clirnensional ntaa foci I and attempt to cvnmwit a
globally hyperbolic spaeetime (M, gam) for which 7, is a Cauchy surface on which the
initial data are induced. Our strategy is to write down Einstein's equation for the
metric components, 8,,,, in a local coordinate system {y ,"I with the time coord inate,
t, chosen so that the t = 0 surface corresponds to I (or, at least, that portion of I
covered by the coordinate system) . By casting the equations in the form (10 .1 .21),
we will use theorem ld. 1 . 3 to prove local existence of a solution with the desired
properties. Then we shall outline ho w to "globalize" our local results to obtain the
final conclusion, stated as theorem 10.2 : below .
The components of the Einstein tensor, G,,Y, can be expressed in terms of coordinate derivatives of the met ric tensor components, g,,, by the methods of section
3 .4a. Einstein's equation in vacuum , Crb = 0, yields a system of 10 second-order
partial differential' equations for Ehe ' ten unknown metric components . Furthermore,
these equations have a quasilinear form; i .e., they are linear in the second derivatives
of the metric. Explicitly, from equations (3 .4.5) and (3. 1 :34) we have
R~,b = - ~ ~ s O { - 2ap a(,g,.). + + aO adg O } + Ft,v(s, d-a)
O, P

and thus

(10.2 .25)
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1

2d d

+ da d

+ d dy

a, P
9iiy
+2 a, E
P , p, Cr

9 aj9

g 1 ° j -ap aps ,, + aaap gp.,- } + Fµ,(8, dg)

( 1 0. 2 .2 6)

where F and F are nonl inear functions of the metr ic components gap and their first
derivatives . However, the right-hand s ide of equation (10 .2 .26) is not of the form
(10. 1 .21) . Indeed, from equation ( 1 4. 2.26) one may show (Problem 5) that the
equations
(10.2 .27)
G,,,n" = 0
(where nQ is the unit normal to the t = constant surfaces) contain no second time
derivati ves of any of the met ric components ; i.e. , these components of C,,b = 0 at
t = 0 depend only on the initial data . Thus, these equations provide ini tial value
constraints, in close analogy with equation (10 .2.2) in the electromagnetic case . We
can express these equations in coordinate invariant form by us ing the Gauss-Codacci
equations ( 10.2 .23) and (10.2 . 24) . From equation (10.2. 24), we obtain the initial
value constraint,

0 = h b4C~cn` = h beR&n` = gbKaQ - D QKbb
In addition, we have

(10.2.28)

= R + 2&,n°n `

Thus, from equation (10 .2 .23) we obtain the additional constraint ,

0 =Gin°n b
= 2 {(3)R + (K°a)2 - K,, Kab}

(1 0.2 .30)

Thu s, equations (10 .2.28) and (10. 2.34) are the initial value constraint equations of
general relativity expressed in a form analagov s'M equation ( 10. 2.3). We shall return
briefly to discuss some pEvgerties of these equations at the end of th is secti on.
In the electromagnetic case, the identity (1 0.2.6) implied that if the constraint
(10.2.3) is satisfied initially and the spatial components of Maxwell's equations are
satisfied everywhere, then the constraint also is satisfied everywhere . A completely
analogous result appl ies in general relativ ity. As a consequence of the B ianchi
identity,

V°G jb =

0

(10 .2.31 )

if the constraints (10 .2 .28) and (10 .2 .30) are satisfied initially and the spatial components of Einstein's equation are satisfied everywhere, then the constraints also are
satisfied . To show this, we note that equation ( 1 0.2.31) relates the time derivative

260 The .. Initial Value Formulatio n

of the components I t;µy R y, to non-time differentiated components of Gµy and their
spatial derivatives. Having solved the purely spatial components of Einstein's equation and obtained a solution, gµ,,, we may set the spatial components of G,,,, equal to
zero in equation (l4 .2 . 31) and view the metric components gµY as known functions,
thus making equation (10 .2 .31) a linear, homogeneous system of four first order
equations for the four unknown components I G,,vn ". It then follows from the theory
of first order partial differential equations (see, e .g ., Courant and Hilbert 1962) that
if these components vanish initially, they must vanish everywhere .
Thus, Einstein's equation PO = 0, is an underdetermined system of equations for
the metric components gµv. We have only six evolution equations (namely, the
purely spatial components of Geb = 0) for 10 unknown metric components . However, as in the Maxwell case this underdetermination is not physical . It results from
the redundancy in the description of spacetime geometry by metric components, 8,,,, .
As discussed in appendix C, if 0 : M --i-; is a diffeomorphism, then (M , g,*) and
(M , O 'g b) represent the same physical spacetime . Since the coordinate basis components of g,,b ,and O`g,,b are related by the coordinate transformation associated with
any two solutions of Einstein's equation whose coordinate basis metric components are related by the tensor transformation law (2 .3 .8) represent the same
physical sQlution. .Sinee four arbitrary functions appear in the transformation law,
roughly speaking there should be only six "nongauge" functions in the 10 metric
components g,~,,,. Thus, it is plausible that Einstein's equation contains the correct
number of evolution equations, and that a well posed initial value formulation exists .
We shall prove that Ehis is the case by introducing-in close analogy •with our
treatment of Maxwell's equations--a convenient choice of "gauge" (i .e., coordinates) for which Einstein's _equation has the form (10 .1 .21).
We shall employ harmonic coordinates, x", i.e., coordinates which satisfy

Hµ = % D°x " =

0

(10.2.32)

In a given spacxtirre (M, g,,a), we can construct harmonic coordinates in a neighborhood of that portion of X covered by our original set of coordinates {y"} as
follows . For µ = 0, 1, 2, 3 we give { y µ} and its normal derivative on X as initial data
for equation (10 .2 .32) (which is of the form [10 .1 .24] and thus possesses a well
posed initial value formulation) . Since the dual vectors {%yµ} are linearly independent on 1, the solutions {x"} will hive Qax*}linearly independent in a neighborhood
of 1: in M, so {x,"} will yield a local coordinate system . Thus, there is no loss of
generality in assuming jocal existence of harmonic coordinates, .
Writing out the coordinate basis expression for equation (10 .2.32) using the
fo ss of section 3 .4a, we find that the ham-ionic coordinate condition takes the
form
0 r. H I L a [ Y _ g . g a,1.IJ~P'C µ]
a

tY. ~

a

a. CV--g S °``1
ldo 8""`
a

+ 2 g*." I S°°a.8v~ j

p,

o

(10. 2 . 3)
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Using equation (10 .2.33), we see that most of the second derivative terms in equation (10.2 . 25) can be reexpressed in terms of HJ` and lower derivative terms, and thus
in harmonic coordinates the vacuum Einstein equation become s
0 - RHv ~ Rev + , gao., d.~Y"

= - i2

g

g i+v

+ F,.vcg , age

(10.2.34)

where the supersc ript H on R H denotes that this express ion for the Ricci tensor is
valid only for harmonic coordinates . Thus, Einstein's equation is equivalent to the
system (10 . 2 . 34), together with the harmonic coordinate condition (10 .2.32) or
(10.2.33) (Choquet-Bruhat 1962) . Equation (10. 2 . 34) is known as the " reduced
Einstein equation ." The key point is that it is of the form (10 . 1 . 21) for which theorem
14. 1 .3 applies.
We now are in a position to prove local existence of a solution to Einstein's
equation for initial data sufficiently near that of flat spacetime . Let the Riemannian
metric h,,b and the symmetric tensor field K,,b be given on 7, satisfying the constraint
equations (10 .2. 28) and (10 .2 .30). Choose a coordinate system on (a portion of) I
and let h,, and K,,, denote the coordinate basis components of h,,b and Kam. We
prescribe on 7, initial data (b'µ,, dg,,,,/&) such that gµv = h, for µ, v = 1, 2, 3, and
such that the ext rinsic curvature computed from these initial data us ir►g equation
(10. 2 . 13) is Kam. A particularly simple choice is to take goD = -1 , gaµ = O 'for
µ = 1 , 2, 3 , and dgµ„jdt = K,,y for µ, v = 1, 2, 3. Since dgoA/opt for µ = 0, 1, 2, 3
is undetermined by these requirements, we may specify dgoµ /apt such that H'` = 0
on I (see eq . {10 .2. 33 . If this initial data set is sufficiently near that of flat
spacetime, then according to theorem 10 . 1 . 3 we can solve equation (10. 2. 34) in a
neighborhood of the portion of I covered by our original coordinates, thereby
producing a globally hyperbolic spacetime with this portion of I serving as a Cauchy
surface. This solution of equation ( 10 .2. 34) will be a solution of Einstein's equation
if HP = 0 in this neighborhood . To prove this is the case, we note that the Einstein
tensor G ,,,Y in arbitrary coordinates can be expressed in terms of R,N.'(defined by eq.
[ 10 .2.34]) and H," (given by eq. [I0.2 .33)) via
Gov = R~ - 2 RHBµv -' {S« (w a i)H " -- 2 gµVda H"}

(1 b.2 .35)

Since ~G,~„n y = 0 on I and Hµ =d on 7 , equation (10.2.35) implies that
JWµ/opt = d on I if equation (10 .2 .34) is satisfied. Furthermore, when equation
(10 .2.34) is satisfied, the Bianchi identity yield s

0

a

V[g

(10. 2 .36)
- - ~ 2 gapg dpai, H°` + {lower order terms linear in H
P, A. a
Thus, equat ion (10. 2 . 36) (after multiplication by gAv and summation over P) takes
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the form (10.1 .20) for which a unique solution exists according to theorem 10.1 .2.
Since HI`= Mµ/opt = 0 initially, this proves that HI A= 0 throughout the region
where a solution to equation (10 .2.34) exists . Thus, we have established local
existence of a solution of Einstein's equation for initial data sufficiently near that of
flat spacetune . Furthermore, theorem 10 .1 .3 shows that the solution depends continuously on the initial data and has the desired domain of dependence property .
The requirement that the .;initial data be "sufficiently near" that of flat spacetime
can be removed by the following trick which uses the idea that any curved geometry
appears "nearly flat" when examined on a sufficiently small scale . Suppose initial
data (g,,v> dg,,/o7t) which are not "sufficiently small" ace given . By a coordinate
transformation on 1, we may assume t IAt gµ,y = dog(- 1, 1, 1, 1) at a point p E I
and that p lies at the origin of coordinates, x"' = 0 . Let A E R . Suppose we scale
the initial data by (8,.,,, d&,„/fit) --o- (,1-1gµ,,, h-Zdg,,Y/dt), and then make the cocardinate transformation x ,' --+ x'µ = h-'xµ for µ = 0, 1, 2, 3 . From the tensor. transformation law (2 .3 .8), we see that under this combined transformation, the initial
data become
an, agA p
where x' denotes the new spatial coordinates on X . As A --* 0, we see that the new
initial data and their derivatives become arbitrarily close to those of data for flat
spaceetime ._ Thus, there exists a (sufficiently small) 11O such that we can obtain a
solution, g',v(x') to Einstein's equation in a neighborhood of p for the new initial data
with A = ,1o• The metric S0 u(h4 'x) then solves E instein' s equation in a neighborhood
of p with, the original initial data .
Local un iqueness of solutions with given initial data (ham, K,,b) can be proven as
foflows . Let (O ', gam) be the spacetime solution of Einstein's equation constructed
using harmonic coordinates from the initial data (8,',,,, dg,",,/at) in the manner described above . Let (f), g,b) be another solution of Einstein 's equation (not ,neeessarily
in harmonic coord inates) which covers the same portion of I as (0 H, gam,) and induces
the same initi al data (ham, Kam ) on 2. We wish to find a diffeo rnorphism 4( from a
neighborhood of I in 0 to a neighborhood of 7, in 4H such that 0 takes g b into
i.e. , OFBab = g'~. We construct bras follows . Since g ,,b and g.b induce the same initial
data on 1 , it can be verified that there exists a diffeomorphism 0 such that the
coordinate components of q5 'gab and its time derivative on Y, agree with the initial
data (g~'~,,, dgm /dt) of the solution g~''~ , (In fact, there are many such diffeomorphi sms,
since qd can be arbitrary away from 1 .) We then may use 0-' to bring the coordinates
of OH into O . We use the initial value and time derivative of these coordinates on
I as initial data for a solut ion of equation (1 0 . 2. 32) in 0, thereby constructing
harmonic coordinates in O . Using these. harmonic coordinate labels, we define ik to
be the map which takes a point in 0 to the point of Om with the same values of the
harmonic coordinates . (In general, of course, ik will be defined only on a neighborhood of X in 0 and will map only onto a neighborhood of I in OH.) Then, in this
neighborhood in 0H the harmonic coordinate components of +k `g1,b will satisfy
equation (10 . 2. 34) and will have the same initial data on X as gam. Hence, by theorem
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10. 1 .3 we must have qi*g,,b = gHa in a neighborhood of X, which is the desired local
uniqueness result .
We outline, now, how to "globalize" these local existence and uniqueness results .
We proved above that for p E Y, there exists a solution (0, &b) of Einstein's
equation into which a neighborhood of 7, containing p can be embedded so that the
given initial data set is induced on this portion of 1. To show that there is a solution
of Einstein's equation containing all of Y. , we cover I by neighborhoods for which
local solutions exist. Using the paracompactness of -1 (see appendix A), we can
ensure that these ne ighborhoods have only finite overlap at each point. Using the
local uniqueness result p roven above , it follows that for eac h p. E Y, we can find a
globally hyperbolic spacetime (6, k,,b) containing p (and w ith a portion of Y, serving
as a Cauchy surface) which can be isometrically mapped into every local solution in
.fam
the above
ily which contain s p . By us ing the embedding s of the spacetimes
(b, gam) into the local solutions to make identificativns : we can consistently "patch
together" the (O, gam) to construct a spacetime (M, gam) which solves Einstein's
equation, which contains all of X , and which induces on Y, the given ini tial data.
Furthermore, this spacetime will be globally hyperbolic with . Cauchy surface 1 .
The spacetime (M , &b) constructed above clearly is not unique since any proper
open subset ofM containing I is another solution of Einstein's equation inducing the
same initial data on X . However , we can consider the set SP of all globally hyperbolic
spacetimes modul o diffeomorphisms which are solutions of Einstein 's equation and
into which Y, with the given initial data can be embedded as a Cauchy surface. For
two spacetimes (M' , 8 '~-) ,(MZ ;S.a) in W; we say (MI, Ste) ~ (M2, b~~) -if (MI, g2b~ can
be -isometrically mapped i nto (M', gam) keeping the Cauchy surface fixed . This
relation yields a "partial order" on W. [Here , a partial order on
arbitrary set S is
a relation between elements satisfying, for all a, b, c E S: (i) a ? a, (ii) a ? b and
b at c implies a ? :c, and (iii) a ;~- b and b :.--- a implies a = b. The word "partial"
refers to the fact that " a! "need not be defined for all pairs of elements .] Now, for
any partially ordered set S, a s ub set T C S for whic h the relation ? i s defined
between all pairs of elements is said to be totally ordered . An upper bound for T is
an element b E . S such that b :---- a for all a E T. urn' s lemma (which is equivalent
to the axiom of choice) asserts that if every totally orde red subset of S has an upper
bound, then- S has a maximal element,~ i . e . , an element m E S such that, for all
c E S, the relation c ~ m implies c = in . In our case, g iven any totally ordered
subset 97 of W we obtain an upper bound by taking the union of all spacetimes
occurring in 3- aid then identifying points via the isometric embedding maps . Hence,
by 7,orn's lei these exists a maximal element of W, i . e . , a spacetime (ftb) wh ich
cannot be isometrically mapped into any other spac etime in J'. In general, tern's
lemma implies existence of a maximal element, but not its uniqueness . However, in
our case if we had a spacetime in W which could not be isometrically mapped into
(~, SQr,)t then it can be shown (Coquet-Bruhat and Geroch 1969) that we couId
"patch" the Ewa spacetiames together to produce a "larger" solution, in violation of
the m aximality of (hf► g,,b) This implies that (M, gam) is the unique spacetime having
the property that every globally hyperbolic spacetime with the given initial data on
the Cauchy surface I can be isometricatly, mapped into (Al, gam,).
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Thus, putting together all the results proven or outlined above , we arrive at the
following theorem.
T'tiEonut 10.2.2 . Let Y, be a three-dimensional C°° manifold, let hab be a smooth
Riemannian metric on Y, and let K,,bbe a smooth symmetric tensor field on 1 .
Suppose hab and Kab satisfy the constraint equations (10 .2.28) and (10.2.30).
Then there exists a unique C°° spacetime, (M, gam), called the maximal Cauchy
development of (1 , ham, K,b), satisfying the fotlowingfoter praperties : (i) (M, gab)
is a solution of Einstein's equation . (ii) (M, 8 b) is globally hyperbolic with
Cauchy surface 1 . (iii) The induced metric and extrinsic curvature of Y, are,
respectively, h ..b and Kam . (iv) Every other spacethne satisfying (i)-(iii) can be
maPPed isometrically into a subset of (M, Ste) . Furthermore, (M, Ste ) satisfies
the desired domain of dependence property ire the following sense . Suppose (7 ,
has, Kam) and (V, h~ , Kam) are initial data sets with maximal developments
W, gab) and (M', gam). Suppose there is a diffeomurrphism between S C I and
S' C V which carries (hay, Kam) on S into (ham, Kam,) on S . Then D (S) in the
spacetime (M, gam) is isometric to D (S') in the spacetfine (M', $ ",b )• Finally, the
solution g b on M depends continuously on the initial data (h~,b, K,*) on 1 . (A
precise definition of the topologies on initial data and solutions which makes
this map continuous is given in Hawking and Ellis 19 73 .)
Note that it may be possible to extend the "maximal development" (M, Ste), i .e . ,
isometrically map it into a proper subset of another spataeLime . Theorem 10.2.2
asserts only that any such extension cannot have I as a Cauchy surface. It also should
be noted that theorem 10 .2 .2 gives no information as to the "size" of (M, gar,), other
than the fact that it is maximal in the sense of property (iv) . Indeed, the s ingularity
theorems of chapter 9 show that .in many cases (M, Ste) cannot be geodesically
complete . In particular, theorem 9.5 . 1 gives a stringent limit on "how large" (M, Ste)
can be for initial data with K a ? C > 0 . On the other hand, recently it has been
shown (Christodoulou and O 'Murchadha 198 1) that for asymptotically flat initial
data ( s ee chapter 11) the maximal development is "large enough" to include all
"boasted" hypersurfac es in die asymptotic region .
Aside from showing that general relativity has the physically desirable property of
posses sing a well pond in itial value formulation, theorem 10. 2.2 also is very useful
in that it puts -glOWY hygerbaliE spacetimes (M, 8 b) satisfying Einstein's equation
into correspondence with initial data -sets (1 , ham, K,,b) satisfying the constraint equations, [Mw association of spacetimes with initial data sets, of course, is not one-toone; many disdW init ial data sets give rise to the same spacetime (M , gab), corresponding to the freedom of c hoosing a spacelike Cauchy surface in M.] It usually is
far eas ier to solve the constraint equations on I than to solve Einstein's equation on
M. Thus, for example, in arguments involving existence of certain types of solutions
of Einstein's equation, great simplifications usually can be achieved if the question
can be posed in terms of initial data sets. Furdwrrnvre, a number of issues in general
relativity, such as the positivity of total energy of isolated systems, are formulated
most naturally in terms of initial data sets (see section 11 .2).
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A relatively simple method exists for generating solutions of the constraint equas with K a - 0 (Lichnerowicz 1944 ; York 1971), liven 1 , one prescribes an
bftrary Riemannian metric, ham ; bn I and solves the relatively simple constrain t
D° K',,b =

0

(10.2 .3 7).

to r a trace- free (Kaa = 0) tensor field Kab. Of course, (h,,b, Kb) will not, in general,
wtisfy the additional constraint, (10.2.30). Howeuer, we let &b =< .01hab and let na
be the derivative operator associated with fi,,b . As shown in appendix D, if we define
0- 2K,* then equation (10.2 .37) implies that
amore, using equation (D .9) of, appendix.D, the constraint equation (10. 2.30)
for {tom, Kam} can be expressed in terms of 0= ham, and Kab as
D ° D~d~ - $ R d~ + $ ~-'K°~K~ = 0

(10.2 .39)

where the indices here are raised by hI and R is the scalar curvature of ham, . Equation
(10,2.39) is a non linear elliptic equation for ¢r. Locally (i.e. , in sufficiently small
regions), solutions of equation (1 0: 2.39) always exist, although global solutions
(i.e., solutions defined over all of 1) may not exist. (Results on the global ex istence
of solutions of eq. [10. 2:39], as well as of the similar equation which results when
K'°a is a nonzero constant, are reviewed by Choquet-Bruhat and York 1980.) This,
in the cases where equation (1 . 2.39) can be solved , an initial data set (1, h~ , X' ~)
satisfying the constraint equations (as well as K°a = 0) is generated from the set
(1, h6b, Kam) satisfying merely equ ation (10. 2 . 3'7) together w ith Kp = U.
Aparticularly simple choice cif&b which satisfies equation (10 .2 . 3'7) and Ka = 0
is Kam, = 0. [If K,,b = 0 on 1 , then I is referred to as a moment of time symmetry .
It is not difficult to see that the maximal development (M, gab) generated by initial
data with K,,b = 0 will possess a reflection isometry about I .] Equation (10. 2 .39)
then becomes a linear equation on qb. If, in addition, we choose h b to be flat, then
equation (10.2 . 39) reduces to Laplace's equation in ordinary t hree-dimensional
space . The monopole soluti on 0 = I + M/2r yields initial data fc>r the Schwarzschild solution . The solution of Laplace's equation obtained by superimposing two
monopoles at different positions can b e interpreted as initial data for two Schwarzschild black holes (Hahn and Lindquist 1964). Thus , the max imal development
(M, gam) arising from these initial data is a spacetime where two black holes are
initiall y at rest, and then, presumably, fall together and "collide." A portion of this
spacetime has been obtained by numerical solution of Ei nstein' s equation us ing
computers by Smarr (1979) .
An interesting issue that can be investigated (at least in a crude way) for a theory
possessi ng an initial value formulation is how many "degrees of freedom" the theory
has, i.e . , "how many" distinct solutiQns of the equations exist. In particle mechanics,
we defined above the number of degrees of freedom to be the dimension, n, of the
configuration space . As discussed at the beginning of section 10. 1, a proper initial
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data set for such a system consists of the 2n initial positions and velocities. Thus,
an equivalent characterization of the number of degrees of freedom in ordinary
particle mechanics is that it is the number of quantit ies that must be specified as initial
data divided by 2. For the Klein-Gordon field , a proper initial data set consists of the
value of the field and the value of its normal derivative on a Cauchy surface 1, i.e.,
two arbitrary funct ions on X . Thus, by analogy with parti cle mechanics , we may say
that the Klein-Gordon field has "one degree of freedom for each point of space ."
How many degrees of freedom does the gravitational field have in general relativity? A proper initial data set for Einstein's equation consists of specifying 12 functions on X: the six independent components of ham, plus the s ix independent components of Kam . ' However, the constraint equations (10 . 2. 2$) and (1 0. 2 .34) impose
four relations on these 12 quantities, thus effectively reducing the number of '*eely
specifiable" functions on Y, to eight. Furthermore, many of the spacetimes generated
by the initial data given- by these eight "freely specifiable" functions are physically
equivalent . In particular, if qb : 1 --a- E is a diffeomorphism, then the data O*h,,,b and
0 `K,,b on I generates the same physical spacetime as h b and K . Thus, three of the
eight freely specifiable functions correspond to diffeomorphisms on Y, and are not
physically relevant. Furthermore, as mentioned above, initial data sets which cannot
be taken into each other by a diffeomorphism still can correspond to different choices
of Cauchy surface in the same spacetime and -thus be phys ically equivalent . Since,
roughly speaking, one arbitrary function is needed to specify a choice of Cauchy
surface in a spacetime, the number of nongauge freely spec ifiable functions on 7, is
reduced to four. Dividi ng by 2, we conclude that the gravitational field has two
degrees of freedom per point of space . This is the same number of degrees of
freedom as a linear spin-2 field propagating in flat spacetime, to which general
relativity reduces in the w eak .fiel d limit (see section 4 .4b).. Note that the above very
crude "function counting" argument in no way singles out precisely which functions
(i. e . , wh ich of the 1 2 metric or extrinsic curvature components or functions of them)
can b e freely specified, which functions are determined by the constraints, a nd which
functions correspond to gauge transformations . Indeed, one of the major obstacles
to developing a quantum theory of gravity (see chapter 14) is the inability to single
out the physical degrees Of fiVAWOM Of the theory .

Finally, we comment briefly on the initial value formulation of Einst ein's equation
with ,mat#er sources, ? b . First, the initial value cons traints for the grav itational field
now take the form
G„bn b = 81rZbnb

(1 0 .2.40)

From equations (10.2 .28) and (10.2.30) we obtain

I) °(K',,b - K`f hab ) = -8 1rJb
MR + (Ka )2
- X'~, K' ab = 16 1rp

(1 0 .2 . 41)
(1 0 .2 .42 )

where p = Tabn~nb and A = -hb T,, n° .
The existence of a well posed initial value formulation for Einstein's equation with
matter depends critically on the dynamical equations satisfied by the matter as well
as on the formula for the stress-energy tensor in terms of the matter and spacetime
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metric. If the matter consists of f i e l d s 01, . . . , 0„ satisfying an equation of the form
(10. 1 .21) (with g,,b the spacetime metric) and if L depends only on the fields, .the
metric;~ and the first derivatives of the fields and metric, then the combined Einsteinmatter field system in harmonic coordinates will be of the form (10 . 1 . 2 1 ), so a well
posed initial value formulation will exist. Thus, the Einstein-Klein-Gordon equations
and the Einstein-Maxwell equations have well posed initial value formulations . The
existence of a well posed initial value formulation for a few systems not satisfying
equations of the forty (10 . 1 .21 ) also has been established. In particular, the.
Einstein-perfect fluid s ystem for appropriate choices of equation of state, P - P (p),
is known to possess a we ll posed initial value formulation (see Hawking and Ellis
1973). The existence of a well posed initial value formulation does not single out
Einstein's equation from equations which occur in some alternative theories of
gravity. In particular, the Brans-Dicke equations are equivalent to the EinsteinKlein-Gordon equations (see Dicke 1962) and hence possess a well posed initial
value formulation . Some "higher derivative" theories of gravity also have been
shown to have a well posed initial value formulat ion (Noakes 1983). However, it
should be emphasized that the existence of a well posed initial value formulation is
far from an automatic feature of most -th is . In particu lar, the natural generalization to curved spacet ime of the equations for li near fields of spin greater than
I (see chapter 13) fail to have a well posed initial value formulation.

Problems
1' . Show that the inequality (10.1 . 16) holds for any subset, A, of Rg satisfying the
uniform interior cone condition by the following argument (Cantor 1973 ; Adams
1975): Let Q denote the solid closed cone in R" of height H and solid angle, fl, with
vertex at the origin . Let 0 : R -- 1, R be a C°° function with 0 (r) = 1 for r < H/3
and fi(r) = 0 for r > 2H/3 .
a) for any C°" function f : Q --* R, show that for all integers k ? 1, we have ,
f(O) = ~

Oo
rk[ ~ (ry(r, 0@1 d r
1~ ~ ~Rc > r x-i ~

where r is the usual spherical radial coordinate of Ifs", Bo denotes any fixed angle
inside the cone, and R(8o) is the largest value of r in the cone at angle Bo, i .e., the
integral is taken over the portion of any ray through the origin lying within the cone .
b) By integrating the result of (a) over all angles inside the cone, show that
L

drk

where C, is a constant and the proper volume element of Q is understood in the
integral .
c) Using the Schwartz inequality, show that for k > n/2 we have
WO) I :!:-: C IV16,k and consequently, that equation ( 1 0. 1 . lfi) holds in the region A .
2. Let (M, gam,) be a globally hyperbolic spacetime with spacelike Cauchy surface 1 .
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Consider Maxwell's equations (4 .3-12) and (4 . 3 . 13) in (M, g b) and define E. and B.
on I by equations (4 .2. 21) and (4.2.22), with v° taken to be the unit normal, n°, to
1 . Note that.:E.n° = . Ban° = 0.
a) Show that Maxwell' s equations imply that D.Ea = 4-irp and Dp B ° = 0 on 1,
where p = jQn ' and Da is the derivative operator on E. Note that the first relation
implies that Gauss's law holds on X.
b) Show that the source-free (ja = , 0) Maxwell's equations have a well posed
i nitial value formulation in the sense that given Es and B ° on I subject to the
canstraints .U. E° = D.B° = 0, there exi sts a unique solution, Fes, of Maxwell's
equations throughout M with these initial data and furthermore that this solution has
the appropriate , continuity and doma in of dependence properties. To avoid
"patching" arguments, you may assume global existence of a vector potential Aa.
3. Lei n" be a unit (i .e., nsn,,,~1) hypersurface orthogonal vector field, Define
h,,b by equation (10. 2. 0) . Show that hQcVc nb = '4h,,b.
4. Derive the Gauss-Codacci relation (10.2.24) . (Hint: Evaluate the left-hand side
of eq. [ 1 Cl . Z .241 by using formulas for K b and A.)

5 . Show explicitly from equation (10 . 2 .26) that the components Gµ,n v contain no
second time derivatives of the me tric 'components .
6. Use "function counting" arguments like those given at the end of this chapter to
conclude that the electromagnetic field has "two degrees of freedom for each . point
Of space."

ELEVEN

ASYWrOTIC FLATNES S

In general relati vity one often is interested in studying the properties of isolated
systems . Although no physical system truly can be isolated from the rest of the
universe, it seems reasonable that if we wish to study, say, the structure of a
condensed star, we should be ably to ignore the influence of distant matter and
cosmological curvature on the star and study the problem as though the star were
situated in a spacetime which becomes flat (i.e. , has a vanishing gravitational field)
at large distances from i t. Thu s,, _ asymptotically flat spacetimes represent ideally
isolated systems in general relativity. The purpose of this chapter is to give an
introduction to the, analysis of these spacetimes .
In electromagnetism in special relativity one, similarly, is interested in the study
of isolated charge distributions . In this case, one easily can give a prec ise definition
of "isolated system" by specifying precise asymptotic falloff rates of the inertial
coordinate components of the change-current density, j, and electromagnetic field
tensor, Fem . For example, one may require thatj" vani shes outside a "world tube" of
compact spatial suppor t , that Fw ,, = 0 (1 /r ' ) as r -- o- cc at fixed t, and that
F,,~, = O (1 /r) as r -- * cc along any null geodesic . Maxwell 's equations then say a
great deal about the detailed structure an d properties of the electromagnet ic field at
large distances . In particular, one has a multipole expansion of the electromagnetic
field, wh ich, in the stationary case, determines the precise asymptotic form of the
electromagnetic field in terms of an infinite set of multipole coefficients which are
related in a simple way- to the charge-current distriautian. In the dynamic case, one
also has a multipole expansion which yields simple formulas for the energy rad iated
to infinity in terms of the multipole coefficients . Again, if no incoming radiation is
present, one has a simple relation between the multipole coefficients and the chargecurrent distribution.
One would like to obtain similar results for isolated systems in general relativity.
However, one immediately encounters a serious obstacle to carrying out even the
first step of such an analysis . It no longer is straightforward to formulate a precise
definition of "isolated system. "The problem is that we no longer have a background
flat metric, 76, in terms of which the falloff rates of the curvature of the spacetime
metric, Ste, can be s} ecified Thus, in particular, we have no natural global inertial
coordinate system to define a preferred radial coord inate, r, for use in specifying
falloff rates. One way around th i s problem is to define a spacetime to be asymp-
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totically flat if there e xi sts any system of coordinates x°, x % x2, x3 such that tie
metric components in these coordinates behave in an appropriate way at large
coordinate values, e.g., go, = 17wV + O(1/r) as r --~- oo, along either spatial or null
directions, where r = [(x')2 + (x 2)2 + (x 3)2] 112. However , although this definition
is adequate in many respects, it is very difficult to work with it since the coordinate
invariance of all statements must be carefully checked . Furthermore, in many situations (such as calculations of the energy flux from the system) one is interested in
going to the limit of large distances, "r --> 00 ," but with the above notion of asymptotic flatness it is very difficult to specify precisely haw such limits are to be taken
in a meaningful, coordinate independent manner . In particular, many troublesome
issues arise concerning the interchange of l imits and derivatives.
The above difficulties have been solved by a formulat ion of the notion of asymptotic flatness which defines a spacetime to be asymptoticaly flat if an appropri ate
boundary representing "points at infinity" can be "added in" to the spacetime in a
suitable way . This type of definition i s manifestly c oordinate independent, and, by
providing definite boundary points represent ing infinity, it eliminates most of the
difficulties associated with taking limits as one goes to infinity. We shall formulate
thi s notion of asymptotic flatne ss in section 11 . 1 :
Given the framework for analy zing isolated systems provided by this defin ition of
asymptotic flatness, one would like to obtain results similar to those given by the
multipole expansions of electromagnetism . In the stationary case, a satisfactory
definition of multipole moments has been given (Hansen 1974) and it is known that
the gravitational field outside a source is uniquely determined by these rnurltipale
moments (Beig and Simon 1980; Kundu 1981) . However , in the nonstationary ease,
no useful general defin ition of mint poIe moments has been given. Furthermore , in
either case one would not expect to obtain a simple relation between the distant
gravitational field and the matter distribution since the nonlinearity of Einstein 's
e quation effectively allows gravitation to act as its own source.
However, fully satisfactory definitions of the total energy of an isolated system
and the energy carried away from the system by gravitational radiation have been
given . As already mentioned in chapter 4, no notion of the local energy density of
the gravitational field exists in general relativity. However, for isolated systems, the
behavior of the gravitational field at large distances from the system provides a
notion of "total gravitational mass;,, and this can be used to define total energy and
radiated energy. This issue is di scussed in section 11 .2.
The first careful analysis of the energy flux of gravitational radiation was carried
out by Bondi ; vas der Burg, and Metzner ( 1 962) and Sachs (1962b), who specified
the asymptotic falloff requirements by means of conditions on the coordinate camponents~of the metric . Penrose (1963, 1965b) then introduced the notion of asymptotic flatness at "null infinity„ (i.e ., as one goes to large distances along null geodesics) by means of the type of b oundary construction described below . A separate,
coordinate independent ; definition of asymptotic flatness at "spatial infinity" in terms
of the "large distant" behavior of initial data on a Cauchy surface was introduced
later (Gemch 1972b), based on earlier work of Arnowitt, Deser, and Misner (1962) .These two notions of asymptotic flatness were combined into a single notion by
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Ashtekar and Hansen (1978) and Ashtekar (1980). We shall follow the AshtekarHansen approach in this chapter.
11 .1 Conformal Wmity
As already indicated by the above discussion, we must overcome two problems
in order to have a useful formalism for analyzing gravitational radiation and other
aspects of the distant gravitational field of an isolated system . (i) We need a precise
definition of the notion of asymptotic flatness . (ii) We need a meaningful notion of
how to take "limits as one goes to infinity" and a precise framework for describing
the mathematical entities these limits reparesent . We shall proceed by proposing a
solution to problem (ii) for nongravitational fields in Minkowski spacetime . This
solution then will be used to motivate solutions to problems (i) and (ii) for curved
spacetimes .
In spherical coordinates, the metric of Minkowski spacetime takes the form
ds ' = -dt2 + dr2 + ra(dB2 + sin 2 8 d0 2)

(11 . 1 . 1 )

Suppose we are interested in describing proper ties of radiation carried to infinity by
a massless-field such as a Klein-Gordon scalar field 0 . Si nce this entails taking limits
as one goes to infinity along null directions, it is convenient to introduce advanced
and retarded null coordinates defined by
v=t+r

{11 .1 .2}

u - t -- r

(1 I . I .3)

In the coordinates u, v, 0, 0 the Minkowski metric componen ts are

ds 2 = -- dU dv + 4( V -- u)2(d82 + sin2 8 dol) .

(11 . 1 .4)

Suppose we are concerned with analyzing, say, outgoing radiation . With u fixed, we
wish to take limits as v --* oo of our physical field qb and extract information about
the radiation from the way this field approaches zero . In particular, the energy carried
to infinity by the field is determined by the " I / v piece" of 0 in this limit . However,
the taking of these limits is a rather awkward procedure which does not generalize
easily to curved spacetime . It would make the analysis much easier if infinity were
a "definite place" and one simply had toevaluate the fields andfor their derivatives
at this "place .,,
A naive approach toward achieving this goal would be to introduce a new coordinate V = l/u, so that "infinity" along outgoing null geodesics would correspond to
the finite value, V = 0, of the new spacetime coordinate . However, the spacetime
metric components-in the new coordinates u, V, 0, qb are
2

ds2 = 2 du dV + 4 y ~-- u (dB2 + sin 2 8 dO2)
These components are singular at V = 0, so we cannot extend the spacet ime me#ric
there. Thus, we cannot do tensor analys is as V = 0 as though it were an ord inary
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"place." Of course, all we have done is introduce a bad coordinate whose behavior
is much like the first example considered above in section 6 .4.
However, suppose we consider a new, unphysical metric g ,,b obtained by multiby a
plying the Minkowski metric, by VZ = 1/v2, i .e., $,,b is related to
conformal transformation with conformal factor 0 = V (see appendix D). Then, in
the coordinates u, V, 0, 0 the components of jbare

dV = du dV + ~ ( 1 - uV)2(d8l + sin28 d-01)
and these components are well behaved at V = 0 . Thus, let us extend the Minkowski
manifold by "adding in" the points represented by V = 0. As seen above, the
original flat metric, q,,b , cannot be smoothly extended to V = 0-Minkowski spacetime (W, 71,,b), of course, is extendible as a spacetime---but the new, unphysical
metric gam, can be smoothly extended to V = 0 . Hence, we may do ordinary tensor
analysis at "infinity" (or, more precisely, at that portion of "infinity" represented by
v --* oo at constant u) as a "place ." In effect, we have brought in infinity to a finite
distance by a conformal transformation . We now simply may evaluate fields and
ter covariant derivatives with respect to at infinity and thus avoid dealing with
limits in the original physical spacetime .
In fact, our particular choice of g,,b is not ideal since our conformal factor V = 1 /v
needlessly blows up at the events v = 0 of the original spacetime . Furthermore,
although we have extended g,,b to "future null infinity" (i .e ., the limit v -). oo at fixed
u), we cannot similarly extend L to "past null infinity" (u --* - 00 at fixed v) or
"spatial infinity" (r -- * oo at fixed t) . However, all of these drawbacks can be remedied by a more judicious choice of conformal factor . Let
gab =

(12

(11 . 1 .7)

71ab

with
(11 . 1 .$)
Then gam, is a smooth metric on the original Minkowski manifold and 0 , 9.0 c an
be smoothly extended to a "larger" spacetime such that the boundary of the, Minkowski region in this larger spaeetime agives us a precise representation of "infinity."
To we this, we define new coordinates Z R for Minkowski spacetime by

( 11 . 1 .9)
(11 .1 .10)

R = tan-'v - tan-'u

Then T and-)? have ranges restricted by the inequalitie s
( 11 . 1 . 11 )

- Ir<T - R < ir ,
0':9 R

(11 . 1 . 12)

(11 . 1 . 13)
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Pig . 11 .1 . A apacetizns diagram of the Einstein static universe . As described in the
text, Minkowski spacetime is conformally isometric to the region
o = t*(r) n r-(i}) of this spacedme . The boundary of O--consisting of the points
i-, i} , and i ° and the Holt hypersurfaces .0- and 5*-defines a precise notion of
"infinity" .for Minkowski spacetime .

The components of g,* in the coordinates T, R, 0, 0 are given b y
d§' = -df'' + dR 2 + sin 'R (d8x + sin ' B ci O2)

(11 .1 .14)

Remarkably, this is prec isely the natural Lorentz metric on S 3 X R , known as the
Einstein static universe (see eq. [5 .1 .11] and problem 3 of chapter 5) except that the
coordinate ranges are restricted by equations (11 . I .11) and (11 . 1 . 12). Thus, we have
obtained the following result : There ex ists a conformal isometry' of Minkawski
spacetime (9$4, ) into the open reg ion 0 of the Eiftstein static universe
(S 3 X R, $,,b) given by the coordinate restrictions (11 .1 .11)' and (11 .1 .12).
This re sult all ows us to give a precise definition of infinity for Minkowski spacetime: We define the cvnformul infinity of Minkowski spacetime to be the boundary,
O, of, o in the Einstein static universe . As illustrated in Figure 1 1 .1, this boundary
can be naturally divided into five parts: (1) The "bottom vertex point" V, calledpast
timelike infinity, given by coordinates R = 0, T = - r. (2) The three-dimensional
null surface 0 -, calledpast null infinity, given by T = - r + R for 0 < R < Ir. (3)
The point i° at R = IT, T = 0, called spatial infinity . (4) The three-d imen sional nul l
surface J' , called future null infinity, gi ven by T = IT - R for 0 < R < r. (5) The
"top vertex point" i+ at R = 0, T = ir, calledfuture t%melike infinity. Note that all
timelike geodesics of Minkowski spacetime begin at ` and end at i' , all spacel ike
geodesics begin and en d at i°, while all null geodesics begin at V and end at P .
Since it is difficult to draw complicated spacet ime diagrams on 0 in Figure 11 .1 and
1 . As defined in appendix C , a conformal isometry of (M, gam ) into (M ' , gam) is a diffeomorphism
fir : M --► M' such that ( tp " 8)ac = WS a'b•
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IR
Fig. 11 .2 . The region 5 of the Einstein static universe represented as two null
cones joined at their base . This representation of O is misleading since it shows 0 ° as
a 2-sphem rather than a point, but it often is much more convenient to use this
representation for drawing spacetime diagrams than that of Figure 11 .1 .

s ince two spatial dimensions are suppressed in th is diagram (i.e ., S3 is represented
as S 1), one often represents O as two null cones joined at their base, as i llustrated
in Figure 11 . 2 . However , it should be noted that this diagram inaccurately represents
spatial infinity, i°, as a sphere rather than as a point.
This definition of conformal infin ity of Minkowski spacetime allows us to formu late precise asymptotic conditions on physical fields representing the exte rior field of
and/or the radiation resulting from an i solated source as follows : Depending on the
physical field and the stringency of the_ asymptotic cond itions we wish to impose , we
require that a suitable power of fl-' times the field can be extended to conformal
infinity, 6 , in a sufficiently well heha~~d manner . With these conditions imposed,
quantities which used to be represe nted in Minkowski spacetime as limits as r --* 00
or v ---> oo now can be represented as ordinary tensor fields on O. This provides a
highly sati sfactory solution to problem (ii) for Minko wski spacetime .

We shall illustrate the power and utility of the conformal i nfinity construction for
Minkowski spacetime by using it to give a remarkably simple proof of the following
result.
PitoposrctoN 11 . 1 . 1 Let .0 be a solution of the massless Klein-Gordon equation
(4.2 . 19) in Minkowski spacetime with smooth data Oo, 4 of compact support
at t = 0. Then 46 = O (f /A) as A --+ oo along every null geodesic and
chi = O ( 1 /Ta) as r --+ oc along every timelike geodesic, where A and 7 denote,
respectively , affine parameter along the null geodesic and proper time along the
timel ike geodesic .
Proof. According to appendix D , if e¢ satisfies the Klein -Gordon equatio n in
Minkowski spacetime, then 0 = SZ' 'c¢ satisfies the equatio n

g-

Rc~i = 0
b

(11 . 1 . 15}
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in the region 0 of the Einstein static universe where t and R are the derivative
operator and scalar curvature of gam, . Consider now , the initial data for equa tion
( 11 . 1 . 15) on the Cauchy surface T = 0 of the Einstein static universe obtained by
extending 00, 00,0 "spatial infinity" by setting these quantities equal to zero at the
point P. Since-equation (11 . 1 . 15) is of the -form for which theorem 10. 1 . 2 applies,
it follows that there exists a smooth solution ~ throughout the entire Einstein static
universe of equation (1 1 . 1 . 15) with the given initial data. By the uniqueness and
domain of-dependence properties of theorem 10. 1 . 2, this solution 0 must agree with
~ in Q. Thus, we have proven that ~ can be smoothly extended to Q . The conclusions of the proposition follow immediately by translating this result back to statements about asymptotic limits in Minkawski spacetime. Indeed , the hypothe sis ofthe
theorem can be weakened significantly-all that i s needed is that the data induced
by ~ at T = 0 can be smoothly extended to 0-and stronger conclusions than those
stated in the theorem c an be drawn from the fact that ca can be smoothly extended
to O. C7
We turn, now, to the issue of defining the notion of asymptotically flat curved
spacetimes . The key idea is that-as will be seen below-our ability to perform the
above constcucti of mapping Minkowsk i spacetime via a conformal isometry into
a bounded regia f the Einstein static universe crucially depended upon the structure
of Minkowski spacetime "at infinity.,, This suggests that we define a spacetime to be
asymptotic ally flat if a similar cons truction can be performed, i.e. , if the physical
spacetime can be mapped into a new, "unphysical" spacetime via a conformal
isometry with properties similar to that of the M inkowski Case. In this way we solve
both problems (i ) and (ii) mentioned at the beginning of thi s section, since we have
a manifestly coordinate i ndependent formulation of the not ion of asymptotic fatness,
and, as in the Minkowski case, the boundary in the unphysical spacetime of the
image of the ph ysical spacetime under the conformal isometry gives a precise
framework for describing intfinity .
However, there are two important properties of the construction of conformal
infinity for 1V4inkowski spacetim e wh ich do not carry over to curved spacetimes .
First, we wish to consider spacetimes which become flat as one goes to "large
distances in spacelike or null directions. " However, we do not wish to require the
spacetimes to become flat "at a fixed position at early or late times," since we may
wish to .describe spacetumes representing isolated bodies which may remain present
at early and late times. Therefore, we cannot expect the conformal i nfinity of curved
spacetime to be similar to that of Minkowski spacetime at past and future t imelike
infinity , i- and it For this reason, for curved spacetimes we do not impose any
requirements on the structure of conformal infinity corresponding to the presence of
these two points. Second, although the metric is required to become flat at spatial
in finity, for the reasons d iscussed below, smoothness or even differentiability of the
conformally resealed metric g b at spatial infin ity is too strong a requirement . Thus,
although conformal infinity of curved spac etime is required to conta in a point i°
representing spatial infinity, the smoothness properties which hold for Minkowski
spacetime must be weakened s igni ficantly .
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Our task, now, is to define asymptotic flatness by extracting features of the
construction of conformal infinity of Minkowski spacetime-modulo the above
modifications-which are strong enough that they can be implemented only for
spacetimes which physically represent isolated systems but are not overly stringent
to the extent that physically reasonable examples are excluded . The motivation for
the particular choice of features given below comes from a study of some examples,
from the -stability of the properties under linear perturbations (see Geroch and
Xaiogpoulos 1979), and from the fact that it provides an appropriate framework for
defining total energy and radiated energy (see section 11 .2) . Further discussion of the
motivation is given by Geroch (1977) . We state, now, the rather technical conditions
of the definition of asymptotic flatness given by Ashtekar (198 0) and then discuss the
meaning of these conditions .
A vacuum spacetime (M, 8,*) is called to be asymptotically flat at null and spatial
infinity if there exists a spacetime (M, g,*)-with & C°° everywhere except possibly
at a point i° where it is C'0 (defined below)-and a conformal isometry
qi :hf --> 4r[M] C M with conformal factor fl (so that gab = 02 41* 8ab in 4i[M)
satisfying the following conditions :
(1) .l+(is U J"(is
M - M. [Here J(i is the closure of the causal future,
J+(i°), of i° (see chapter 8), and for notational simplicity we write M rather than
4i[M I here and in the following .] Thus, i°,is spacelike related to all points in M and
the boundary, ft , of M consists of the union of i°, V - J + (i°) - i° and
'0- BE kyo) io.
(2) There exists an open neighborhood, V, of 14f = i ° U , 0 + U J - such that the
spacetime (V>
is strongly causal .
(3) fl cani be extended to a function on all of M which is C2 at i ° and C°° elsewhere .
(4) (a) On I ' and .0 - we have Cl = 0 and V. 11 # Q . (Here tFQ is the cierivative
operator associated with &„ although, clearly, this condition is independent of
choice of derivative operator .) (b) We have Sl(i°) = 0, limo `7a S 1 = 0, and
liM,o 'GQf7b O _ (We take limits at i ° since gabneed not be C ' there, and thus
need not be defined at i° .)
(5) (a) The map of null directions at i° into the space of integral curves of
n° r..- gaQo11 on .0' and f - is a diffeornorphism . (b) For a smooth function, (0, on
M -- i° with w > 0 on M U .0 + U I - which satisfies Va(w4n") s 0 on I + U 0
the vector field w- ' n ° is complete on 4' U I - .
We begin our discussion of this definition by explaining the meaning of the
condition C'0 imposed on gam, at i ° . A basic problem with the construction of
conformal infinity is that all of spatial infinity is represented by only a single point .
As one goes along curves in the physical spacetime which go to spatial infinity atvng
different angular directions (or along directions differing by a boost), then physically
the curves become farther and farther apart . However, in the unphysical spacetime,
the different curves all terminate at the same point i° . Therefore, while it is entirely
reasonable to require that certain physical tensor fields (times suitable powers of Cl)
have well defined limits along appropriate curves that go to spatial infinity, it is
unreasonable to demand that these limits along curves going to infinity in different
directions define the same limiting tensor at the point i°. Because of the homogeneity
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and isotropy of Minkowski spacetime, it was possible in that case to define a
conformal O'kngletion so that the unphysical metric and conformal factor were
smooth at i°. However, when one considers physical fields on Minkowski spaceti me,
one soon encounters this direction dependent phenomenon at P. For example, one
easily may verify that for Ehe coulomb solution of Maxwell's equation, the tensor
11F,b approaches a well defined, finite limit as one approaches i° along any spacelike
geodesi c, but the tensor it defines at i° depends upon the cho ice of spacelike gea&sie. (Roughly speaking, the "electric lines of force" of & point radially inward at
i°.) The behavior of the spacetime metric at, "large distances" in curved sp dnaes
such as the Schwarzschild solution is analogous to this behavior of the Coulomb field
solution in flat spaeet ime. Therefore, it is unreasonable to demand that the u nphysical metric, 8.b„ be smooth at a° .
It appears that an appropriate condition on gam, is that it be C '0 at i °. By C >Q at i 0,
we mean that g,* is continuous (C°) at a° and, in addition, that its first derivatives
have direction-dependent limits at i ° which are smooth in the ir angular dependence .
This latter notion can be made precise as follows . Let x ,` be a smooth coordinate
system w ith origin at i° . Define the "radial function" p by
a
2
JA_ I

and define the angular functions 8 1 (a = l~, 2, 3) in terms of the xµ by the same
formulas as used to define the 3-sphere coordinates in four-dimensional Euclidean
space. We may use the coordinates 80 to characterize each tangent direction at i° .
A funcEion fis said to have a regular direction-dependent lim it at d° if the following
three properties are satisfied: (i) For each C' curve y ending at P, the limit off along
y exists at P. Furthermore, the value of this limit depends only on tlhe tangent
direction to y at P. We define F(8 ") = lirri,af, where the limit is taken along a curve
whose tangent direction at i° is characterized by 9 " : (ii) F is a smooth function on
the 3-sp". (iii) Along every C' curve ending at 0, we have for a ll n ? 1 ,

aA Jt~
and ~liT An n

A

}i~1
E►

f
"

=

don

- 0

(Here d"/d8" denotes any nth order part ial derivative with respect to the 011, with it
under stood that the same partial derivative occurs on both sides of the equation .)
Thus, a precise statement of the condition that g,,b is C'0 at i° is thatin addition
to gb bring continuous--ail the first partial derivatives of the components of g,,b in
a smooth chart covering i° have regular directi on dependent 1uriits at P. It follows
immediately that in a chart with {Q~x µ} orthonormal at #°, the components of gam, take
the form g~,V = r~uy + PlµY(B°`) + o(p) as p --1, 0. Further discussion of the C 1
condition is given by Ashtek ar and Hansen (1978) and Ashtekar (1980) . Since the
metric is only e '° at i°, it is natural also to weaken the assumptions concern ing
differential structure of the manifold M at i ° to what AshWkar and Hansen (1978) call
C" differential structure . (Otherwise, one woul d be able to defer many inequ ivalent differential structures on if at a'° compatible with all the above conditions . ) We
refer the reader to that reference for the defin ition of this term .

2'1$- Asymptotic Flatnes s

Note that we have defined asymptoti c flatness only for the case of vacuum spacetimes, Rte,, = 0. However, since only properties of the spacetime "near infinity" will
play any role in our analys is, we need only require Rte, = 0 "near infinity," e .g. , in
the intersection of M and the neighborhood V of condition (2). Indeed, one may
weaken this requirement further to allow nonvanishing Tb in V which goes to zero
at infinity suitably rapidly -more ptecisely; such that fl`2T b is smooth on V and
.0` and has appropriate- limiting behavior ,at j° .
Accvrdi ng to equation (D.S) of appendix D (with the roles of Sir, and 8 ,,a reversed)
the physical Ricci tensor, &b, is related to the unphysical Ricci tensor, Rom„ b y
I~~ = ~t b + 2,tZ-'~~~~~ + ~~~"d~S2"' OQd fl -"' 3n-2 ~~010d fl)
V

Aus, the vanishing of the right-hand side of equation (11 . 1 . 16) is the vacuum
Einstein field equation expressed in terms of the t hysicat variables. Note that we
have written, for ezample, §`4%fl rather than Vc t?~fl in order to avoid ,confusion
over whether the physical or unphysical metric is used to raise and lower indices.
It should be emphasized that there is considerable arbiftwiness in the association
of an unphysical spacetime (M, kb) with asymptotically flat physical : ~ time
(M, gb1• If (M, &) is an unphysical spacetime satisfying the properties of the
definition with conformal factor 11; then so is (M, rva-&b) with conformal factor ion,

provided only that the function w is strictly positive, is smooth everywhere except
pmibly at °, is e'° at i°, and satisfies w (i°} = 1 . Thus, there is.considerable gauge
fieedomin ;ft choice of the unphysical metric .
Let us now discuss-We meaning of the, five conditions appearing in the definition
of asymptotic floss. T first .three conditions require in a fairly straightforward
manner that K gam} possess some of the basic features of the conformal completion
of inkaws ci spaceti . Tb e: first, in effect, states that i ° represents spatial infinity ;
the second states that no causal, pathologies occur -ne ar infinity; and the, thud: states
that il is well behaved near infinity-The key-condition . in the definition is co ndition
(4) . The requirement that fl, vanish at P , J4 -, and to implies that at these places an
"infinite amount ofstretching" is involved in going from the unphysical metric gab
to the physical metric gam . This shows that P, .0-, and i°tri ly represent "infirmity>,
of the physical spac,etime. Furthermore, the requirements on the derivatives of 11 at
5 + ; 17 , and i° specified in conditions 4(a) and 4(b) imply that the physical metric,
gab, becomes , fiat (and approaches, flatness at the appropriate rate) as one goes to
infinity.
To s ee this i n more detail, we derive a coordinate form of the condition on the
asymptotic t ehavior of the physical metric as one approaches future null infinity,J
(A similar analysis appl ; of course, tp,J- .) Bymultiptying the vacuum Einstein
field equation (eq ~1 1 , i . 01 with R_I* = 0) by 0 and taking the limit at JO +, we find
(since kb, R,*, and Cl smooth therej that fZ-I g~dV" S~~aS'l must be smooth at ,~ *,
i.e., more precisely (since Q -0 at ~+ and thus fl-' is not defined there) th at this
quantity can be smoothly extended to 1 ~' . In particular, this implies that
n ° 141 i s null at I +, a result which also follows from the fact that n ° must be
normal to 9 + (sinee 11 is constant on .0 +) and I + = J+ (P) -- P] is a null surface .
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We show now that by using the "gauge freedom" in the conformal factor mentioned
above, we can make fl -'g 1VS1QdS 1 vanish at I + . Namely, under the transformation
WO,

$ab -30 8a6 =

0)2k~r, ,

we have

t~~'3g"d [S~D~raV~w + 2(~ 0cfl#~cr~ + u)2~^1QtS~QdSZj

( 11 . 1 . 1 7)

Therefore, by choosing w to satisfy
lt a Y, In w = - 2 ~,-igcd~, f f0d( 1

( 11 . 1 . 1 8

on J +, we find a new unphys ical metric and confarmal factor which satisfies the
desired relation. (Since eq. [1 1 . 1 . 18] is merely an ordi nary differential equation
along each integral curve of n', solutions always may, be obtained .) Thus, without
loss of generality, we may a ssume that we have chos en the conformal factor and
unphysical metric so that Sx -'g1 G,&dS1= 0 on 1+ . The vacuum Einstein field
equation then yields

(11 . 1 . 19)
which, in turn , implies

Pa Q6 (I = Q on

JO

+

(11 . 1 .20)

It follows trivially from equation (11 . 1 .20) that the null tangent n ° = g 1Vb11 to ,0 +
satisfies the affinely parameterized geodesic equation on .0+ with re spect to the
unphysical metric ,
n°fanb = 0

( 11 . 1 .21 )

Furthermore, since Bba = tnb =0 on P, we see that in the gauge {11 .1 .20}, the
expansion, shear, and twist of the null geodesic generators of P all vanish (see
section 9.2).
The gauge choice (11 . 1 .18) on w which led to the gauge condition (11 . 1 .20) still
permits the additional freedom of choosing w arbitrarily on any given cross section
of P, i.e., on a two-dimensional surface, W, in P which intersects each null
geodesic generator of P at precisely one point . It follows from condition 5(a) that
P has topology S2 X R, and thus, topologically, SP must be a 2-sphere . The
unphysical metric gab induces a Riemannian metric h,,b on SP. However, using arguments along the lines of problem 2 of chapter 3, it can be seen that every Riemannian
metric on a two-dimensional sphere is -equal to a conformal factor times the natural
metric on the sphere, i .e., h,* is of the form fib = f2h,*„ with (`J'> hr,) isometric to
the unit sphere in R 3 . Hence, we shall use the remaining freedom in the choice of
2. Note that solu tions, w, of equation (11 . 1 . 18) on y + cannot have the correct li miting behavior at
i$ . Thus, equation (11 . 1 . 18) really can be imposed only outside an (arbitrarily-'small) neighborhood of
i° . However, this need not concern us here since we pre sently deal only with the asymptotic form of the
physical metric on ,9* . .
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w to make 9 a metric sphere of unit radius. Si nce in the gauge (11 . 1 . 20) the
expansion and shear of the null geodesic generators of 0+ vanish, it follows that in
thi s gauge, the induced metric on every cross section of I I is that of a unit sphere*
Having made the above gauge c hoices, we introduce coordinates in a neighborhood of .4 + in the unphysical spacetime as follows. Since VqfZ # 0 on .0' , we
may use fl itself as one of the coordinates . We introduce the natural spherical
coordinates (8, c5) on the spherical cross section, 9, and "cazry" these coordinates
to other points of .01 along the null geodesic generators of V . We define the
coordinate u on 01 to be the affine parame ter (measured from &) along the nu ll
geodes ic generators of P with u scaled so that n° V.u = 1 . Finally, we extend
(u, 8, 0) off of .01 by holding their values fixed along each nu ll geodesic of the
family (other than that which generates .# +) orthogonal to the 2-spheres of constant
u on .~ + .

takes
It follows from the above that in these coordinates, the unphysical metric
on I + the form►
df 2 ( s} = 2dSl du + d8 2 + sin 2 8 d0 2
(11 . 1 .22
Furthermore, the gauge condition (11 .1 .2(?) on 0 implies that gam, due, and 8„0 all are
D(12) as A ---)- 0 (see problem 1) . Thus, in a neighborhood of I }, the components
of the physical metric, gam, = fl-%b„ take the form
(A
ds z = 2D-2 dfl clu + fl-2(d82 + sin 2 8 d 3)

+ terms O (1) in dui, du dB, da do
+ terms ()(0- ) in d82 , d8tlio, ddiZ, dSl du, dS12, diZdB, dSl do
(11 .1 .23)
We' make, now, the coordinate transformation v = 2/0. In the coordinates
u, v, 0, 0, the physical metric 'takes the forms as v -+ ao,

dsa = - dodo + ~ v2(d8 2 + sin 2 8 dO 2)
+ terms [)(I) in du 2, dud8, du dpi
+ terms O (v) in d8 2 , d8dcp, dcp Z
+ terms 0 (1/v) in dodo, dv d8, Ado
+ D(1/v3) du2

( 1 1 . 1 .24)

By making a further coordinate transformat ion v --* v + f (u, 8, c¢) the terms of O (1 )
in dui can be eliminated at only the expense of introducing terms of 0 (1 )in dv d8
and dudpi. Having done this, we transform to "asymptotically Cartesian coordi(v - u) sin 0 sin c6,
(u + v), x = j' (v -- u) sin 8 cos 0, y
nates" defined by t
Z - ~ (v - .d) cos 0. Then it is easily verified that the, components of the physical
metric in these coordinates differ from diag (- 1, 1, 1, I) only by terms at most of
order 1 /v as v --* oc . Thus, condi tion 4(a) together with Einstein's equation
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(11 . 1 . 16) indeed requires the physical spacetime to become asymptotically Minkowskian as one goes toward null i nfinity . By judiciously imposing fu rther coordinate conditions (Tamburino and Winicour 1966) one can further simplify the asymptotic formula'for the metric to the type of expression originally postulated in the
axisymmetric case by Bondi, v an der Burg, and Metzner (1962) .
Similarly, condition 4(b) together with the differentiability requirements on 0 and
gam, at i° imply that the metric is asymptotically Minkowskian as one approaches
spatial i nfinity . A precise coordinate form of this statement is given by Ashtekar and
Hansen (1978) (see eq . [C21] of that reference) . Ashtekar and Hansen also have
proven that any three-dimensional spacelike subman ifold of the unphysical spacetime passes through i° and is sufficiently well behaved (namely, C>', i .e. , its
intrinsic metric h b and unit normal h ° are C n at i 0 and smooth elsewhere yields an
asymptotically flat initial data surface in the following sense (Geroch 1972b) : An
initial data set (1 , ham„ Kb) consisting of athree-dim ensionat manifold, 1 , a Riemannian metric, ham, and a symmetric tensor Kab is said to be asymptotically flat if
there exists a manifold 'such that ( i) there is a point h E I (called "the point at
infinity") such that there exists a conformal iso metry ip :l --~ [~ - A] with
ham, - 5fo'h b on ~ - 1L; iii) 0 is C1 at A and C °° elsewhere on i , while h1b is G'°
at A and C°° elsewhere an Y,; (iii) 0 satasfies conditions at A analo rus to condition
4(b) above, namely, G(A) = 0 and limh AQSl = 0 while 0 -' (D.DbSl - 2)i~) approaches a finite, direction-dependent limit at A, where Da is the derivative operator
asso ciated with ham,; and (iv) the unphysical Ricci tensor ( s )Rab and 4r`&b have
(3)
aRnopt iate limiting behavior at A, namely SZ' l z Rab and 007K, approach finite,
direction-dependent limits at A . For an asymptotically flat initial data set, ore ca n
construct an asymptotically Euclidean coordinate system on the physical initial data
surface I such that the components of the phys ical metric differ from dial (1, 1, 1)
only by terms O (1 Jr) as r --+ oo and the first derivatives of these components are
p(1/r2) (see problem 2). Furthermore, the components of the extrinsic curvature,
K.b„ and the physical R icci curvature tensor, (3)RQa, 'are, respectively, O(Ilrl) and
D(i/r3). Conditions for asymptotic flatness on an init ial data surface formulated in
this coordinate component manner were previously given by Arnowitt, Deser, and
Misner (1962) .
Finally, condition (5) of our above definition of asymptotic flatness is a technical
condition which ; roughly speaking, states that J ' and $ - have the right size. First,
condition 5(a) states that all the null geodesic generators of .0 + and .0 -emanate from
t° in the appropriate way: In particular, this implies that .0 + and .0 - have topology
S2 X R. If g b were smooth at i°, the null tangents at i° automatically would be
diffeomorphic to the null geodesic generators of -0 + and ,0 ^ if all - these generators
had endpoints at i°, but since §,,b is only C" at i °, this property must be imposed
separately . Condition 5(b) requires "all of 1 + and 1 - to be present"" in the conformally completed sgacetime. It ° is equivalent to the statement that in the gauge
tfi 1 . 1 .20) the null geodesic generators of I + and J - are complete . The relation
Va(w4 n°) = 0 is equiv alent to equation (1 1 .1 . 1 8) above .] The completeness of the
null geodes ic generators of .4+ is equivalent in turn to the statement that in our
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coordinate system (u, v, 8, c¢) constructed above, the retarded time, u, ranges from
-oo to +oo . Without a condition of the form 5(b), Geroch and Horowitz (1978) have
shown that asymptotic flatness could cease to hold at a finite retarded time .
Note that our conditions ( I) -(5) above define asymptotic flatness at both spatial
and null infinity . However, for many purposes one requ ires only the notion of
asymptotic flatness at spatial infinity alone or at null infinity alone, so it is useful to
define these notions separately . These notions can be formulated by eliminating the
irrelevant parts of our definition above . More precisely, a spacetime (M, 84) (not
necessarily satisfying . the vacuum field equation) is said to be asymptotically flat at
spatial infinity if there is a spacetime (M, 84) with g b C°° everywhere except possibly
at a point i° where it is C'0 and a conformal isometry of M into M with conformal
factor 0 such that conditions 1, 3, and 40) are satisfied. A vacuum s time
(M, gam) is said to be asymptotically flat at null infinity if there exists a manifold with
boundary (see appendix B), 1~1, with smooth met ric j,,b and a conformal isometry of
M onto the interior of M with conformal factor 0 such that appropriate versi ons of
conditions 1, 2, 3,4(a), and 5 hold . More precisely, we define I to be the boundary
of M, and in place of I we require that 0 can be written as the disjoint union of two
pieces, .0' and 1-t such that v n J-[int(M)] = 0 end o- fl J'[int(M)] _ 0. We
again require the unphysical spacetime to be stron gly causal in a neighborhood of I
(condition 2), that 0 have a C°° extension to all of M (condition 3), and that
conditions 4(a) and 5(b) hold on $. Finall y we replace 5(a) by the requ irement that
.0+ and J- each have the top ology Sz X R .
The above definition of asymptotic flatness at null infinity di ffers from the original
formulation given by Penrose (1963, 1965b) . Penrose defined a spacet ime to be
asymptotically simple ifin place of the above versions of conditions l. , 2, 3, 4(a), and
5 a we require that 11 hive .a C°° extension to all of M, that condition 4(a) hold, and
that every ma ximal ly extended (in both directions) nu ll geodesic passing through any
point of intOO), has past and future endpoints on 5 . This last condition is a very strong
global condition on the physical spacetime, involving much more than asymptotic
behav ior at infinity. . However, it can be modified to become an asymptotic
condition-thereby defining the notion of a weakly asyMtotiGalfy ,. simple
spacetime-by requi ring that a neighborhood of 0 in (JV, gam,) for the given spacatime
(Al, Ste) be isometric to a neighborhood of I for some asymptotically simple spacetime. Weak asymptotic simplicity then was taken as the criterion for asymptotic
flatness at null infinity. Although this formulation i s indirect and differs significantly
i n form from the one given above, it follows that a weakly asymptotically simple
spacetime satisfies all the condi tions of our definition except for 5(b) ; see Geroch and
Horowitz (1978) for a demonstration that condition 5(b) need not be satisfied-and
see, e.g., Hawking and Ellis (1973) for the theorems needed to show that the other
conditions are satisfied.
We conclude this section by mentioning two important properties of asymptotically Bat spacetimos . The first has to do with the notion of asymptotic symmetries . Minkowski spacetime (1 184, -q,*) has a 10-parameter group of isometrics, the
Poincaz6 group. This isometry group plays an important role in the analysis of the
behavior of phys ical fields on Minkowski spacetime, in particular in the proof of
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conservation laws . In a general, curved spacetime one would not expect any exact
isometries to be present . However, in an asymptotically flat spacetime, since the
metric becomes flat as one approaches infinity, one might expect that it would be
possible to define the notion of an asymptotic symmetry . It turns out that a natural
notion of an asymptotic symmetry does indeed exist for asymptotically flat spacetimes, but the group of asymptotic symmetries is not the Foincart group . Rather, it
is a much larger group, containing an infinite-dimensional subgroup of "angle dependent translations" called supertranslations .
We shall give a brief discussion, here, of the nature of asymptotic symmetries at
null infinity, referring the reader to Sachs (1962c) and Geroch (19 77) for further
discussion and details . Basically, we want an infinitesimal asymptotic symmetry at,
say, future null infinity to be represented by a vector field ir---or, more precisely,
an equivalence class of vector fields-in the physical spacetime such that Killing's
equation f fg4 = 0 is satisfied to "as good an approximation as possible" as one goes
to 1'S . The appropriate requirement for the rate of approach of f j8,,,b to zero can be
determined by examining the general form of a metric of an asymptotically flat
spacetime and imposing the strongest condition which generally admits solutions .
We may formulate the resulting requirement as follows . First, we require that e,
viewed as a vector field in the unphysical spacetime (i .e., 4r`61), have a smooth
extension to .4 ' . Then we require in addition that the tensor field 01fig& also have
a smooth extension to 1+ which vanishes on P . Furthermore, two vector fields f°
and f'p on the physical spacetime satisfying these conditions are considered to
generate the same infinitesimal asymptotic symmetry if their extensions to 0+ are
equal there .
The asymptotic symmetry group thus defined is universal in the sense that one gets
the same abstract group for all asymptotically flat spacetimes . It is initially surpris'ing however, that this group is not the 10-parameter Poincar6 group but rather
an infinite dimensional group known as the Bondi-Metzner-Sachs ($MS) group .
Insight into the origin of these "extra" asymptotic symmetries can be obtained by
verifying that in Minkowsla spacetime in the coordinates of equation (11 . 1 .4), for
an arbitrary function f = f (O, 0) of the angular variables, the vector field
e

° - f ( a/ d `)a +

1 (0/ .10a

2r'

(
o
+ 2r2
S~~2e ~ ala )° ( 11 . 1 .25)

is nonvan ishing at .4 + but W£~ q4 van ishes at V . Now, in a nonfat but asymptotically flat spacetime, one cannot, in general, find any vector field wh ich satisfies
Kilftg's equation near in finity to a better approximat than this. Hence, in a
general " curv ed sp a cetime an infinite dimensional family of "angle dependent
translations" of the above type come just as close to satisfying Killing's equation as
any other transformations .
We have introduced the BMS group here in terms of approximate symmetries in
the physical sp time as one approaches I' . However, the asymptotic symmet ry
transformations of-die physical spacetime extend to transformations of 0' in the
unphysical spwetime, and it turns out that one can give an equ ivalent character-
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ization of the BMS group in terms of mappings of J' into itself . In the unphysical
spacetime, the unphysical metric g,.b induces a degenerate, metric ham, on the null
hypersurface .0 + . Furthermrnre, since the vector field n° = g ''GbS1 is tangent to J I;
n a may be viewed as a vector field on 1' . Under a change of conformal gauge
0 - * wfl, h„b and n° transform as ham, --* hb= n° _+ (n')a = w`n'. . The
manifold J + together with I ,,band n ° modulo conformal gauge are universal, i .e.,
they are "the same" for all asymptotically flat spacEtimes in the following sense Let
W , (h,).b„ (n,)") be the future null infinity, induced degenerate metric, and induced
1
vector fieldassocated with the asymptotically flat (physical) spacetinae (M,, (gl).b )
and let ($z , (&).b, (n2)a} be the corresponding structure for the asymptotically flat
spaced= (M2, (g2)ab) . Then there exist choices of conformal gauge in the two
unphysical spacetimes such that there is . a diffeomorphism fir : ,~+ --* J 2 satisfying
*y(ni)B = E n i . [Proof, We showed above that for any P there
exists a conformal gauge and a choice of coordinates (u, 8, 0) such that
ham, =1 (d8}.(d8)a + sin28(d#). (d+0h and no = (d/du)° . Let 41 be the map which
associates with each point on 0 ; the point on 02 with same value of these
coordinates .] The BMA group may be characterized as the group of diffeomorphisms
of P which preserves this . universal structure; i .e ., the BMS grog consists of the
diffeomorphisms_4 ;P - + P such that OF`&b and O 'n° differ from h,b and n4 at
most by a rescaling associated with a change of conformal gauge .
In terms of this characterization of the BMS group, the (infinitesimal) supertranslations are defined as the vector fields' cn P of the form f° = an a where a is
constant on each generator of .0 + (i .e ., na V. rx = 0) but otherwise is an arbitrary
function. Thus, the "'angle dependent translations" of Minkowski spacetime considered above give rise to CMS supertranslations . The supertranslations comprise an
infinite-dimensional abelian normal subgroup of the BMS group, and-the factor
group obtained by quotienting the BMS group by the supertransla#ons is isomorphic
to the Lorentz group.
Although for the reasons discussed above, the BMS group properly comprises the
asymptotic symmetry group of an asymptotically flat spacetime, one still may ask if
there is some natural procedure for "recovering„ the incard: group by imposing
extra conditions on Ehe asymptotic symmetries . It turns out that one can partially
succeed in doing this as follows . There exists a unique four-dimensional subgroup
of the superfimslations which is a normal subgroup of the BMS group . In the case
of Minkowski spacetime, this four-dimensional subgroup of the BMS group consists
precisely of the asymptotic symmetries associated with the exact translational symmetries of 1Vlinkowski spacetme .Therefore, we, may define the asymptotic translations of a general asymptotically flat spacetime as the BMS elements belonging to
this subgroup: (On .0 + in- the, gauge [ 1.1 .1 .201 with metric spherical brass sections,
the infinitesimal translations are precisely the supertranslations of the form C° = arnR
with a a linear combination of d = 0 and l = 1 spherical harmonics .) However, a
similar procedure, for the rotations and boosts fails . There exists no normal subgroup
of the BMS group which is isomorphic to the Foincart group . . 11us unless one
makes use of more structure than the behavior of asymptotic sum trigs on 0+ (such
as, e.g., the behavior of the asymptotic symmetries at i ~ or imposes stronger
conditions on spacetimes than those given in our definition of asymptotic flatness,
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there exists no natural way of p icking out a preferred Poirycard subgroup of asymptotic symmetries .- The notion of a "pure translation" makes sense for a general
asymptotically flat spacetime, but the notion of a "pure rotation" or "pure boost" (as
opposed to a "ratation plus supernanslation" or "boost plus supertranslation") does
not.
The group of asympto tic symmetries at spatial infinity-known as the Spi group can be defined in a manner closely analogous to the BMS group. The structure of this
group is very similar to that of the BMS group . We refer the reader to Ashtekar and
Hansen (1978) and Ashtekar (1980) for a discussion of its Pi'aperties. Interestingly,
by restricting consideration to spacetimes which satisfy a st ronger asymptotic falloff
condition on the Weyl tensor at spatial infinity than that implied by our definition of
asymptotic flatness, it is pos sible to pick out a pnefemed Poincard subgroup of the Spi
group (see Ashtekar 1980). A mathematically analogous condition on the Weyl
tensor at null infinity also would allow one to obtain a preferred Poincard subgroup
of the BMS group . However, although this additional condition at spatial infi nity
appears to be physically reasonable, the analogous conditi on at null infinity excludes
the possibility of gravitational radiation, an&thus is much too s tringent a condition
to impose upon genend isolated systems .
Finall y we mention an important consequence of our definition of asymptotic
flatness concerning the asymptotic behav ior of the curvature as one saes to null
infinity . The physical Ricci tensor v anishes near infinity so the phys ical Weyl tensor,
Cad, contains all the information about the physical curvature . Si nce the Weyl
tensor is Eonfvnnaliy invariant (see appendi x D), we have C ,& I = Cad on M, where
Cad is the unphysieal Weyl tensor. Howe ver, it is possible to show (see the orem I 1
of Gero ch: 1977) that Cad must vanish at P. Now, let y be any null geodesic in
M from a point p in the phys ical spacetime to a paint q on P . Let A be a (physical)
affirm parameter on y -so that q is represented as the limit as A goes to infinity-and
let k' denote the tangent to y in this parameterization . The unphysical Weyl curvature
on y need not satisfy any special property except that it must vanish at q. However,
in going from the unphysical to the physical spacetirne, an infinite amount of
"stretching" in the direction of k° takes place . It turns out that this causes the physical
Weyl tensor to d isplay the following peeling property: As A -s oo, we have
C,

CIL + C°la

A A2

+

C°~r

AT

+

q

°a~E + Q

A4 AS (11

.1 .26)

where each G has bounded components in an asymptotically Minkovwslcian basis,
and, in the algebra ic classification of section 7 .3, G~ is type IV, C is type III ,
CEO is type II (or type U-11), all with repeated principal null vector k°, while Cs
i
is type I with k' also being one of its principal null direction s . For further discussion
and a proof of this peeling property, we refer the reader to Penrose (1965b) and
Geroch (1977) .

11.2 Energy
The notion of energy and the law of conservation of energy play a key role in all
physical theories. Already in the Newtonian theory of particle motion one has a
notion of particle energy. In physical theories of broader scope and greater sophis-
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tication, the framework of the physical laws i s markedly changed from Newtonian
particle mechanics, but a notion of energy al ways has remained present . Thus, for
example, as disc ussed in chapter 4, for the theory of a classical field on spaeetaime
in special relativity} a stress-energy tensor, Tom, is associated with the field. The total
energy of the field associated with a time- translation Killing field t° on a spacelike
Cauchy hypersurface I is defined as E = jj 7,*n1t', where n° denotes the unit
normal to 1 . The condition d' Tom, = 0 then guarantees- that total energy. is conserved,
i.e., is independent of the choic e of E.
In general relativity , the energy properties of matter are, again, re sented, by a
stress-energy tensor T,*. Thus, the local energy density of matter ,as measured by a
given observer remains well defined . However, although the co ndition Q°Tb = 4
may be interpreted as expressing- local conservation of the energy-momentum of
matter (see chapter- 4),, this condition does not, in general, lead -to a , global conservation law,' ie ., a law which s tates that the total energy (expressed as an, integral
involving T,,& over a spacelike hypersurface)-is conserved. On physical , grounds, this
is nvt , surprising since T.,~ represents only the energy content of matter whereas
"gravitational field energy„ shou ld. make a contribution to total energy and thus
should appear in any conservation law . However, as already mentioned i n chapter
4, there is no knows meaningful nation of the energy density of,the gravitational field
in general relativity . In Newtonian gravity, the energy density of the gravitational
field4 is --(8 iT) -' ~ V-012 . Since in the Newtonian limit, 0 corresponds to a metric
component (see section 4.4a), the most likely candidate for the energy density of the
gravitational field in genet relativity,-would be an expression quadratic in the first
derivatives of the metric- However, since no tensor other than g,.b itself can be
construed locally from only the coordinate basis components of S,,b and their first
derivatives, a'meaningful expression quadratic in first derivatives of the metric can
be obtained only if one has additional structure on spacetime, such as a, preferred
coordinate system ar - a decomposition of the spacetime metric into a "background
part" and a"dynanucal part" :(so that, say, one cored take deriva tives of the
"dynamics part,, of the metric with respect to, the derivative operator associated with
the background part). Such additional structure would be completely counter to the
spirit of general relativity , which views the spacetime metric
fully describing, all
aspects of spacetime structure and the gravitational field . While it remains conceivable that one could construct the needed extra structure nonloeal ly out of the
spaceti me metric, it seems highly unlikely that a generally applicable prescription
exists for obtaining a physically meaningful local expression for gravitational energy
density analogous to the Newtonian formula . No other reason" candidates for a
local expression for gravitational field energy density have been found. In particular,
a -local tensor expression involving the spacetime curvature in higher thanli neax
3 . An exception occurs if a Kill i ng vector field C° is present in the spacet ime . In that case
( eb) =
Q° T~
(O°7,b)eb +- T,*0° e b = 0, So fj T,bf6 I1° is conserved, i . e ., independent of choice of Cauchy
surface 1 .
4. Newtonian, gravity can be formulated in a manner whe re no preferred Galilean frames exist
(Trautman 1965) . When this is done, VO becomes gauge dependent and the Newtoni an formula for
gravitational energy density suffers from many of the same difficulties as occur in general relativi ty ,
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order-such as the Bel-Robinson tensor (problem 6 of chapter 4)---does not even
have the d imensions of e ne rgy density [i.e ., (length) -? in units with G = e = I ], so
one would need to introduce constants of nature other than G and c into such an
expression if it were to represent gravitational field energy .
However, despite the absence of, a notion of . energy density of the gravitational
field, there does exist a useful and meaningful notion of the total energy of an
isolated system, i.e., more precisely, the total energy-momentum 4-vector present
in an asymptotically flat spacetime . The first step toward obtaining such a notion is
to view an isolated system i n general relativity as being analogous to a particle in
special relativity. In special relativity, a particle is assigned an energy-momentum
4-vector F° . The energy of the particle is taken to be the time component of this
vector, i .e ., with respect to a time t ranslation Kill ing field ~°, we have E = --F
Furthermore , the mass of the pa rticle is given by M = ~-pe p°)1Jz, so if the parti cle
is "at rest" with respect to e °, we have E = M. Thus, a knowledge of the "rest frame„
Killing field ea together with the mass, M, of the particle determines its 4-momentum
P°. Our strategy for determining tt e. 4-momentum of an isolated system in general
relativity w ill be to beg in with static spacetimes where a natural "rest frame" K illing
field is given to us . Then we shall define the total mass of a stat ic asymptotically flat
spacetime by examining the influence of the gravitational field on distant test bodies.
Indeed, we have done this already for the Schwarzschild spacetime in chapter 6 .
From the results of section 6.3, it follows that test bodies in the Schwarzschild
spacetime in orbits with r >> 1LI .behave just like test bodies in the gravitational field
of a body of mass k in Newto nian gravity . Thus, in chapter 6 we identified the
parameter M of the Schwarzschild metri c as representing the total mass of the
spacetime. We now sha ll genize this result .

We begin by recalling that in the Newtonian theory of gravity, the Newtonian
potenti al 0 satisfies Laplace's equation in the exterior, vacuum reg ion,
V20=0

(11 .2 . 1)

Therefore, one has a multipole expansion for 0, and the mass, M, of an isolated
system may be defined as minus the coefficient of the leading order term (i .e ., the
monopole, I/r, term) of this multipole expansion . An equivalent, but more physical,
characterization of total mass--which also refers only to the asymptotic properties
of the gravitational field-is given by the "Gauss's law" formul a

M

~~sQ~ •1VdA

(11 .2.2)

Here the integral is taken over any topological 2-sphere, S, which encloses all the
sources and N is the unit outward normal to S. The integral is independent of choice
of S because of equation (1 1 .2. 1),,and it is easily seen to agree with the multipale
expansion definition of M . Since VO is the force that must be exerted on a unit
test mass to "hold it in place," we see from equation (11,2 .2) that 41rM is just the
total outward force that must be applied to hold in place test matter with unit surface
mass density distributed over S.
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Consider, now, a static, asymptotically flat spacetime which is vacuum in a
neighborhood of infinity and whose timelike Killing vector field fa is normalized so
that the "redshift factor,,, V approaches 1 at infinity . In a static
spacetime the notion of "staying in place" is well defined ; it means following an orbit
of the Killing field e . The acceleration of such an orbit i s
'Cl b = l S I V~~a( ~bI, ) =

l l l .'~ .3 ~

2 ~a Qa i*

't'hus , the local force which must be exerted on a unit test mass to hold it in place
is given by equation ( 11 . 2. 3) , However, if we choose to calculate the force which
must be applied by a distant observer at infinity (e. g., by mean s of a long string) ,
we find that this force differs from the local force by a factor of V (see problem 4
of chapCer 6). Consider a topological 2-sphere S lying in the hypersurface orthogonal
to e. The quantity

F=

f

IYb( e°/V)Qa 64 dA

(I 1 . 2.4)

may be interpreted as the total outward force that must be exe rted by a distant
observer to keep in glace, unit surface mass density d istributed over S. Here we use
the n atural volume element on S induced by the spacetime me tric, and Na is the unit
"outward pointing„ normal to S which is orthogonal to C°. Using Killing's equation
0d fb = tea6j , we may rewrite equation (11 . 2.4) as

F=

2

JNO1VC4dA = 2

ab dO`~d
fS E

s

(11 .2.5)

where, in the first l ine, Nom' = ZV-' ff°NII is the normal "bi-vector" to S , and ; in the
second line e bd is the vole element on spacetime associated with the spacetime
metric and the integ rand is viewed as two-form, a, t o be integrated over the twodimensional submanifold S (see appendix B). (Tbe orientation of eabd is chosen so
that E bd _ -°- Wb", where edis the volume element on S . ) However, this integrand satisfies
fdbb

V1[ falrcd V`ed] = E`'f bcrt Qfvc e

40fvr~e

where equation (B .2. 13) was used in the second line and equation (C. 3 . 9) was used
in the last line . Hence, by multiplying equation (11 .2 .6) by fd,,, and contracting over
e, we find
Nj, { ,,.], v` ed }

Z

= 3 R f~~~km

(11 . 2.7)
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which vanishes in the vacuum region, Rah = 0 . Thus, in the vacuum region, the
differential form a,,b - Ewa p` fd satisfie s

da = 0

(11 . 2.8)

Consequently, applying Stokes's theorem (theorem B .2 . i) to the volume bounded by
any two spheres S and S' in the exterior vacuum region ; we see that the integral on
the right-hand side of equation (11 .2 .5) is independent of choice of S, just as the
integral in equation (11 . 2 .2) was independent of S in the Newtonian case . Since both
integrals represent the same physical quantity, it is natural to identify the left-hand
sides of these equations as well . Thus, we are led to the following definition of the
total mass of static, asymptotically flit spacetime which is vacuum in the exterior
region,

1
81r fs

(11 .2 .9)

Note that the independence of the right-hand side of equation (11 . 2 .9) on the choice
of, S 'depends only on the fact that fa is a Killing field . Thus , we also may adopt
equation (11 . 2 .9) as the definition of total mass in all stationary asymptotically flat
spacetimes which are vacuum near infinity : (If Tab * 0 near infinity but approache s
zero sufficiently rapidly for the spacetime to be asymptotically flat, eq . [ 11 . 2.9] may
still be used to define M provided that the limit as the 2-sphere S "goes to infinity"
is taken . ) The definition (11 . 2 .9)--first given by Komar ( 1959)-provides a full y
satisfactory notion- of the total mass in stationary , asymptotically flat spacetimes.
Note, in additiczn , that it has the desirable feature of expressing M in stationary
spacetimes as a conserved quantity associated with the time translation symmetry .
If the 2-sphere S is the boundary of a s pacelike hyp ersurface X such that I U S
is a compact manifold with boundary (see appendix B), then we may apply Stokes' s
theore m to convert equa tion (11 .2-9) to a volume integral over
i . f 1%
1 f1 d
a
M
81r
$ 1r
_ 3?l ,$ ~e~~ab]cd~ c a
T
$
1

d

41r L

f

1

J
2~

Tab

o nab cdV
- 1
~ Tg

(I 1 . 2 . I0)

Here in the third line equation ( 11 .2 .7) was used, in the fourth line n ° is the unit
is the natural volume element on
nd
future pointing normal to I (so that ek
and
Einstein's
equation
was
used to get the final expression .
1 ; represented by dV) ,
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For a comparison of this formula with formulas holding in linearized gravity and in
the static, spherically symmetri c case, see problems 4 and 5 .
We turn, now, to the definition of energy-momentum in the general, nonstationary, asymptot ically flat case. Since there now is no notion of "hoWing a test
mass in place" and thus no notion of "gravitational €once 4 " it is not obvious that a
well-defined notion of mass or energy-momentum ex ists . Furthermore, it is far from
clear to what vector space an "energy -momentum vector" of the spacetime should
belong . However, we shall see that the properties of asymptotically flat spacetimes
give just enough structure to define the energy-momentum vector, P,,, in terms of an
asymptotic l imit as one "goes to infinity" and that the properties of infinity provi de
an appropriate vector space structure for Pp. From general consider ations, we expect
that two types of limits as one goes to infinity should be of interest for the defin ition
of energy-momentum: (1) One could try to obtain a notion of the total energymomentum at a given "time" at spat ial infinity by considering an asymptotically flat
spacelike hypersurface 1--i .e . , a spacel ike hypersuiface which is G " at i°-and
defining the total energy, E, and total momentum pa on I in a manner analogous to
the definition of M in a stationary spacetime. For this definition to lead to a meaningful notion of energy-momentum at spatial infinity, E and p,, should depend only on
the 'asymptotic behavior of Y. , should be conserved (i .e ., be unchanged if I undergoes a "time translation" near infinity), and should t ransform as a 4-vector if I
undergoes a "Lorentz boost" near infinity. If these properties are satisfied, we may
define the total energy-momentum, Pte, at spatial infinity as a vector in the cotangent
space at r ° such that total energy associated with, any spacel ike hypersurface I which
is G " at i° is given by E = --fan°, where n° is the unit normal to I at i OP while the
projection of F. into X would yield the total momentum pQ at the "time" represented
by 1 . (2) One could try to obtain a notion of the energy-momentum at a fixed
"retarded time" by considering the behavior of the space time geometry as one goes
to nu ll infinity on an asymptotically nu ll surface, 1 , such as the su rfaces 11 or 12
shown i n Figure 4. 3 of chapter 4 . This would enable one to study the energy and
momentum carried away by gravitational radiation . Again, the total energy and
momentum associated with I should depend only on the asymptotic properties of 1 .
However, u nlike the situation at i °, a null or asymptotica lly null hypersurface is not
naturally associated with any preferred "fungi direction," so we should have to
specify an "asymptotic time translation" as additional input in order to obtain a value
for the total energy E . Fortunately, as mentioned at the end of the prev ious section,
the asymptotic symmetry group of null infinity has a preferred four-parameter subgroup of translations, so the no tion of an "asymptotic time tran slation" is well
defined. Again, E should transform as the time component of a vector under a change
of the choice of asymptotic time translation. Thus, we seek a definition of energymomentum such that associated with every cross section, 9, of ,0+ (or of I-), there
should be a linear map from the four-dimensional vector space of BMS translations
into R. In other words, the energy-momentum of ea ch cross section 9 at null infinity
should be a vector, PQ, in. the dual vector ,space of the CMS translations . The value
of F. applied to a_given time translation then would be interpreted as the total energy
associated with this time direction at the "retarded time" defined by ~F , whi le its value
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for a spatial translation would be interpreted as the component of momentum in that
spatial direction .
As mentioned above, both of these notions of energy-momentum exist for asymptotieaRy flat spacetimes . We shall present the definition of energy-momentum at null
infinity and discuss some of its properties, and then merely quote formulas for the
energy-momentum at spatial infinity . The basic idea at null infinity is the following.
As discussed above, in the case of a spacetime with an exact time translation
symmetry, equation (11 .2 .9) provides a satisfactory definition of mass, and the
integral in that formula is independent of the choice of 2-sphere S. Therefore, in the
general, nonstationary case one might attempt to employ a formula likv equation
(1 1 .2.9) to . define energy, where 6" now is the generator of an asymptotic time
translation symmetry, or more precisely, a vector field on the physical spacetime
which is a member of the equivalence class associated with a BMS time, translation .
The integral now, of course, will depend on the choice of topologically spherical
surface S. However, since Killing's equation is satisfied by e to a better and better
approximation as one goes to infinity, one might expect that the dependence on S
would become sufficiently weak that the limit as S "goes to infinity" would exist .
More precisely, let fSa} be a one-parameter family of spheres which, in the unphysical spacetime, approaches the cross section 9of J + . We propose defining the
energy, E, associated with the asymptotic time translation IV by
V f
E = - lim _L
~ ` d
sa-►y $zr ,sp

(11 .2 .11)

It toms out that the limit on the right-hand side of equation (11 .2. 11) always exists
and is independent of the details of how S, approaches ;f'. Indeed, this limit exists
even when fs is an arbitrary asymptotic symmetry ; see Gmach and Winicour (198 1)
for a sketch of a proof of this result . Furthermore, E has the desired linear dependence on ea. However, it turns out that E is not invariant under a change of the
choice of representative f° in the equivalence class associated with the given CMS
time translation . Thus, E is not "gauge invariant" in this sense, and equation
(11 .2. 11), as it stands, fails to define a satisfactory notion of energy at null infinity .
However, this deficiency can be 'remedied by imposing an additional condition on
the representative vector field, ga. As sown by Geroch and Winicour (1981), if one
chooses ~V to satisfy
V ga

a

=

0

(11.2.12)

in a neighborhood of $+, then the formula for E becomes well defined, i.e., independent
of the choice of e° within the equivalence class satisfying condition (11 .2.12). (Note
that this gauge condition on ea holds automatically when V is a Killing field.) We adopt
this as our definition of energy at null infinity . The 4-momentum, PQ, is defined by
allowing the linear map defined by the right
., side ofequation (1 1.2.11) (with gauge
condition [11.2.12]) to act on arbitrary B vIS translations.
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The definition (11 . 2. 11) of energy at null infinity agrees with t he definition given
in coordinate form, prior to the geometric formulation of the notion of asymptotic
flatness, by Bondi, van der Burg, and Metzner (1962), aid is referred to as the Bondi
energy. It was mformulated in terms of the behav ior at I # of the Weyl curvature and
the shear of the "outgoing" congruence of null geodesics orthogonal to y' in the gauge
(1 I . 1 .20) with metric spherical cross sections. by Penrose ( 1963). The type of
"linkage" formulation given- above was introduced b y Tambur ino and Winicour
0960 and Winicour (1 968), and a demonstration of equivalence with the Penrose
formulation is given by VVinicouF ( 196$) .
It is of great interest to examine how E changes with time, i . e. , how the value of
E associated with a given; asymptotic time translation on a cross section 91 differs
from the value of E associated with the same asymptotic time translation on a "later"
cross section 92 . It turns out that one can express the di fference between E[ ~Fjand
E[Y,] as an integral of a function, f, over the region, V, of f + between ' ~F} ancl- `!'z,

E [,Ya] - E[y',] = --

fv

f

(11 .2 .13)

Hence, we may interpret f as the flux of energy carried away to infinity by gravitational radiation . Remarkably, 'as originally found by Bondi, van der Burg , and
Metzner (1962) and reformulated in the conformal infinity framework by many
authors (e .g., Penrose I965b; Winicour 1 968 ; Geroch 1977; Geroch and Winicour
198 1), fis manifestly nonnegative,f ~ 0. Thus, we find that E decreases with time,
i.e ., gravitational radiation always carries positive energy away from a radiating
system.
In our discussion of linearized grav ity in section 4 .4b, we computed the _energy
carried away by gravitational radiation to the lowest nonvanishing approx . Marion by
using the second order Einstein tensor as an effective stre ss-energy tensor, tom, for the
linearized gravitational field . How does this notion of energy flux in the approximation of section 4 .4h compare with the lowest nonvanishing contribution to tie
energy flux calculated from the exact theory described above? First, the energy flux
vector -t o we used in linearized grav ity is not gauge invariant nor does it g ive a
manifestly positive energy flux at so it cannot agree with ,f. However, the total
energy flux between stationary periods computed fr om -too is gauge invariant and
can be demonstrated to agree with the lowest nonvanish ing approximation to the total
radiated energy computed from f as follows: It has been sown (Persides and
Pagadopoutos 19-79) that i n the exact theory , the energy flux fagrees with the energy
flux computed from the pseudotensor of Landau and Lifshitz (1962) with an appropriately chosen flat background metric . (Here a pseudotensar fceld is a tensor field
which requires for its definition additional s tructure on spacetime, such as a preferred
coordinate system or a preferred background metric .) However, we already remarked in section 4.4b that our tom, differs from the lowest nonvanishing (i.e.
quadratic in %,b) approximation to the Landau-T .ifshitz pseudotensor by only a term
that makes no contribution to the total energy flux bet ween stationary periods. Thus,
our calculation of the total energy radiated t o infinity in the linearized approximation
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by systems which radiate only for a finite period of time is in accord with the general
notion of the energy flux of gravitational radiation described here .
With regard to the definition of energy-momentum at spatial infinity, a notion of
total energy and momentum on a hypersurface I was given in coordinate form by
Arnowitt, Deser, and Misner (1962), motivated by the Hamiltonian formulation of
general relativity . It was reformulated more geometric ally in terms of spatial infinity
by Geroch ( I972b, 1977), Ashtekar and Hansen (1978), and Ashtekar (1980) . We
refer the reader to these references for these reformulations, and merely present here
the formulas for energy and momentum in the original form given by Arnowitt,
Deser, and Misner (ADM). Further discu ssi on of the motivation for these formulas
is given at the end of appendix E. Let (M, 8 b) be an asymptotically flat spacetime,
and let I be a spacelike hypersurface which is C " at i° so that (1, ham , Kb) is an
asymptotically flat initial data set as defined in section 11 . 1 . Let x ', xz, x3 be asymptDtically Euclidean coordinates for I in the sense of problem 2 . We define the total
energy, E , and the coordinate component s of total spatial momentum p. associated
with I by
3

_m ~'
. ~ ~
E = 161r t ,1„ ~
P

P

=

J

~ r 1tY1

f f (Kµ yNu -

~ ~liy dA

(11 .2. 14)

KN' ~Vy~

µ= 1

Here r 2 = [(x i)2 + (x 2)z + (x3)2)]' 2 , the integrals are taken over -a sphere of constant r, and Na is the unit outward normal to this sphere . Note that E does not depend
explicitly on Kam, although it should be remembered that ham, a nd K b ire related by
the constraint equations (10 .2.41) and (10 .2.42). Equations (11 .2 .14) and (11 .2.15)
can be intetpreted as yielding a number, E, and a vector, p °, tangent to I at i°, both
of which can be shown to be independent of the choice of asymptotically Euclidean
coordinates on I . Although it is not obvious from formula (11 .2. 14), in the stationary case if we ehoosel. to be asymptotically orthogonal to the ti like ding field,
then this definition agrees with equation (11 .2. 9) (see Ashtekar and MaponAshtekat 1 9 79a) . Furthermore, the Einst ein evolution equations imply that (E, PQ)
"transform" properly under changes of 1 , i .e. , that the_4vector P. at i° defined by

is independent of Y. , where n ° is the future-directed u nit normal to I at P. Thus, we
obtain a notion of energy-momentum at spatial i nfin ity known as the ADM energymomentum-which satisfies all the des ired proper ties mentions above .
Given the above two notions of energy momentum, a number of interest ing issues
arise . One concerns the relation between the Bondi and ADM energies. From the
above definitions, it is natural to interetthe. ADM energy as the total energy
available in the spacetime, and the Bondi energy as the energy remaining in the
of
spacetime at the "retarded time" given by the cross section Y, after emiss
gravitational radiation. If this is so, the Bondi energy should differ from the ADM
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energy by precisely the integral of the energy flux, f, over the portion of V to the
causal past of W. However, it is far from obvious from the definitions that this
relation holds. Indeed the Bondi and ADM energy-momentum vectors are defined in
different vector spaces, so it U not even obvious that a comparison can be made .
However, .; .. it turns out that each BMS translation at .0# (or V) can be naturally
associated with a tangent vector at . i °, so a meaningful comparison is possible.
Ashtekar and Magnon-Ashtekar (1 979b) have shown that when the integrated energy
flux to the past of & is finite, then the Bondi and ADM energies differ by precisely
this amount . Thus, the-expected relat ion between the Bondi and ADM energ ies does
indeed hold .
An even more fundamental issue concerns the positivity of the Bondi and ADM
energies . As mentioned above, the. Bondi energy flux always is positive; i.e ., the
Bpi energy always decreases with time . However, we made no claim above that
the value of the Bondi energy itself must be positive, i .e. , that, even if it started out
positive, it could not pass through zero and become negative . Nor did we assert that
the ADM total energy could never be negative (so that, in view of the above result,
the Bond i energy would start out negative). This raises the following two important
physical issues: (i) Can an isolated system ever have:. negative total energy content?
(ii) Even if the total energy content always is positive, is the total energy rad iated
away by the system b ounded by its total energy content? In other words : (i) Is the
ADM energy always pos itive? and ( ii) Is the Bondi energy always positive?
In formulating these questions, one should keep in mind that the positivity of
energy can be expected to hold in genera only if the spacetime is nonsingular and
conditions are imposed on the matter distribution . For example, the Schwarzschild
solution with a negative value of AL is an asymptotically flat solution of Einstein's
equation with - negative ADM and Bondi energies . However, the negative mass
,unlike the Schwarzschild
Schwarzschild spacetime has a singularity at "r - Q„:
solution with positive M, it fails to be globally hyperbolic . Furthermore there is no
obvious way of "'covering, up" . this singularity with physically reasonable matter to
produce a nonsingular interior solution which matches on to the negative mass
Schwarzschild exterior.. Indeed , equation (6.2 . IQ) establishes that any static, spherically symmetric fluid interior solution for the negative mass Schwarzschild solution
must have a negative energy density of matter. Thus, the example of the negative
mass Schwarzschild solution appears to require either singularities or negative energy matter to produce a negative ADM or Bondi energy . Since the physical relevance. of either of these possibilities is highly questionable, the issue remains: In a
nonsingular, asymptc tically, flat spacetime: with locally nonnegative matter energy
density-i.e., moze precisely, with Tb satisfying the dominant energy condition (see
chapter 9)---can- :the AIM or Bondi energy be negative? This issue is of great
physical significance because if the energy of an isolated system need not be positive
(or, at least, bounded from below5) it is unlikely that any isolated system could be
5. Under a scale transformation g ,* --~ d2g b with A constant, the energy scales as E - AE . Thus,
if E can be negative, no lower bound for E exists .
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absolutely stable, i .e. , every isolated system eventually should decay to configurations of lower and lower energy .
It has proven remarkably difficult to establ ish the positivity of the ADM and Bondi
energies in general relativ ity . Numerous authors have obtained proofs of the positivity of ADM energy in special cases or have gi ven ge neral arguments in favor of
the conjecture which, however, fall short of providing a sat isfactory, complete proof.
Finally, Schoen and You (1981) succeeded in giving a complete proof of the posi -.
tivity of the ADM energy. Shortly thereafter, a {greatly simplified proof was given
by mitten ( 1 9$1) (see also Ashtekar andHorowxtz I982; Tau6 es and Parker 1982;:
and Reula 1982), who used a spinor field to express E as an in tegral over I of a
manifestly n annegative quantity, This proof of the positivity of the ADM energy has
been extended to establish the positivity of Bondi energy (Horowitz and Perry 1 982 ;
Schoen and Yap 1982; Ludvigsen and Vickers 1 982 ; Reula and Tod 1984) . Thus,
i n general relati vity the total energy of a n i solated system is nonnegative, and=this
energy bounds the amount of energy "that can be radiated away in the form of
gravitational radiation .

Problems
I . Write out the coordinate components of the gauge condition Va Vb 0 = 0 on J +
in the coordinates (S), u, 8, 0) introduced in the text . Show that these relations imply
that g„s, 8u8, and 8,,o are all O (01) as f) --1- 0 .
2. Let ( y. , ham, &6) be an asymptotically flat `initial data set . Introduce coordinates
X, Y, Z in a neighborhood of A such that the gradients of these functions are
orthonormal at A . 'Show that the condition that ham, is C'0 at A implies that in these
coordinates, the unphysical metric components are diag(l, 1, 1)' + O (fit) as R --~ 0,
where R = (X2 + y2 + Z2)1/1, and that the first derivatives of the metric components are O (1) as R - o D. Show further that condition (iii) of the definition of
asymptotically flat initial data set implies f) = R'[ I + 4 (R)] . Introduce the coordinates x = X/R 2,y = YjR', z = Z/RZ in the physical spacetime and show that the
physical metric components take the form diag(1, 1, 1) + p (1 Jr) as r -- '* oc where
r = (x2 + y l + a2)' / z . Show further that the first coordinate derivatives of these
components are O(l /r2 ) as R ~ ~. Finally, show that condition (iv) implies that the
components of Kam, and the physical Ricci tensor (3'R,,b- in this asymptotically Euclidean coordinate system are, respectively, O (l /rZ) and 0(1 /r3) .
3 . a) Show that the Schwarzschild solu ti on is asymptotically flat at future null
infinity.
b) Show that every t = constant hyp ersurface in the Schwarzschild solution is an
asymptotically flat initial data set.
(In fact, the Sc hwanschild spacetirne satisfies all the conditions of our definition
of asymptotic flatness at° spatial and null infinity, not just the above separate p roperties . For a proof, see Ashtekar and Hansen 1978 . )
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4 . Consider a stationary solution with stress-energy Tbin the context of linearized
gravity (see section 4.4). Choose a global inertial coordinate system for the flat
metric nbSo that the "time direction" (a/dt)° of this coordinate system agrees with
the stationary Killing field to zeroth order .
a) Show that the conservation equation, aaT,,b - 0, implies f T,,, d3x = 0, where
the integral is taken over a t = constant slice and µ and v take any values except
i.c = v = Q (where x° = t) .
b) Show, therefore, that to first order in deviation from flatness, the general
formula (11 .2 . 1 0) for M in a stationary spacerime reduces to M = j ToD r13x, i.e., we
obtain the usual formula of special relativity . Note, however, that the Komar integral
(11 .2 .9) taken over a finite sphere lying within the matter distribution does not, in
general, equal the mass contained within that sphere .
5. a) Calculate the right side of equation (11 .2 .9) for the Schwarzschild solution
and show that we get the Schwarzschild mass parameter M . Thus, for a static,
spherically symmetric fluid star we have two formulas for M, namely equation
(6.2.10) and equation (I1 .2.10) .

b) Show that the equality of the two formulas (6.2 . 10) and (11 .2.10) for M yields
the relation
f P(I _ 2M(r))1/2 dV
(p + 3p)e# dV
r
.f:%- I
where the integral is taken over a hypersurface I orthogonal to the static Killing field
fa, dY denotes the natural volume element on 1 , and qb ~ ~ In(-& ir) is the general
relativistic analog of the Newtonian gravitational potential (see section 6 .2).
c} Put in the G's and c's in the formula of part (b) and examine the Newtonian
limit, c --). «r. In this limit both sides of the above equation reduce to the rest mass
of the fluid. Show that to the next nonvanishing approximation in I1c, the equation
of part (b) yields
Eg - -2K

,

where Eg is given by the usual Newton ian formula for gravitational potential energy,
and K P dV, so that i n the rase. of a monatomic ideal gas, K is just the total
thermal energy . Thus, the equation of part (b) may be v iewed as the general relativistic version of the Newtonian virial theorem.

6 . In an axisymmetric, asymptotically flat spacetime with axial Killing field 01, we
may define the total angular momentum, J, b y
J

V
16-7r , s

c~

where the integral is taken over a sphere, S, in the asymptotic region where Tb is
assumed to vanish. (Note die factor of -2 difference between this formula and the
formula [11 .2.9] for M.)

Problems
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a) Parallel the arguments given in section 11 . 2 farts to show that) is independent
of S and that J is given by
J = -~ T„ ,n at#b clV
where the hypersurface I is chosen so that O° is tangent to X . Note that the fact that
J is independent of S can be interpreted as saying that in an axisymmetric spacetime
angular momentum cannot be rad iated away by gravitational radiation .
b) Show that J = 0 in any static, axisymmetric spacetime, i .e. , a spacetime
which possesses a hypersurface orthogona l timelike Killing field e with f141" = 0.
c) Calculate J for the charged Kerr metric (eq . [1 2. 3 . 1] of chapter 12) and show
that j = Ma .
(For discussions of the definition of angular momentum in nonaxisymmetric
asymptotically flat spacetimes, see Ashtekar 1980, Ashtekar and Streut el 1981 ;
Geroch and Winicour 1981, and Ashtekar and Winicour 1982 .)

TWELVE

BLACK HOLES

In chapter 6 , we found that a sufficientl y massive , cold, spherical fluid body cannot
exist in hydro static equilibrium and, hence , must undergo complete gravitational
collapse. The resulting spaceti me structure was depicted i n Figure 6. 11 . The most
striking feature of this s pacetime is that a black hole-i.e., a "region of no
escape' =is produced . Any observer or light ray that enters region II of Figure b . 11
never will be able to escape from this region and, indeed., will end his existence in
the spacetime singularity labeled by the coordinate value r = 0 . Furthermore , this
spacetime singularity at r = 0 produced by spherical collapse is contained within the
black hole and, thtesY cannot be "seen" by any observer who remains outside the
black hole .
The purpose of thi s chapter is to generalize the se ideas to the nonspherical case.
Our analysis of spherical gravitational collapse was greatly a ided by the fact that the
only spherically symmetric, vacuum solution of Einstein ' s equation is the Schwarzschild solution, and thus the Schwarzschild metric must describe the spacetime
geometry exterior to any spherical collapsing body . However, no such simplication
occurs in the nonsphericai case, and , indeed, the details of nonsphericat collapse
have been studied only for l inear perturbati ons of spherical collapse (Price 1972a, b)
and in numerical investigations . Nevertheless, there are reasons for believing that the
basic picture of collapse will remain the same a s in the spherical case , namely, that
a black hale will form and the spaceetime singularity resulting from the gravitational
collapse will be hidden within the black hole. This issue i s discu ssed in section 12. 1 .
A precise definition of a black hole i s given there. Some basic properties of black
holes, including the law of area increase, then are proven in section 12. 2.
Stationary black holes are of considerable physical interest since one would expect
any black hole formes by gravitational coll apse to "settle down" to a stationary final
state . Remarkably , it has been possible to show that the two-parameter family of
solutions-characterized by total mass , M, and total angular momentum , J-found
by Kerr (1963) are the only vacuum solutions of Einste in' s equation describing
stationary black holes. The Kerr metric and its charged generalization are discussed
in section 12 . 3, and the stationary black hole uniqueness results are summarized at
the end of that section.

A surprising development in the theory of black holes was the discovery that
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energy can be extracted from a "rotating" black hole, i . e. , a Kerr black hole with
J * 0. Although nothing can escape from a black hole, it is possible to make a black
hole "swallow" a pa rticle or wave w ith negative total energy . We describe how this
can be done in section 12 .4 and also discuss the lim itations on energy extraction
imposed by the law of area increase .
Finally, one of the most intriguing aspects of the theory of black holes is the
analogy between the laws of black hole physics and the ordinary laws of thermodynamics. At first sight, it would appear that the nature of these laws hardly could
be more different. The laws of black hole physics are rigorous theorems in differential geome try, while the laws of thermodynamics are only macroscopic approximations to complicated, exact microscopi c laws of physics . Nevertheless, a remarkably close mathema tical analogy exists between these laws, highlighted by the
analogy between the law of area increase for black holes and the law of entropy
increase for thermodynamic systems . This aanalogy, is developed in section 12 . 5 .
Further developments resulting from investigations of quantum effects near black
holes are discussed in chapter 14 .

12 .1 Black Holes and the Cosmic Censor Conjecture
Our first task in the investigation of nonspherical collapse is to formulate a precise
notion of a black hole . Basically, we wish to define a black hole as a "region of no
escape" like region II of Figure 6 . 11, i. e., in physical terms a region of spacet ime
where gravity is so strong that any particle or light ray entering that region never can
escape from it. However, this notion is not properly captured by defining a black hole
in a spacetime (M, g,*) to be simply a subset A C M such that for any pointp E A
we have P(p) C A. W ith that definition the causal future of any set in any spacetime
would be called a black hole. Thus, we must take much greater care to specify what
portion of spacetume the impossibil ity of "escaping to" should be cons i dered grounds
for calling a -region a black hole.
For asymptot ically flat spacetimes, the imposs i bility of escaping to future null
infinity, Jf+ , provides an appropriate characterization of a black hole. The crucial
property of region II of Figure 6. 11 which distinguishes it from, say, the causal
future of a point in Minkowski spacetime is that all of region H is confined to "small
r,,, i .e., region II does not extend "out to infinity ." This is illustrated by examination
of a conformal diagram of the spherical collapse spacetime (M, gam) of Figure b. 1 1,
that is, a spacetime di agram of the unph y sical spacetime (M, g b) associated with
(M, ga) (see chapter 11) . This is shown in Figure 12 . 1 . Another representation of M
is given in Figure 12 .2. As illustrated by these diagrams, the causal past of futu re
null infinity, J-(I}), is nonsingular, but it does not include the entire physical
spacetime; region II is not contained in J-(J +) . In contrast, for Minkowski spacetime
J`(I}) includes the entire physical spacetime:
The idea that J-(J+) be "well behaved" but not include the entire spacetime leads
to the following defZnition- of a black hole. Let (M, Ste,) be an asymptotically fl at
spacetime with associated unphysical spacetime (1 kI, gam,). We say that (hi, gam,) is
strongly asymptotically predictable if in the unphysical spacetime there is an open
region V C 1wI with m fl T(T) C V such that (V, gam) is globally hyperbolic .
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Fig. 12. I . A conformal diagram of the same spacetime as shown in Figure s 6.11
and 6 .12. From this confarmal diagram , it is appare nt that region II of the physieal
spacetime lies outside of J-(,0+ ) . In contrast , in Figure 11 . 1, J- (,O + ) inclu des the
entire physicsl spacetime .

I i 4A

.o

Fig. 1 2. 2 . Another representation of the closure,M, of the physical spacetime
depicted in Figure 12. 1. As in Figure 111, the angular dimensions are suppressed so
each point in this diagram (except those . at r = 0 and the point P) represents a
2-sphere .

[Here, the closure of 1K fl J-(~~) is taken in the unphysical spacetime 1Yi, so in
particular, i ° E Y Our definition of strong asymptotic predictability differs, slightly
from that given by . Hawking and. Ellis 1973 since, in garti;cc;lar, we use a different
formulation of the notion of asymptotic flatness .] A strongly asymptotically predictable spacetime i s :said to contain a black hole if M is not contained in J-(,0+): The
black hois.region , 8, of such a sp acetirne_ ,s defined to be B = [M - J-(J *)}, and
theI boundary of B in lei, H
n 'M, i s called the event horizon.

t sold be noted that the requirement that IV, gab) be a globally hyperbolic reg ion
1 . The white hole region of a strongly asymptotically "retrodfctabie" spacetime is defined similarly
by replacing J - 0 + ) withJ+ (S' ') .
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of the unphysical spacetirne implies that (m fl V, &b) is a globally hyperbolic region
of the physical spacetime . Namely, according to property (1) of the definition of
asymptotic flatness given in _chapter 11, we have M = M - { J}{i O) U J`~'(i ~].
Hence, a Cauchy surface for (V, gam) which passes through i °wiil be a Cauchy surface
for (M n V, gam) . However, since g,* and g,,b = ff8,,b have the same causal structure, this implies that (M fl V, g,,) is globally hyperbolic .
By theorem 8 .3.14, we can foliate m n V with Cauchy surfaces £ , For .an
q E 1K fl V and all 1t with q E J+(Ir), every past directed inextendible causal
curve from q intersects 1, This can be interpreted as saying that-apart from a
possible "initial singularity„ such as the white hole singularity o f Figure 6.9--no
singularities are "visible" to any observer in [M fl 1~ ] :) [M f1".1-(T}j . In other
words, in a strongly _asymptotically predictable spacetime, all observers outside the
black hole or on the event horizon cannot see„ any singularities develop at a finite
"time ." to contrast, an asymptotically flat spacetime which faits to be strongly
asymptotically predictable is said to possess a naked singularity. Note that in a
strongly asymptotically predictable spacetitne it still is possible for the event horizon
to be. singular in the sense that there may exist incomplete causal geodesics (with
respect to the physical metric, &b) in M fl T_(P) which are inextendible in M. In
particular, strong asymptotic predictability does not exclude the possibility that the
null geodesic generators of the event horizon may be future incomplete. It is usually
assumed in discussions of black holes that the event horizon is nonsingular, but since
we shall not need any conditions beyond strong asymptotic predictability for the
theorems proven below, we shall not impose any such further conditions here .
Note also that we have defined the nation of a black hole only for strongly
asymptotically predictable spacetimes . The above defirutior, could be given without
modification for asymptotically flat spacetimes which are not strongly asymptotically
predictable, but we choose not to-do so since this case is not believed to be physically
relevant (see below) and virtually all properties of black holes derived below require
strong asymptotic predictability . The notion of a black hole also could be defined for
some non-asymptiotically flats tunes where a suitable notion, of "infinity" can be
introduced, such as spacetimes which asymptotically approach an "open"
(k = 0, - 1) Robertsan-Walker universe . On the rather mod, there appears to be no
natural notion of -a black hole in a "close" (k =+I) Robertson-Walker universe
which recollapses to a final singularity, since there is no natural region to which
"escape" can be attempted . Of course, an approximate notion of a black hole still
exists for any region of a closed Rdbertson-W er universe that can be treated as
an isolated system .
Now that we have given a precise definition of ~t black hole in a strongly asymptotically-predictable spacetime, we may inquire as to the physical relevance of this
definition . In the spherical case discussed in section 6 .4 above, we have seen that
gravitational collapse results in a strongly asymptotically predictable spacetime
possessing. a singularity contained within a black hole . What type of spacetime
results from nonsphencal collapse? Fuss, we may invoke the singularity theorems to
conclude that-at-least for sufficiently small deviations from spherical symmetry-a
spacetime singularity must occur in gravitational collapse ; i .e ., the occurrence of a
singularity is not merely an artifact of the assumption of exact spherical symmetry .
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To see this , we argue as follows: Starting from initial data (Y., 1 b , Kam) for spherical
collapse, we find that trapped surfaces form in D + (£) since all the sphe res with
r c 2M in the exterior Schwanschild region are trapped surfaces contained within
D } (£). It then follows from theorem 10. 2. 2 that for all initial data sufficiently near
(1, ham, Kam), trapped surfaces also must occur in,the maximal Cauchy development
of these data. (Even if departures from spherical symmet ry are large, Schoen and
Yau 1983 have _prcfven that trapped surfaces always must occur when enough matter
is condensed in-a small region.) We then may appeal to theorem 9 .5. 3 or theorem
9.5. 4 to establish the occurrence of a spacetime singularity .
However , the existence of a spacetime singulari ty does not establish the ex istence
of a black hole, since the singularity could be , naked, i .e., the spacetime could fail
to be st rongly asymptotically predictable. The strongest dirrect evidence that naked
singularities do not occur comes from a study of linear perturbations of the Schwa►t zschild spacetupe . Since-the metric perturbation equations (see section 7.5 ) are of the
form to which theorem 10 . 1 . 2 applies we know that an initially well behaved
perturbation on a Cauchy surface for the . globally hyperbolic region (V fl M, 8,b) will
evolve to a nonsingular solution in V fl m : However, if there exists a solution of the
linear perturbation equat ions which "blows up"-i .e., is unbounded in v fl m-this
would indicate that the full, nonlinear equations might yield a naked singular ity in
V n M even for data arbi trarily close to that for Schwarzschild: On the other hand,
if all solutions of the linear perturbation equations are bounded in V n M by an
appropriate norm of the- initial data, this would suggest that the solutions of the full,
nonlinear equations would be nonsingular in V fl M for initial data sufficiently close
to that for Schwarzsch ild: Studies of the .behavior of solutions of the perturbation
equations have shown that
_:solutions are bouncied;.ut -~ n M .(see Wald 1979a).
This suggests that grav itational collapse with sufficiently small departures from
spherical symmetry will produce a black hole rather than a naked singularity . In
addition, numerical studies of linear perturbations of the Kerr black hole (see section
123) have indicated that it also is stable (Press and Teukolsky 1973) .
Further support for the conclusion that gravitational collapse always produces a
black hole rather than a . naked singularity comes from the fact that a number of
theoretical attempts to construct cc unterexampies . all have failed in such a way as to
suggest a conspiracy of. nature against producing naked singularities (sue, e . g., W$1d
1974a; Jang and Wald 1 977; Gibbons et al. 1983) . In addition, although arguments
based on aesthetic appeal always should be viewed with suspic ion , as we shall
attempt to illustrate in this chapter and in chapter 14, the study of the prope rties of
black holes has led to so many remarkable theoretical developments, that it is very
difficult to believe that black holes; are not relevant physically.
Thus„ the above considerations have led to the, conjecture that nature "censors„
naked singularities . We may state this ,conjecture in physical terms as follows,-Cosmic CENSOR CortjEcrm {version 1 ;physical fvrmulatiQn), The complete gravitation al collapse of a body -always results in a black hole rather than a naked
singularity ; i.e. , all singularities of gravita tional collapse are "hidden" within black
holes, where they cannot be "seen" by distant observers .

12 . 1 Black Holes and the Cosmic Censor Conjecture 303

The above formulation of the cosmic censor conjecture is imprecise because,
among other reasons, we have not spec ified what conditions the matter fields must
satisfy. Clearly, the conjecture is false without any conditions imposed on the matter
fields, since one could write down any spacetime with a naked s ingularity and call
it a solution of Einste in 's equation by defining the stress-energy, Tom, to be
(1 f$ ,rr)Gab. Two natural conditions to impose on the matter sources are that (1) Ta
sati sfy an energy condition (e g. , the dominant energy condition) and that (2) the
coupled Einste in-matter field equations admit a well posed initial value formulation .
However, perfect fluids satisfy both of these conditions, but violations of the cosmic
censor conjecture with perfect fluid matter can be achieved . This can be understood
from the fact that even in Mnkowski spaceti m e the dynamical evolution of a perfect
fluid can result in singularities such as those caused by "shell crossings" or the
formation of shocks . In the coupled Einstein perfect fluid system these types of
singularities still may occur, and, indeed, because of Einstein's equation, the sirigularities in T,* imply singularities of the spacetime curvature as well. Thus, naked
singularities can occur in the grav itational collapse of a perfect fluid (Yodzis, Seifert,
and Muller zum Hagen 1973, 1974). However, a perfe ct fluid is really a macroscopic
approximation to the structure of matter rather than a fundamental description of it.
Thus, the appearance of singularities in the dynamical evolution of a fluidparticularly the relatively "mild°' types of singularities produced by shell c rossings
or shocks may be viewed as representing simply the breakdown of our macroscopic
approximation rather than the occurrence of a true, physical singularity of gravitational collapse like the r = 0 singulari ty of the Schwarzschild solution . This
suggests that for a precise formulation of the cosmic censor conjecture we, should
require the matter fields to be "fundamental ." We shall take this to mean that the.
coupled Einstein-matter field equations can be put in the form of a second orderi
quasilinear, diagonal, hyperbolic system (see section 10. 1), since the fundamental
classical fields which are known to accurately describe nature-namely, gravity and
electromagnetism-am of this dorm. Thu s, we are led to the following as one version
of a mathematically- prec ise formulation of the cosmic censor conjecture .
Cosmw C ErtsoR CoN jecTm (version 1 ;precise farmudation) . Let (1, h b„ Kb) be an
asymptotically flat' initial 'data set (see chapter 11) for Einstein's equation with
ham} a complete Riemannian manifold. Let the matter sources be such that Tom,
satisfies the dominant energy condition and the coupled Ein s tein-matter field equations ar e of the form (1 0 . 1 . 21) . In addition let the initial data for the matter fields
on I satisfy appropriate asymptotic falloff `corrditions at spatial infinity. Then the
maximal Cauchy evolution of these initial data (see section I0 . 2) is an asymptotically
flat, strongly asymptotically predictable spacetime .
The issue of whether the cosmic censor conjecture is correct remains the key
unresolved issue in the theory of gra ational collapse . The physical relevance of
black holes depends in large measure on the validity of this conjecture .

If the above version of the cosmic censor conjecture is correct, it is interesting to
inquire as to whether its validity, in essence, stems from amore general, funda-
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mental property of Einstein's equation . Penrose (1979) has suggested that this may
be the case . He has conjectured what is, in essence, a stronger version of the cosmic
censor conjecture which may be stated in physical terms as follows :
C.asMic CENsoR C:oNjEt~'I'[ntE (version 2; physical formulation) . All phys ically reasonable sgacettmes are globally hyperbolic, i.e. , apart from a possible i nitial singularity (such as the "big bang" singularity) no singularity is ever "visible" to any
observer.
This version of the cosmic censor conjecture i s stronger than version 1 in that
applies to any observer in any spacetime, not just to distant observers in asymptotically flat spacetimes. However, version 2 does not imply version 1, since, if,
starting from asymptotically flat initial data, a singularity is formed which propagates
out to null infinity and des troys asymptotic flatness while preserving global hyperbolicity, this would violate version 1 but not version 2 .
The meaning of the second version of the cosmic censor conjecture may be
reformulated more precisely as follows. First, it certainly is not true that every
inextendible solution of Einstein's equation is globally hyperbolic . By cutting holes
in Minkowski spacetime and then making topological identifications so that not all
of the missing points can be restored, we easily may pro duce an inextendible,
non-globally hyperbolic spacetime . To avoid the possibili ty of making
"unnecessary" and "artificial" singularities , of this sort, we may give a precise
formulation of the , noti on that all reasonable spacetimes are globally hyperbolic as
meaning that the maximal Cauchy development of nonsingular initial data (satisfying
appropriate asymptotic,ccmditeons) always yields an inextendible spacetime. Howevers this property of solutions of Einstein's equation also is known to be false . In
particular, the maximal achy developments of initial data for the Taub universe
(Misner 1967; Hawking and Ellis 1973) and the Kerr solution (see section 12.3) am
known to be extendible . However, in the Taub case, the extension violates strong
Cauchy horizoot and_ there is good reason to believe that if one
causality on slightly perturbs the in itial, data for the Taub universe in a suitable way, one would
convert the Cauchy horizon to a s ingularity, thereby making the maximal Caucb y
development inextendible . In the Derr case, as d iscussed below, any -observer on the
Cauchy horizon of the extended spacetime can "see" the entire, noncompact initial
data surface . One would expect that a suitably chosen small perturbation of the initial
data which extends out to infinity (but does not violate asymptotic flatness) should
produce an "infinite blueshift" singularity on the Cauchy hor izon . Indeed, such
i ettavior has been explicitly demonstrated to occur in the Reissner-Nordstrom spacetime (Chandrasekhar and Hartle 1982), whose properties are closely analogous .to
those of Kerr. Thus, although some violations of global hyperbol icity are known to
occur, it appears that in these cases small perturbations may destroy the extendibi lity
of the maximal Cauchy development, so that perhaps no "generic" violations are
possible. Since it is difficult to -give a precise definition of the term "generic," we
formulate a precise statement of the second version of the cosmic censor conjecture
as follows (Geroch and Horowitz 1 979; Penrose 1979) :
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COSMIC CENSOR CON7ECT[TRE fteTSdolT 2 ; precise formulation) . Let (Y. , ham, Kam) be an
initial data set for Eirnstein's equation, with (%, ham) a complete Riemannian manifold
and with the Einstein-matter equations of the form (10. 1 . 2 1) with Tab satisfying the
dominant energy condition. Then, if the maximal Cauchy development of this initial
data is extendible, for each p E H+(Y.) in any extension, either strong causality is
violated at p or -(P n~ is noncompact .
Apart from the absence of known counterexamples, there is virtually no evidence
for or against the validity of th is second vers ion of the cosmic censor conjecture .
Indeed, except for the singularity theorems (see chapter 9), very little is known about
the general, global properties of . solutions of Einstein's equation .
Let us retu rn , now, to the subject of gravitational collapse and black holes . We
shall assume the validity of the first version of the cosmic censor conjecture and shall
briefly discuss three processes by which gravitational collapse to a black hole plausibly may occur in nature . The first process is the gravitational collapse of a star . The
evolutionary history of a star was ou tlined briefly in section 6 .2, where it was
concluded that if a spherical star has _mass greater than about 2 solar misses, it
ultimately must undergo gravitational collapse, unless, of course, it can shed enough
mass during the course of its evolution to drop below this upper mass limit. Rotation
of the star may raise the upper mass limit, but since only one pulsar (i .e., neutron
star) has been observed to be rotating rapidly enough to poss ibly affect its equilibrium structure significantly (Backer et at. 1982), it appears reasonable to take the
spherical upper mass limit as generally applicable . Since many stars in our galaxy
are observed to have .. mass greater than. :2 solar masses and since the evolutionary
lifetime of massive stars i s much less than the age of our galaxy, it would be very
difficult to avgid the conclusion that many black holes have been produced in our
Galaxy by this process . Howe ver, since there are great uncertainties as to the mass
loss of stars-occurring either gradually during their evolution (particularly in the
red giant ph'ase) or violently in a supernova explos ion at the ,endpoint of their
evolution--ire are no reliable estimates as to precisely how many such black holes
should have t ee n produced . Perhaps the bestguess can be obtained from the observational estimate that supernovae occur in our Galaxy at the rate of several per
century. Thus at least, about lU$ supernovae should have occurred during the lifetime
of our galaxy, so perhaps - lfl' black holes may have formed . Of course, this
estimate may be far too high since many supernovae may result in neutron stars rather
than black holes, or it may be far too low since gravitational collapse to a black hole
without the violent blowing off of the outer: layers of a star may occur more frequently than supernovae. It should be . noted that , black holes formed by stellar
collapse must lie .- in the relatively narrow mass, range 2 Mo s M s 100 Mo since
stars with M Z. 2 MO should not collapse, while o rdinary stars w ith M z 100 trio
do not exist on account of pulsational instabilities .
A second process by which black h oles may be formed in nature involves the
gravitational collapse of the entire central core of a dense cluster of stars . During the
dynamical evolution of a star cluster, gravitational encounters occasionally will
result in a large transfer of energy. to a single star, which then will "evaporate" fr om
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the cluster . The remaining stars thereby lose energy and become mo re tightly gravitationally bound. Thus, the central portion of a star cluster tends to become more
and more dense as the cluster evolves . Eventually a stage will be reached where the
core becomes so dense that tidal disruption of the stars will take place. It is difficult
to predict preci sely what will happen after, this point, but many scenarios dead to the
formation of a massive black hole (Rees 1978) . (Massive black holes at the center
of star clusters also could be produced by the direct collapse of part of the gas cloud
out of wh ich the star cluster originally formed, or by the coalescence and growth of
black holes produced by stellar collapse .) The nuclei of galaxies provide the most
likely sites for the formation of massive black holes by this process . However, . Again
there are no reliable estimates as to how many galactic nuclei or cores of star clusters
in other regions of a galaxy should contain a massive black hole . The mass of black
holes formed by his process could range up to a sizable fraction of the mass of the
star cluster, i.e ., up to --10'0Mo for a black hole in the nucleus of a large galaxy .
A third-, much more speculative, process by which black holes may have been
produced is by the gravitational collapse of regions of enhanced density i o the early
universe . As discussed in chapter 5, the universe appears to be homogeneous and
isotropic to an excellent approximation on large distance scales . However, the matter
distribution we observe in the present universe certainly is not exactly homogeneous,
so some initial inhomogeneities must have been present in the early universe . Some
information about the initial spectrum of density inhomogeneities on galac tic mass
scales can be obtained by statistical studies of the present cluster ing behavior of
gal s (Peebles 1980), but very little is known about initial inhomogeneities on
smaller scales. However, if sufficiently large iahomogeneities in the density were
present in the early universe, the regions of enhanced density could collapse directly
to a black hole rather than expand wi th the rest of the universe . Thus, large numbers
of "primordial black h oles" could have been produced in this way . Again, however,
there are no reliable predi ctions of how many if any-primordial black holes exist
in our universe . Indeed, the best limits on the density inhomageneities on small mass
scales come from the requirement that they not overproduce small black holes.
An important feature of primordial black holes is that they could have been
produced at any mass scale, including masses much smaller than a solar mass . No
process in the present universe could produce such small black holes. For example,
a Schwarzschild black hole of mass equal to that of the Earth, ME = 6 x l0a' g, has
rs = 2GME/c2 - 1 cm . Thus, to convert -the Earth into a black hole, we would,
presumably, have to compress it by nongravitational forces down to a radius of order
rs (and thus a density ^-IO r' g/em-3) before self-gravitation would result in its
collapse to a black hole. On the other hand, at z ~` ip ` s after the big bang, the
density, p, of the universe was ^- 1027 g /Cm-3. A density fluctuation with Sp - p
over a scale of 1 cm at this time could have resulted in the formation of a primordial
black hole with mass ME. Thus, very soon after the big bang, black holes of small
mass may have been produced .
How might black holes produced by the above three processes be detected? An
important point to recognize is that black holes are extremely small Qaj eets. A black
hole of one solar mass has a Schwarzschild -radius of only 3 km; even a black hole
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101014ta in the nucleus of a large galaxy would have rs ^• 3 x 1010 km

3. X 10-3 light-years. When added to the fact that black holes are "Mack" (see
problem 1), it is clear that direct detection of a black hole would be extremel y
6fficu1t . The most promising poss ibility for indirect detection of a black hole comes
from the fact that matter which accretes, onto it will heat up and emit electromagnetic
radiation before entering the black hole. For black holes formed by stellar collapse,
the best opportunity for such accretion occurs if the black hole is in a close binary
orbit with a star, so that matter can flow from the star toward the black hole . In this
caw, the matter would be expected to slowly spiral into the black hole, thereby
forming an accretion disk around the black hole. Viscous heating in the accretion
disk could result in the production of X-rays . A number of X-ray sources w ith an
ordinary (i.e. , uncollapsed) star in close binary orbit around an unseen (at optical
€.roquenciet) companion have been discovered, but accretion onto a neu tron star (and
possibly even a white dwarf) also could produce such 'X-rays, so one cannot conclude that these systems must contain a b lack hole. However, i n the case of Cygnus
X-1, the properties of the binary orbit yield, a rather firm lower mass limit for the
unseen companion of -9 Mo (Paczyfiski 1974). This is far above the upper mass
limit for neutron stars and white dwarfs, so there is very strong reason to believe that
the unseen companion of the Cygnus X-1 system is a black hole . Very recently, the
X-ray source LMC X-3 also has been determined to consist of a binary system , with
the mass of the unseen companion well above the white dwarf and neutron star limits
(Cowley et al . 1983 ; Paczyd ski 1983) .
A mass ive black hole at the center of a star cluster or galactic nucleus could
produce a n observable effect by alteri ng the equilibrium distribution of stars in the
central portion of the cluster, caus ing more stagy to be "draws in" toward the center .
Thus, if a massive black hole were present in a star cluster, one would expect to see
a small brightness enhancement very near the cenEeY,ofthe cluster . In addition, one
would expect to see an increase in the average velocity of stars very near the center.
Exactl y such a bright ness enhancement and increased "veloc ity dispersion" have
been observed at the enter of the galaxy M87 (Young et al, 1978 ; Sargent et al.
19 78) , thus providing strong evidence for, the presence there of a -black hole of mass
- 5 X 109 Mo. Furthermore, the-galaxy M87 is well known for the existence of a
jet of highly energetic pa rticles emanating from the center of the galaxy . Thus, there
is a strong suggestion that a massive black hole may be involved in the mechanism
which produces this jet, although at present there is no fully satisfactory theory of
exactly how a black hole (or and other object) could produce such a jet . Since similar
jets occur in other active galaxies and in quasars, mass ive black holes may be present
in these bodies as we ll . Indeed, as already mentioned at the beginning of this book,
the discovery of quasars in the eatly~ 1960s and the inability to explain their energy
source without the presence of s trong gravitational fields provided a great stimulus
to the development of the theory of gravitational collapse and black holes .
Finally, we mention a possible means o f detecting primordial black holes of very
low mass . Classically such black holes would produce virtua lly no observable effects
unless they were sufficiently numerous to prov ide a cosmologically significant contribution to the mass density af the universe or unless one of them happened c o strike
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the Earth. However, as we shall see in chapter 14, particle creation occurs near black
holes and is appreciable for black holes of very small mass . The effects of numerous
primordial black holes with M -,- 1011 g could significantly contri bute to the :ray
background, (Page and Hawking 1976) . However, no. such contribution is seen, so
one rnily, may place an upper limit on the number of such small black holes by: this
means_

1 2 .2

General Properties of Black Holes

In this section we shad use ihe :glolaal methods developed in chapters 8 aid :9 to
establish some generd4results ;in the theory:- of black boles . _Most of, these results,,A~v
due to Hawking. Our discussion . will differ slightly from that of Hawking and Ems
(1973) in that we shall not impose t lcagical res trictions on the Cauchy .surfaces for
m n Y, and some ofour definitions (such as tha t of an outer trapped surface) are. not
identical to theirs .
First; we note that for any ~Yrnpt oticalty flab spacetime (M,B~) with associated
unphysical spacetime (M jo)> if q E .0 } and p :E M R J-(4), then any point
r E I' lying beyond q on the future directed null geccsic generator of .0+ passing
through q, satisfies p E. I-(r)>~ (This follows from the corollary to theorem 8. 1 . 2,
sincep and r can be jc} med .by ac sak carve which is-got an unbmlcen .nu l l geodesic:
Hence, we have M f) ,T-(,01:) = ht n l - ( ,0}), so ,I-(.O+):is open i n > M. <'I'husr ;the
black leis region, B--= M = J-(I + ) is closed in M. In particular this means -thmt the
event horizon H is contained in P.

We define, now, the notion of a black hole at a given instant of time . Let (M, g,*)
be a stcongly asymptotically greActa ble sp ti me, with globally hypelic region
i~ o m ft J"(I+) in, the',unphysical spaceti . Lit B = M - J-(,O+) be the black
hole region of the spacetime If1 is a Cauchy surface for V, we shall refer to I f1' B
as the -tom, black We region at time 1 Each connected component, ft of X f1 B
will be called ~a black hole at time X. The, number of black holes present in (M g b)
may'wary with
choice o€Cauchy st ice l), since new black: files. may
form and black boles present of one time may later coalesce. However, our first
theorem may be interpreted as stating that a back hole may never disappear nor may
it "bifurcate ,,, i e., split into more than one black hole at a later time:
TAM 12.2. 1 . Let (M , 8',*) be a strongly asymptotically predictable spacetime
and let 1i and Ire Cuuchy` surfaces for V with 12 C 1+(11 ) . Let ~j be a
n on em p t y connected component of B n Y., , i.e., is a black hole at time 1i .
Then J +(A) l1 y-2* 0 a is contained within a single connected co"ent
of Bn x

Prove That J+ ( R, ) n 1z 0 0 follows immediately from the fait that X2 is a
Cauchy surface lyin g ;ti the future of It . Clearly P(aj) C B , so P(931)n12 is
contained within B 6 12. Therefore, : to complete th e proof of the theorem, it
suffices to show that J f(ON) n - 1a is connected. Suppose this were not the case. Then
we could find disjoint open sets 0 r0 ' C '12 with 0 (1 J+(Ok ) # 0, p, f1
J~(%) # o, and (J u a' D J+{ai ) (1 12 : Then we would have a1 n r(o) # o ,
99 , n r(O') * :o, and o~ C I-(O) U I -(O`). However, no point, p , of 9~1 can lie
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in both V (O) and I-(0'), for then we could divide the future directed timelike,
geodesics from p according to whether they intersected 1z in 0 or 0' and thereby
divide the timelike vectors at p into nonempty, disjoint open sets . (This would
contradict the fad that the interior of the futmv light cone of VP is connected .) Thus,
r(O) fl Y., and I-(Q') n i1 must be disjoint open subsets of 11 , each of which
intersects 9B, and whose union contains M, .However, this contradicts the hypothesis
that Rj is connected . ❑
One of the difficulties commonly encountered in working with the defin ition of a
black hole is that one needs to know the entire future development of a spacetime
in order to determine if a black hole is present . However, it may happen that one is
given only initial data (,Y, , ham„ Kam) for a spaceLime and cannot explicitly solve the
evolution equations. In that case, the general definition of a black hole is of little use
for directly determining whether B # 0 in the spacetime determined by these data
and, if B # 0, where on I ft black hole region 01 = B n I may lie. Therefore,
it is useful to develop criteria for the existence and location of a black hole without
requiring knowledge of the global t ime development of the spacetime. The next three
results g ive us such criteria .
In chapter 9, we proved that if . a trapped surface is present in a spacetime,
appropriate energy conditions are satisfied by matter, and a number of further
hypothes es hold, then a singularity must occur (see theorems 9. 5 .3 and 9.5.4). Thus,
trapped surfaces are associated with spacetime singularities . Our first result giving
criteria for existence of a black dale states that in a strongly asymptotically predictable spaeerime it is not only true that no singularities can be "seen" from null infinity,
but it also is true that no trapped surfaces are visible from null infin ity. In other
words, all tr apped , surfaces must be entirely contained within black holes .
PROposmorit 12 . 2. 2: Let(M, Ste) be a strongly asymptotica ll y predictable sPacetime
for which Rabkakb ? 0 for all nu ll k°, as will be the case if Einstein's equation
holds w ith the weak or strong energy condition satisfied by matter. Suppose M
contains a trapped surface, T. Then T C B , where B denotes the black hole
region of the spacefime .
Proof. Suppose T were not entirel y contained within B. Then in the unphysical
spacetime, we would have J{(T) n k * $ . However, spatial infinity, i°, is n ot to
the causal future of any point i n M, so clearly r° ¢ .J+(T) . Furthermore, since the
region V of the unphys ical spacetime is globally hyperbolic and T is compact , it
follows from theorem x .3. 11 that .T+(T) is closed in V 'Therefore there is an open
neighborhood of i° which fails to i ntersect P(?'), and, thus, an open region of 4+
does not intersect J+( T ), Since I + is connected, this implies that there exists a point
q E 1' such that q E J+(T) . Hence, according to- theorem 9. 3. 11, in the unphysical spacetime there is-.,a- null geodes ic y from p E T to q which is orthogonal
to Tand his no conjugate point between T and q. With respect to the physical metric,
8,*, y also is a null geodesic (see appendix D) orthogonal to T with no conjugate
goini, but now yis future complete . However, this is impossible, because according
to theorem 9.3,6, in the physical spacetime y must have a conjugate point within
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affine parameter 2/1 9a l from p, where 0,D < 0 is the expansion at p of the orthogonal
null geodesic congruence from T to which y belongs . 0
In fact, by a somewhat different argument, we can slightly generalize proposition
12.2.2 to apply to a marginally trapped su rface, i.e., a compact, spacelike twodimensional submanifold for which the expansion of both families of orthogonal
geodesics is required only to be nonpositive, 0 :s 0, rather than strictly negative,
0 < 0 . We have
Pltpposrrtox 12 .2 .3. Let T be a marginally trapped surface in a strongly asymptotically predictable spacetime for which R bk a k" ~t 0 for all null k a . Then
T C B.
Proof. As in the proof of the previous proposition, we know from theorem 9 . 3 . 11
that .l't(T ) is generate d by the null geodesics orthogonal to T The expansion, 0, of
these null geodesics in the physical spacetime is nonpositive initially. Therefo re, we
have 0 :5 0 everywhere on J'(T), since d8/ctn. ~ 0 according to equation (9 .2.32)
and 0 cannot become positive on .I I(T) by passing through - co because that would
imply existence of a conjugate point . Suppose, now, that T f1 .X`t,o+3 # 0. Then,
as in the proof of the previous proposition, in the unphysical spacetime there would
exist a point q E 0 + with q E J+(T) . Furthermore, all the points lying to the causal
future `of q along the null geodesic generator of I' passing through q must lie in
I+(T ), since they can be joined to T by a causal curve which is not an unbroken null
geodesic . Since 1*(T) is open , all generators of P sufficiently near the one passing
through q mist enter I#(T) = int(1'(3")) . On t he other hand, all generators of ,0'
have past endpo ints at i° and thus leave J+(T) = Y:F(-T-) . Therefore, not only q but
also an entire local cross section , 9, of .0+ mustlie on J +(T ). Furthermore, the null
geodesic generators of J+ (3') must strike J' orthogonally in order that there not exist
any timelike curves from T to :f'. However, in the physical spacetime, the expansion
ofthe null geodesic congruence orthogonal tv any cross section of ,0 + is pos itive near
10} . This contradicts t.herevious result that the generators off + (3' ) have nonpositive
expansion :everywhere . LJ
Note that the only properties of T needed in the proofs of propositions 12.2.2 and
12.2 .3 are that JE (T) is closed, that i° 0- J+( T'), and that the expansion of the null
geodes ic generators of J+(T) is initially nonpositive . Another i mportan t example of
a set having these properties is the following.,Let I be any asymptotically flat
Cauchy surface for V, so that > I passes through i° and is spacelike there . Let
C C I f) M be $,closed subset of I which form a three-dimensional manifold with
boundary (see appendix B) and suppose the two-dimensional boundary S = C' of C
has the . property that the expansion, 0, of the outgoing family of nu ll geodesics
orthogonal to S is everywhere nonpositive, -B s 0. (Here, the outgoing family :is
defined to be the family of null geodesics orthogonal to Ssatisfying k°N. ? 0, why
0° denotes a geodesic tangent and N* i s the normal to S in I which points outward
from C.) A surface S satisfying these properties is called an outer marginally trapped
surface, and C is called a trapped region. (Note that C need not be connected or
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compact. Note also that a trapped surface need not be outer trapped since it need not
be the boundary of athee -dimen sional volume . ) Then C can be seen to satisfy the
above desired properties as follows : By problem 8 of chapter 8, J+(C) is closed .
L ) .. Finally, each of the null -geodesic generators-of
Clearly, we have i ° 0 J(C)
J*{Q C T+ (C) must have a past endpoint on C but cannot meet C i n int(C), cannot
meet S = C nonorthogonally, and cannot be an ingoing geodesic at S, since in any
of these cases it would enter I}(C). Thus , 8 ~ 0 initially for the null geodesic
generators of J +(C). Hence, a repetition of the proof of proposition 12 . 2.3 yields the
following result .

NoposmoN 12.2 .4. Let (M, 8,*) be a st rongly asymptot ically predictable spacetime
for Which R,,bkakl ? 0 for all null k° . Let I be an asymptotically flat Cauchy
surface for V' and let C C I be a trapped region. Then e C B n x .
We de fine the total crapped region, T, of a Cauchy surface, Y., to be the closure
of the union of all trapped regions , C, on 1. We call the boundary , sal = °l, of J"
the apparent horiwn on 1. It follows immediately frorn PmP osition 12.2.4 that in
a strongly asymptotically predictable spaeetme with Rb kakb ? 0 for all null k °, we
have 0` C B C1 I., so the apparent horizon always lips inside of (or coincides with)
the true event horizon, H n ,on I . The apparent horizon, sit, satisfies the following propertY•
THEoxEm 12.2. 5 . If the tvta l trapped reg ion, J; on a Cauchy surface I has the
structure of a manifold with boundary, then the apparent horizon, A, is an
outer marginally trapped surface with vanishing expansion, 0 -- 0.
Proof. Clearly J is closed and we also have2 i° §5 5, so J satisfies the first two
requirements for being a trapped region. To show that 8 = 0 on a, we note that i f
B 7 d at p E A they we could find a neighborha ocl, U, of p such that every
surface, S, passing through U with 0 --< 0 every where on S must leave T. Hence ; we
could not have outer trapped surfaces passing arbitrarily close top but staying; with in
J as requi red by the fact that p is on the boundary of T. On the rimer hid, given
that 0 ;9 0 everywhere on A, if we had 0 < 0 at q E s6t, we could deform A
outward in a neighborhood of q, preserving 0 --- 0 every where . In this way , we
would produce a tra0ped region C larger than 3-, which is impossible . El
The final result we shall prove i n this section conc erns the evolution of the event
horizon. Since the horizon; H, is the bond y of the past of V, by theorem 8.1 .3
it is an aehrvtW, thre e-di nsional, ernbedde ! C° ( in fact, 0- ) submani fold
Furthermore, 6y theorem'8. 1 .6, H is generated by future inextendible null geodesics ,
2 . To see #his we note that in an asymptotically Euclidean coordinate system on £ (see problem 2 of
chapter 11) there exists a radius R such that all coordingte spheres with r > R have everywhere positive
expansion of the outgoing null geodesics. Hence no outer trapped surface, S, can enter the region r > R,
since the expansion of the outgoing null geodesics from S would have to be at least as great as that from
the coordinate sphere at the point where r t4es its maximum value on S . Thus, T cannot enter the region
r>R.
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since no null geodesic generator of H can have a future endpoint on 0+ . Thus , if the
intersection X = HnI. of the horizon with a spacelike Cauchy surface, 1, for V
is nonempty, it comprises a two-dimensional submanifold of I . The next themem
states that the area of X never decreases with time. As we shall see i n sections 12.5
and 14.4, this result underlies what appears to be a profound relationship between
black holes, thermodynamics, and quantum phys ics.
TmEottEm 12. 2, 6 (black hole area theorem; Hawking 147 1). Let (M, 8 b) be a
strongly asymptotically predictable spacetime satisfy ing R,,,bkakb 2: 0 for all
null k° . Let 11 and 1Z be spacelike Cauchy surfaces far the globally hyperbolic
region V with 12 C I'(10 and let X1 = H (1 11 , Wi = H n 12, where H
denotes the event horizon, i .e ., the boundary of the black hole region of
(M, g t)• Then the area of X2 is greater than or equal to .thi s area of X1
Proof. We establish, first, that the expansion, 8 of the null geodesic generators of
H is everywhere nonne gative, Q --z 0. Suppose 0 < G at p e H. Let I be a spacelike Cauchy surface for u passing through p and consider the two-surface
x = hi . fl x. Since 8 < Q at p, we can deform W outward i a neighborhood of p.
to obtain a surface V on I which enters .1-(,I') and has B < U. everywhere in
,I-(J+). However; by the same type of a rgu ment as $iven ,in proposition 12 .2._2, this
leads to a contradiction as follows. Let K C I be the closed region lying between
X and W , and let q E V with q E J+(K) . Then the null geodesic generator of
j+(K) on which q lies must meet W orthogonally . However, this is impossible,
since 0 < 0 on W , and thus this generator w ill have a conjugate point before
reaching q. Thus, 8 - --= 0 everywhere on H.
Now, as m entiased, above, each P E X, lies on a future inextendible null geodesic, y, contained in H . Since 12 is a Cauchy surface, y Must i nters ect 1z-at, a .paint
q E X2. Thus, we obtain a natural mad from N, into (a portion of) pls . Since 0 z d,
the area of the portion of W2 given by the image of W, under this map must be at least
as large as the area of X , . In addition, since the map need .not be onto-e .g., new
area of XZ may be even larger . Thus,
black holes may form between It and 1
the area 'of Wa cannot be smaller than that of X . Q

12.3 The Charged Kerr Black HoW
Consider a body which undergoes complete gravitational collapse aid--in accord
with the first cosmic censor conjecture of section 12 .1-fams a black hole . In the
spherically symmetric case, the spaceame outside the body always is described by
the Schvvamschild solution, and the final :state of gravitational collapse will be a
Schwarzschild black hole . However, in the nonspherical case,, the spacetime geometry,outside the collapsing body should vary with time and depend greatly on the
details of the c.oldapse. In particular, no gravitational radiation can be produced in a
spherically symmetric spacetime, whereas large amounts of energy may be radiated
away in nonspherical collapse . Nevertheless,- one would expect on physical grounds
that at sufficiently "late times," the spacetime geometry should "settle down" to a
stationary final stag . Furthermore,- one would expect all the matter present to be
rapidly "swallowed up" by the black hole, so the final state should be vacuum except,
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possibly, for the presence of electromagnetic fields associated w ith the black hole,
(Even in cases--such as in the bi nary X- ray sources-where one has a steady flow
of matter into the black hole, this matter normally would produce only a small
perturbation on the structure of the black hole.) Tbus, one expects that the final state
of gravitational collapse will be a stationary, electrovac (i .e ., vacuum except for
electrom agne ti c fields) black hole. Therefm, it is of great interest to find all solutions of the Ei nstein-Maxwell equations which describe stationary black holes.
We have already discussed in detail the spherically symmetric , static black hole
solution discovered by Schwarzschild ( 1916a) . Shortly thereafter, a charged genearalazation . of the Schwarz schild solution was discovered i ndependently by Rrissner
(1916) and Nordstrom (1918) (see problem 3 of chapter 6) . However, it was not until
1963 that another family of stationary, vacuum black hole solutions was discovered
by Kerr. A charged generaliz aatian of the Derr family was obta ined shortly thereafter
by Newman et at . ( 1965 ). These charged Kerr solutions form a three-parameter
family, whose spacetime metric and electromagnetic vector potential are given by
Q ~~~
~2 = _ D - al sin "
~

+ [(r2 + a 2)2

Aa = -- r C(dt)a -

-
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r2+aZ+ e 2=ZMr
and e, a, and M are the three parameters of the family . When e = 0, we have A . = 0
and the spacetime metric ., seduces to the, vacuum Kerr family of solutions . W, hen
a = 0, we recover the Reissnor-Nordstrom solutions , and when e = a = 0, equation (12 .3. 1) reduces to the Sc hwarzschild solu tion . Thus , all known stationary black
hole solutions are encompassed by the three-parameter fam ily (12. 3. 1) , (12 .3 .2) . As
we .shall see at the end of this section., no other stationary black hole solutions ,exist.
The charged Kerr metrics all, are stationary and axisymmetric .(see section 7 . 1),
with Killing fields>e = (r~l&)' and bra = (dl4r. They are, asymptotically flat, as
cos be sew crudely from the fact that the metric components (12 .3 . 1) approach those
of the Minko wski metric. in spherical polar coordinaws as r --+ oo, and has been
demonstrated in detail by Ashtekar and Hansen (1978). In the algebraic classification
of section 7 . 3, they are type U -II solutions, with re peated principal null vectors ,
r

1$
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(Here P and rt° are normalized by a convenient choice due to Kinnersley 1969, with
The three parameters e, a, and M appearing in the solutions all have a direct

physical interpretation. For any 2-sphere, S, in the asymptotic region, we have
S F`d = 4~re

(12.3 .7)

so, by problem 2 of chapter 4, we may interpret e as the total electric charge of the
spacetime. Furthermore , we have
1
-$
~ S ~d ~1 f°

=

M

(12,3 . 8)

so , according to equation (11 :2.9), M is the total mass . Finally , we have
16 1r

fakdVcod

= Ma

( 12 .3 .9)

so, according to problem 6 of chapter 11, we have a = JIM, where J is the total
angular momentum of the spacetime .
It should be noted that , in geometrized units, the charge to mass rat io of a proton
is q/rn - 1018, and for an electron we have q/m -y- I021 . Since the ratio of electromagnetic to gravitational force produced on a test body of charge q and mass m by
a body of charge e and mass M is -qe/trW, it would be very difficult for any
astrophysical body to achieve and/or maintain a charge to mass ratio of greater than
,.,,, 10- 's , since a body with larger charge c o mass ratio would selectively attract
particles of opposite charge .' Hence, in astrophysically reasonable situations it
appears that e « M, so we may neglect the effects of the electromagnetic field on
the spacetime geometry and consider only the Kerr fam ily of black holes .

The coordinate basis components of the charged Kerr metrics, equation (12 .3. 1)
are nonsingular and define a nondegenerate metric everywhere except where
U
ak,
and where 0 = 0 . Evaluation of curvature invariants such as R, d R
shows that
the singularity at
r 2 +u 2 cas 28=0
(12.3. 10)
is a hnie, curvature singularity when M * 0. If one were to interpret r, 0, and ¢ as
representing spherical polar coordinates, the fact that - there is a singularity at the
origin, r = 0, only for the angula value 8 = 7r/2 would appear rather puzzling. In
particular, if we interpret the sing ularity in this way -Le ., if we define the charged
Kerr metrics on - the manifold W with the origin r = 0 removed-we .then would
have incomplete geodesics (such as those on the axis, sin 0 = 4) which terminate at
r = 0 but along which the curvature remains finite . In fact, th is spacetime would be
extendible. This prov ides a good illustration of the impropriety of mak ing a choice
of the manifold structure on the basis of a naive interpretation of the coordinate
3 . One mechanism to obtain a net charge on an astrophysical body which, in principle, could
overcome this limit is to have a rotating body placed in a magnetic field . However, for a Kerr black hole,
this mechanism also would lead to a negligible charge buildup in astrophysically reasonable situations,
(Wald 1974b) .
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system in which the metric is given. Some insight into the true nature of the
singularity of the charged Kerr metrics at Y, = 0 can be obtained by consideration
of the rise e = M = 0, a * 0. In that case , the Kerr metric ( 12.3 . 1) actually is
nothing more than the metric of Minkowski spacetime expressed in spheroidal
coordinates . Here the singularity at I = 0 is, of course, merely a coordinate singularity, and it is located on the ring of radius a in the plane z = 0. This suggests that
when M 0 0 and a * 0 we interpret the true singularity at I = 0 as a ring singularity, i.e ., that we define the charged Kerr metrics on a mani fold whose structure
in a neighborhood of this singularity has the topology of R4 with the set
S ' X R-that is, a ring , S ', cross "time, " R-removed . This can be implemented
explicitly by transforming to the quasi-Cartesian coordinates given by Kerr and
Schild (1965), whereI = 0 takes the coordinate form of a ring . However, a problem
still remains in that when M * 0 the metric components fail to be smooth across the
coordinate disk enclosed by the ring singularity in the z = 0 plane. This problem can
be remedied by defining the charged Kerr metrics on a manifold with the following
relatively complicated topology in a neighborhood of the singularity at I = 0 . We.
take two copies, M, and M2 , of W with the "ring" z = 0, x 2 + y 2 = a 2, removed .
We then attach M , to M2 by identifying the "top side" of the disk z = 0,
xz + y 2 < a2, of M1' with the "bottom side" of the correspond ing disk of M2, and,
sinitatrly, identify the "bottom side" ofthe disk of M, with the "top side" of the disk
of M2 . The charged Kerr metrics with M # 0, a # 0 then may be smoothly defined
on this manifold in ~such a way that the curvature scalar Raka R °41'd blows up along
every incomplete geodesic, thereby guaranteeing that the spacetime is inextendible .
Details of this construction can be found in Hawking and Ellis ( 1973) .
passes "through, the ring" in going from M, to
It should be noted that when c
Mx 'in this spacetime, this corresponds in the original coordinates to passing through
r = T into negative values of r. However , for negative values of r of sufficiently
small magnitude and for 0 sufficiently close to r/2 we have *p01 = go < 0 (sue
eq . [12. 3. 1]) . Timms, 4i° = $d/r3o)° becomes timelike near the ring singularity.
However; the orbits of *0 must be-closed (i.e., the coordinate 0 must be periodically
identified with period 2-ir) in order that the charged Kerr spaceti ne be a symptotically
flat as r --> co. Thus, closed timelike curves exist in a neighborhood of the ring
t'~~
singularity
. +
When
a' > MZ, there are no solutions of tie equation d = 0 so the true
singularity at I = 0 is the only singularity of the coordinate components ( 12. 3. 1).
In this case , the ring singularity is "•nakeci,,, i.e., the charged Kerr metrics fail to be
strongly asymptotically predictable , and thus they do not describe black holes .
Furthermore, one may make use of the cau sality violation occurring near the ring
singularity to go "backwards in tirn+e", by an arbitra rily large amount as measured by
the t coordinate of ( 12 .3 . 1) and thereby produce closed timelike curves passing
through any point in the spa►cetime.

In the case
e2 +
A vanishes at the r-coordinate values

a2

M2

rt = M ± (M2 -~- a 2 - e z)I/z

_( 12 .3. 11)
( 12 .3 . 12)
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As shown by Boyer and Lindquist (1967) and Carter (1968a), the s ingularities in the
metric components at r = r+ and (for a # 0 or e * 0) at r = r- are coordinate
singularities of the same nature as the singularity at r = 2M in the Schwarzschild
spacetime. Thus, we may extend the spacetime through these coordinate singularities
much as in the Schwarzschild case. When these extensions are patched together, a
remarkable global structure of the extended charged Kerr spacetimes is obtained. A
conformal diagram of the extended Schwarzschild spacetime is shown in Figure
12 .3, and a conformal- diagram: of the extended charged Kerr spacetime with a .U
is shown in Figure 1 2.4 for the "non-extreme" ease a ' + e2 < M2. Region I of
Figure 12 . 4 is the asymptotically flat region covered in a nonsingular fashion by the
original coordinates (12.3 .1) with r > r + . By extending through the coordinate
singularity at r = r+ , we obtain region II - representing a blac k hole, region Iii
representing a white hole, and region IV represent ing another asymptotically flat
region, just as in the Schwarz schild case, Figures 6.9 and 12.3 . However, unlike the
Schwarzschild case, instead of encountering a true singularity at the "top boundary"
of region H and "bottom boundary >, .of region II I, we encou nter merely another
coordinate singularity at _r , = r- . Thus, we can extend region II through r = r- to
obtain regions V and VI. These regions contain the ring s clarity at I = 0 and,
as described above, one can pass through the, ring singularity to obtain another
asymptotically flat region with r --> -flo . (In this asymptotically flat reg ion the ring
singularity is a : naked singularity of negative mass ,:.. With respect to the. original
asymptotically flat region 1, the ring s ingularity,, of course, lies-wi t hin a black hole . )
One may then continue. to extend the cha,rged Kerr spaced "upward" ad infinitum
to obtain a region VII, identical in structure to region Ili, and obtain regions VIII and
IX, identical in , structure to regions IV and, 1, stc.,; Similarl y, .: one may extend the
charged Kerr solutions "downward" ad infinitum. The structure of the extended
Reissner-Nordstrom apaeetime {a = 0, e * Q) : is very similar excegt ; that the true
singularity at I =Ono longert a ring structure, and one cannot exten d to-negative
values of r .1'he global structure of the "extreme" charged Kerr- ease e z + as = M2
(where r+ = r_ = .M) differs from Figure 12 . 4 but has a similar structure consisting
of "blocks" with r > M and, r . < .M patched together in an infinite chain.
Thus, a n- observer starting in region I of the extended charged Kerr spacetime of
Figs . 12.4 may cross the event horizon at r T r+ .and enter the black hole region
U . However, instead of inevitably falling into a singularity within a finite proper time
as occurs in the SchwarzschiId spacetime, the observer may pass through the "inner

ion

I~ I

io

M

Fig . 12. 3. A conformal diagram of the extended Schwarzschild spacetime (see Fig .
6.9), repr esented in the same manner as used in Figure 12.2. Note that since the
extended Schwarzschi ld space has two distinct asymptotically flat regions , two
distinct confom at boundaries are shown .
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~~ = 0
(Ring Singu larity)

S

Fig . 12.4. A conformal diagram of the e xtended charged Kerr spacetime in the
case n 0 0, a' + e2 < 1KZ .

horizon" r = r- (which is a Cauchy horizon for the hypersur#"ace S shown in dig .
12.4), thereby entering region V or VI. From , there, he may end his existence in the
ring singularity but he also may pass through the ring singularity to a new asymptotically flat region, or he may enter the "white hole region" VII and from there enter
the new asymptotically flat region VIII or IX. From there he may enter the new black
hole associated with theme : asymptotic regions, and continue his journey .
How much of this .exte Wed charged Kerr ,spacetime should be taken seriously?
What portion of th is spacetime would be produced by a phys ically realistic gravitatiunal collapse, starting from "won-ero tic" initial data, i.e. , from an asymptotically flat initial data surface S with topology R3 ? Unl ike the Schwarzsetrild case,
we have no reason to believe that the exterior gravitational field of:any physically
re
able"cv s ng body will be described by the Kerr metric, since, as mentioned
above, in the nonsghericalcase :we would, in general, expect a complicated dynamical evolution which only "setdes down" to a stationary geomet ry at late times in
J-(,O+). Thus, we are not in a position to follow the dynamical evolution of the
gravitational collapse of a body which forms a Kerr black hole and thereby determine
the detailed spacetime geometry inside the black hole. However, in the case of
spherical collapse of a charged body (e * 0), the spacetime geometry exterior to the
matter is described by the Reissn er-Nordstrom solu tion since Birkhoff's theorem c an
be generalized to show that the Reissner-Nordstrom spacetime is the _unique spherical
electrovac solution. The dynamical evolution of a simple system like a charged,
spherical shell of dust can b e obtained explicitly. In this case, spaceti me is flat inside
the shell, and the fiat interior of the shell entirely "covers up„ regions II.i and IV of
Figure 12 .4. Part or all of regions H and V (including, in all cases, the singularity
at r = 0 in region V) also are covered up . The behavior of the shell for the various
choices of total mass M, total charge e, and total rest mass .M, are chronicled in detail

3 1 8 Black H o les

Surface
r= 0
of Shell (Singularity )
r =0
(Or igin af

Coordinates )
~ /
/X
~ ~.

rr_
+
r=r+

io

Fig . 12. 5 . A conformal diagram of a spacetime in which a charged spherical shell
with M > A > I e I undergoes gravitational collapse . The dashed lines refer to the
extended Reissner-Nordstrom spacedrne .

by $oul wate (1973) . We show the resulting sp acetime for the case M > .M, > I e
in figure 12 .5. As shown there, the shell crosses the surface r = r_ , which i s a
Cauchy horizon for region I. The spacet me is extendible across r-, but the extension
is not determined by~ Einstein's equation since it is outside the domain of dependence
of the initial data surface . However , if one assumes that the extension is spherical ly
symmetric, the extension is uniquely given by the Reissner-Nordstrom geometry,
and we find that the shell crashes into the singularity at r = 0 ~vvhich formed outside
t he shell) in region VT as shown in figure 12 .5. For other choices of the parameters
M, .M., and e the shell may reexpand into region VU of the Reissnet=Nordstrom
geometry (Boulware 1973 ). Thus; one may obtain spacetimes from the collapse of
a charged body which have features differing greatly from that of Figure 6 . 11 .
However, as already mentioned in our discussion of cosmic censorshi p -in, section
12 . 1, i t has been shown that the Cauchy- horizon of Figure 12 .5 is unstable (Chandrasekhar and Hartle 1}82) . Lim pertur6►atio ns of the initial data for the EinsteinMaxwell equations on a Cauchy *stu face for region I of Figure 12.5 become singular
at r = r_ . 't'he basic reason for this is that an observer crossing r = r. in Figu re 12 . 5
"sees'" all of region I. Oscillations in : the gravitational and electromagnetic field
which occur at finite frequency i6 ° re gion I are "seen" to occur at infinite frequency
by an observer crossing r_ ; i.e.,` tfiere is an "infinite biueshift" effect ; whicfi makes
the perturbation singular there. Thus, there is good reason to believe that in a
physically realistic case where the shell is not exactly spherical, the Cauc hy horizon
r = r_ in Figure 12 . 5 will become a true, physical singularity, thereby producing an
"all encompassing" singularity inside the black hole formed by the collapse of the
shell. It is believed that similar phenomena will occur for any physically realistic
collapse to a charged Kerr black - hole. 'Thus , the spacetime produced by physically
realistic collapse is exerted to be quatitatively similar to the spherical case, figure
6 , 11, rather than that suggested
the extended charged Kerr solutions, Figure 12 .4.
Another featur e of the charged per't' spacetime worthy of note is that the norm of
the timelike Killing field ,
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( 12 .3 .1 3)

becomes positive in the region wher e
r2 + a2 cos 2 9 + e2 -°- ZMr < 0

( 1 2 .3. 14)

part of which lies outside the black hole if a # 0. Thus, in the region
r} < r < M + (M 2 - e 2 - a 2 co s2 W1 2

( 12.3. 15)

called the ergosphere and depicted in Figure 12 .6, the asymptotic time translation
Killing field f4= (c7/at}° becomes spacelike . Hence, an observer in the ergosphere
would have to "go faster than light" to follow an orbit of f° ; i .e., he cannot remain
stationary, even though he is outside the black hole . The nature of this nonstationarity can be seen from the equatio n

gccluv < 0

(12.3 .16)

W v

satisfied by the components of the tangent vector, u°, to any timelike curve . Inside
the ergosphere, all terms on the left-hand side of equation (12 .3 .16) are manifestly
positive except the term Zg,,Ou`u 0 = 2$t# (dt/dr) (dojdT), where z denotes proper
time along the curve . Since Vat is past directed timelike in the ergosphere, we have
dt/dr = u°94t > 0 . Thus, since g ,# < 0 in the ergosphere, we must have
dof dr > 0
(12 .3 .17)
for all timelike curves in the ergosphere . In other words, all observers in the
ergosphere are forced to rotate in the direction of rotation of the black hole . This may
be viewed as an extreme case of the "dragging of inertial frames" effect, thereby
providing a dramatic example of how some aspects of Mach's principle are incorporated into general relativity .
The closest analog to a family of static observers outside the black hole in the
charged Kerr geometry are the "locally nonrotating observers" (see problem 3 of
chapter 7) whose 4-velocity is given by u° = --q°t/~-Vbt9at]f~z . These observers
rotate with coordinate angular velocit y

1~=

LO

gr0 _ a (r2 + a3 -- 11)

d ,--g#- (

r2+

3 2_AzSn'e ( 1 2.3 . 18)
a)

,--Block Hole
~.

(0)

W

Fig . 116. A sketch showing (a) a "si de view" and (b) a "Wp view" of the
ergosphere of a Kerr black hole .
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In the limit as one approaches the black hole event horizon, r -* r+, this coordinate
angular velocity becomes
OH
H =r+

a

(12.3. 19)

+ a2

This is closely related to the fact that it is the Killing field

(12. 3 . 20)
[rather than (d/&)°] which is tangent to the null geode sic generators of the horizon
of the charged Kerr black hole . Equation (12. 3.20) can be interpreted as saying that
the event horizon of the charged Kerr black hole rotates with angular velocity SZH,
We turn, now , to a brief discussion of geodesic motion . For simplicity , we sh. 11
consider only the Kerr geometry, e = 0. (See problem 2 for the case e 0 0.) As in
the Schwarzschild case, the timelike will ing field f° and the axial Killing field q?
yield via proposition C . 3 . 1 a conserved energy , E, and angular momentum , L , per
unit rest mass for geodesics,
E = -u°& -L

=

u

a

i + War sin2 8 1 _7~ir

21Kar sin 2 9 •
t +
a =I

#

(r

2

(12.3.21 )

+ a2)2 - &a2 5 in 2 o
sin 2 8
I

,

( 1 . 3. 22)

where z l` = dxI'Mr. In addition, we have

(12 .3 .23)

Sou°ub = -K

where K = 1 for timelike geodesics and K = 0 for null geodesics. One may use
equations (12. 3 .2 1) and (12 .3 .22) to eliminate t and ~ in terms of E and L, and the,
result may be substituted into equation (12 .3 .23). In the case of equatorial geodesics,
0 = i r/2, one obtains
1

(12.3.24)

where
M
L 2+2(K-EZ)

l+a

-

(L--aE )2

(12.3 .25)

Thus, as in the Schwarzschild case, the problem of obtaining the timelike and null
geodesics in the equatorial plane of the Kerr spacetime reduces to solving a problem
of ordinary nonrelativistic, one-dimensional motion in an effective potential, with
the only significant additional complication here being the fact that d now depends
nontrivially on E as well as on L. Thus, we may find the behavior of freely falling
test bodies and light rays by methods similar to those of s ection 6. 3 . In particular,
the circular orbits are given by the simultaneous solutions of d - 0 and clWl dr = 0.
T'heir properties are discussed by Bardeen, Press, 'and - Teukolsky (1972). It is
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noteworthy that binding energies si gnificantly h igher than in the Schwarzschild case
can be achieved for circular orbits around a Kerr black hole . For a Kerr black hole
with a = M, the last stable circular orbit (with positive L) has E = 1 /N/3--. Thus, i f
a test body with positive L spirals in to the last stable circular orbit as a result of
energy loss via gravi tational radiation, it will have radiated away I -- 1/V3- -- 42%
of its original rest energy , as opposed to only:... A- 6% in the Schwarzschild case,
equation (6.3 . 23) .
The constants of motion E and L, equations (12 .3 . 21 ) and , ( 12. 3 . 22), do not
provide a sufficient number of fir st integrals to determine nonequatorial motion.
Therefore, in that case we might expect to have to return to the geode sic equation,
uaQ.u a = 0, and solve a coupled set of second order nonlinear ordinary differential
equations to obtain r( r) and B(T). Remarkably , however , it turn s out that this is not
necessary . The Kerr metric possesses the K illi ng tensor,
(12 .3. 26)
Kam, = Z Y.I(,, nb) + r 2 gab
(Walker and Penrose 1970), where l° and n° are given by equations (12.3 .5) and
(12 .3 .6). Thus, an additional constant of the motio n
C = Kau°u b

(1 .3.27)

is obtained, as discussed at the end of appendix C . This allows one to integrate the
geodesic equation explicitly , as was first done by Carter ( 1968x), who used the
separability of; the Ha niltcm-Jacobi equation for geodes ics rather than the ex i stence
of Kab to obtain this additional constant of motion. In addition, the Kerr metric-as
well as all other type II-I 1 vacuum spacetimes---possesses a "conformal filling
sginar„ (sue Walker and Penrose 1970) which enables one to determine the parallel
propagation of "polarization vectors" along nu ll geodesics in a simple manner .
A remarkable -sunplification .also , occurs when one studies. the propagation of a
Klein-Gordon scalar test field, equation (4. 3 . 9), in the Kerr spacetimes. One can take
advantage of the stationary and axial: Killing.: Melds of Kerr to expand the scalar field
in a Fourier series in the angular coordinate 0 and a Fourier integral over the time
coordinate t. This effectively reduces the Klein-Gordon equation to a partial differential equation in the two remaining variables, r and 8 . However, it turns out that
this equation can be solved by separation of variables (Carter 1 968h), so the problem
of determining the behavior of Klein-Gordon test fields in the Kerr spacetimes is
reduced to solving ordinary differential equations.
Even„ more remarkable simplifications occur when one stud ies Maxwe ll's equations and the linearized Einstein equationin the Kerr background . Here, after making
use of the syminetries in ~ and t, one w4tild expect to be left with a complicated,
coupled system of partial differential equations in r and 0 for, respectively, the
components of the electromagnetic vector potential, A ,, , and the components of the
metric perturbation, y,y. Indeed, this is what happens when one writes down the
equations for A,,, or y,,,., even when simplifying gauge choices such as the Lorentz
gauge for A,. or the transverse traceless gage for xµv (see section 7 . 5) are made .
However, one may write down the equations in the Newman-Penrose (1962) formalism (see section 3.4b), using the repeated principal null vectors of the Kerr met ri c
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l° and n °, equations (12. 3 . 5) and ( 12 . 3 .6), as the real null vectors and

M

a

) pia sin 8(d/dt)A + ( a/ae)° +
2' ~z(r "+ ea cos ~►
E

(12. 3 . 28

as the complex null vector of the Newman-Penrose basis . Then, as discovered by
Teuicolsky (1972), a decoupled equation can be de rived for
in the Maxwell case, and for

To

=

-C

bcd

ja►n b l`md

(1 2. 3 . 30)

in the linearized Einstein case. (Decoupled equations similarly may be obtained for
(D2 = Fbm Y and *4 = ---C,,bdn m6n`md.) Furthermore, Tettkttlsky showed that
these equations also may be solved by separation of variables . In addition, a knowledge of (Da (or (D2) determines a Maxwell perturbation modulo the t rivial "change in
chazge" solution obtai ned by linearizing equation ( 12. 3 . 2) off the Kerr background ,
while a knowledge of *o (or *4) determines a grav itational pe rturbat ion modulo the
trivial perturbations obtained by variation of the Kerr parameters M, a (Wald 1973 ).
Finally , the complete vector potent ial , Aa> and metric perturbation , yam, associated,
respectively, with (Da and *fl, can be obtained explicitly (Cohen and Kegeles 1974 ;
Wald 1978a; Chandrasekhat 1983). Thus , the problem of determining the behavior
of e lectromagnetic and gravitational perturbations of a Kerr black hole als o reduces
to solving ordinary differential equations, thereby making tractable many problems
of interest. Similar siinp liftcations of the coupled linearized Einstein-Maxwell sys tem occur in the Reissner-Nordstrom case, a = 0, e 0 0 (Moncrief 1975 ; Chandrasekhar 1379) . However, it appears that no such simplifications' occur in the
general charged Kerr case, a * 0, e * 0. For a complete di scussion of the electromagnetic and grav itational perturbations of a Kerr black hole , we refer the reader to
Chandrasekhar ( 1983) .
Thus, as summarized above, a great deal is known about the properties of the Kerr
black holes . These are the only known sta tionary vacuum bl ack hole solutions of
Einstein' s equation . However , since they comprise only a two-parameter family , one
might expect that many more stationary vacuum btack hole solutions should exist.
After all, as mentioned in the introduction to chapter 11 , the exterior gravitational
field of a stationery body is characterized by an infinite set of multipole coefficients .
Why should all the higher multipole moments of a stationary black hole be related
in a unique way to its mass an d angular momentum? Remarkably , as a result of
theorems of Israel , Carter,.;. . Hawking , and Robins on obtained between 1967 and
1975, a virtually complete prof has been given that the Kerr black holes are the only
possible stationary vacuum black hoes . Thus, if the first cosmic censor conjecture
is correct and if the spacetime resulting from gravitat ional collapse always "settles
down" to a stationary, vacuum final state, the end product of collapse must always
be a Kerr black hole . The complete gravitational collapse of two bodies differing
greatly from each other. in composition , shape, and structure will produce indistinguishable final states provided only that their end products have the same total mass
and total angular momentum .
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Since we are far from having the general stationary vacuum solution of Einstein's
equation in explicit fcarm,° the proof of the uniqueness of the Kerr black holes has
proceeded by a relatively long chain of arguments . Logically, the first stepalthough, historically, one of the last steps-in this chain is the proof by Hawking
that the two-dimensional surface formed by the intersection of the horizon of a
stationary black hole with a Cauchy surface must have topology S2 . This is established by showing that if it had any other topology, it would be possible to deform
it outward into J-( V) such that the expansion, 0, of the outgoing null geodesics
satisfies 0 :5 0 everywhere . This would contradict proposition 12 .2 .4. Details of the
proof can lie found in Hawking and Ellis (1 973) . (See also Gannon 1976 for some
results in the nonstationary case .)
The next step in the uniqueness proof, also due to Hawking, is the demonstration
that a stationary vacuum black hole must be static or axisymmetric . First, we note
that in a stationary spacetime containing a black hole, the time translation isometry
must leave the horizon invariant . Hence, the Killing field e must lie tangent to the
horizon and, hence, always must be spacelike or null on the horizon. Now, one of
the following three, possibilities must hold : (i) No ergosphere is present in the
spacetime, i .e ., the stationary Killing field f° is everywhere timelike or null outside
the black hole . In this case, e must be null on the horizon . (ii) An ergosphere is
present but is disjoint from the horizon, and f° is null on the horizon . (iii) An
ergosphere is present and intersects the horizon, as happens for a Kerr black hole .
In this case, f° is spacelike on (a portion of) the horizon . In case (i), a generalization
of a theorem of Lichnerowicz (1955 establishes that the spacetime must be -static
hawking and Ellis 1973) . Under some additional assumptions, results of Hajicek
(1973) show that the outer boundary of the ergosphere in a stationary vacuum
spacetime always must intersect the horizon . Thus, it appears that case (ii) cannot
occur. Plausibility arguments, against case (ii) also are given in Hawking and Ellis
(1973). Finally, in case (iii), using the properties of the horizon in a stationary
spacetime and using the analyticity of stationary vacuum solutions (Muller zum
Hagen 1970), Hawking proved existence of a one-parameter group of isometrics
which commute with the statiQnary isometries and whose orbits on the horizon
coincide with the null geodesic generators of the horizon . Thus, one obtains a Killing
field X° distinct from fa, and by taking a linear combination of X° and fa, one obtains
a Killing field #/i° whose orbits are closed, i .e ., an axial Killing fields Again, details
of this proof are given in Hawking and Ellis (1973) .
4. Indeed, until the early 1970s the Kerr solutions were virtually the only known stationary, nonstatic,
asymptotically flat vacuum solutions . As discussed in sections 7.1 and 7.4, great progress has been made
in obtaining the general statuary, aatisymmetric vacuum solution, but even so we are far from having
the solutions in sufficiently explicit form to determine if they represent black holes .
5. The proof that a stationary, noctsiatic k hole must be axisymmetric continues to hold in the case
where a distribution of matter is placed outside a rotating black hole . This leads to an apparent paradox
since one would expect it to be possible to "hold in place" a nonaxisymmetric distribution of matter far
from the black hole, thereby producing a stationary nor►axiaymmetric spacetime . The resolution of this
paradox is that such a matter distribution will produce an effective "tidal friction" causing the black hole
to "spin down" and thus be nonstationary until it reaches a final static state . A discussion of this process
is given by Hawking and Hartle (197 2) .
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The case of a static, vacuum, topologically spherical black ho le was analyzed by
Israel (1967), who proved that the only such black holes are the ,Schwarzschild
solut ions. Some additional assumptions were made in the proof, but the most notable
of them-that all the surfaces of constant f "f,, are topologically spheres-has been
eliminated by Muller zum Hagen , Robinson, and Seifert (1973) and Robinson
(1977).
Finally the case of a sta tionary, axisymmetric, vacuum topolog ically spherical
black hole was analyzed by Ca rter (1971) and Robinson (1975) using the methods
descri bed in section 7 . 1 to cast Einste in's equation and the black hole boundary
conditions into a relatively simple form . They succeeded in proving Chat all stationary axisymmetric black holes are uniquely characterized by two parameters which
appear in the boundary conditions. Since the Kerr solutions exhaust all poss ible
values of these parameters, it follows that they are the only possible stationary
axisymmetric black holes .
The above results have been generalized to the elec trovac case . Hawking's theorem on the spherical topology of a stationary black hole still applies since it requires
only that the dominant energy condition be satisfied by matter. The proof that a
stationary black hole with no ergosphere must be static generalizes to the electrovac
case (Carter 1973), and the proof of existence of an a xial Killing field if e i s
spacelike on the horizon. depends only on the general form, (10. 1 .21), of the equations and thus also applies to the electrovac case . Israel's theorem has been generalized to show that the only possible static, electrovac black holes are the ReissnerNordstrom solutions (Israel 1968) . Finally, Mazur (1982) and Bunting (unpubli shed)
have generalized the Carter-Robinson proof of un iqueness of Kerr to show that the
charged Kerr solutions (tagedier, with their generalizations possessing magnetic
charge, w hi ch are obtained by:-applying a duality rotation to the charged Xerr
electromagnetic field) are the only stationary, axisymmetric electrovac- solutions.
Further generalizatio ns to exclude the possible presence of other types of classical
fields, around a black hole also have been given ( Bekenstein 1972; Hartle 1972;
Teitelboim 1972) . In addition, numerous examples have been given (see, e . g. , Wald
}972a) to illustrate how the final black hole state r esu lting from gravitational collapse
can lose all -information about the collapsing body except its mays,- angular momentum, and charge .

12.4 Energy Extraction from Black Hole s
By definition, a black hole is a "region of no escape ." No material body or light
ray ever can be extracted from a black hole . Therefore, it came as a great surprise
when Penrose (1969) noted that energy can be extracted from a black hole with an
ergosphere . The mechanism proposed by Penrose can be understood as follows . The
Killing field e which becomes a time translation asymptotically at infinity is spacelike in the ergosphere : Thus, for $test particle of 4-m ntump° = mu a, the energy
E _ --p°~

(12.4.1)

nod not be positive in the ergosphere . Therefore, by making a black hole absorb a
particle with negative total energy, we can extract energy from a black hole! To see
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this in more detail, suppose we start in our laborato ry far from the black hole by
throwing a particle toward the black hole. If we denote the 4 - momentum of this
particle by Po , its total energy measured in the laboratory will be

Eo = -poi

(12 .4. 2)

As it falls freely toward the black hole, Eo will remain constant . Suppose, when the
particle enters the ergosphere, we arrange--e .g., by means of explosives and a
timing device-to have it break up into two fragments as illustrated in Figure 12 .7.
By local conservation of energy-momentum, we hav e

P9

=

(12 .4.3)

Pi + pi

where p; and p a2 are the 4 -momenta of the two fragments . Contracting equation
(1 2.4.3) with &, we obtain
Eo = El + E2

(12 .4.4)

However, inside the ergosphere, we can arrange the breakup so that one of the
fragments has negative total energy,

E, c U

(12.4. 5)

Therefore , if the other fragment returns to our laboratory in free ( i .e., geodes ic)
motion, it will have an energy E2 which is greater than the initial energy ED.
In the case of a Kerr black hole of mass M with a 0 0, one may explicitly verify
that the breakup proce ss can be done so that the second fragment does, indeed,
escape to infinity . One also may verify that the negative energy fragment always fads
into the black hole . Thus, at the end of the process , one has energy Eo + ( E, ( in the
laboratory, and the mass of the black hole must be reduced to M - ( E, ( . Thus, the
energy I El (has been extracted from the black hole !
How much energy can be extracted from a Kerr black hole in th is manner? As we
shall see below shortly , the energy extraction process is self-limiting because the
negative energy particles which enter the black hole also carry negative angular
momentum, i .e. , angular momentum opposite that of the black hole . As a result, the
angular momentum J = Ma of the black hole will be reduced to zero while M is still
finite . However, when J = 0 the ergosphere no longer is present, and no further
energy extraction can occur.

~-•~ Erqosphere
Hole

E2
Fig . 12.7. A diagram illustrating the Penrose proce ss for extracting energy from a
Kerr black hole .
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To see th is l imit on energy extraction in detail , we use the fact that the Killing field
V, defined by equati on ( 12. 3 .24), is future directed nu ll on the horizon. Hence for
any particle which enters the black hole (which includes all negative energy particles), we have

0 > p° X
a = pa(& + SlHipa) = -E + OsL

(1 2.4 .6)

where L = p°#. and SZg:was defined by equation ( 12. 3 . 19) . Thus , we find tha t

L < E / fIff

,

(12.4 .7)

which verifies the above statement that a negative-energy particle entering the black
hole carries negative angular momentum . After the black hole "swallows" a particle,
it should settle back down to - a Kerr solution with parameters modified by S V = E,
SJ = L . Thus, from equation (12 .4.7), the change in black hole parameters is
restricted by
SJ <

Mi/OH

(12.4.8)

which can be rewritten as (Christodoulou 1970 )
(12.4.9)

where the irreducible mass, M;,,, is defined by
M~

=

f[M2 +

(M4

- .12)' 2

(12. 4. 14)

inverting equation (12 .4.14), we find
z

M2

= ~~r + 4 M 2,
rcr

~,. M 2
i rt

(12.4.11)

Thus, the mass of a black hole cannot be reduced below the initial value of Mgt via
the Penrose process. If we start with a Kerr black hole of mas s Mo and angular
momentum Jo, then even assuming that equality is achieved in equation (12 . 4 . 7), by
the time the energy 1wlo - M., (emu, col has been extracted, the angular momentum of
the black hole will have been reduced to zero . Since one can come arbitrarily close
to a chieving equality in equation ( 12.4 .7), we can come arbitrarily close to extracting
energy Ma - M., from the black hole via the Penrose process . We may interpret
MO - Mir as the rotational energy of the black hole . For a max imally rotating black
hole, .la = M& it represents (1 - 1 IV2-) mz 29% of the ma ss- energy of the black
hole.
The universal nature of the limit on energy extraction implied by
(12.4 . 11 )--obtained above only for the spec ific process proposed by Penrose-can
be seen from the area theorem 12 .2.6. The area of the event horizon of a Kerr black
hole is given by

A=

"=r+

Vg.g,,, d6 dpi
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= I (r2+ +

a

2)sin8 d B dcb

= 161r M~r

(12.4.12)

Thus, from the area theorem we obtain the completely general result that Mme; can
never decrease , from which follows the' above energy extraction limit for all possible
processes. The consistency of the area theorem, proven by general , abstract aargumen#sf with the result ( 12 .4. 1 I) obtained by the calculation of a specific proces s for
a Derr black hole , lends further aesthetic support for the validity of the first cosmic
censor conjecture, which is used in the above argument when we assume tha t the
infailin particle merely changes the black hole parameters and does not convert the
black hole to a naked singularity .
It should be noted that the area theorem also can be used to obtain an interesting
upper limit on the energy radiated away in the form of gravitati onal waves when two
black holes collide (Hawking 1 971 ) . Consider , for example, initial data representing
two widely separated Schwarzschild black holes initially "at rest,,, with masses M,
and M2. (See the paragraph below eq. [10. 2.39) of section 10 . 2 for a brief discussion
of how to construct such data explicitly.) Presumably, the dynamica l evolution of
thew data witl yield a spa►e etime where the two black holes fall-toward each other,
coalesce, and "settle down" to a single Schwarzschild black hole of mass M. The
total energy radiated away in "mss process is
E,d= M1+ M2- M

( 12 .4 . 13)

An upper limit on Ed can be obtained by noting that the initial black hole area i s
A; -= At +

A2

= 1 6-7r (Mi + Mz)

(12 . 4 .14)

The final area is
Af = 1{ ,flM 2

( 12 .4. 15)

and, by the area theorem, we have

Putting together equati ons ( 12 .4. 13)-(12, 4 . 1 6), we obtain
End

g

M , + M2 - (M2 +

M22)112

(12.4. 17)

For the case X41 1 = M2 , ,this implies thamost (I - 1 /V2-) - 29% of the original
mass can be radiated away. Numerical calculations (Smarr 1979) indicate that far
less energy than this upper limit 'actually will be radiated in this process .
Although the Penrose process is . of great importance for demonstrating that, in
principle, tie maximum amount of energy permitted by the area theorem can be
extracted from a rotating black hole, the process requires a precisely timed breakup
of the incident particle at relativistic velocities and it is not a practical energy
extraction method (Bardeen, Press, and Teukolsky 1972 ; Wald 1974c). Intere stingly
there is a wave analog of the Penrose process, known as superradiant scattering
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(Misner, unpublished ; Zel'dovich 1972; Starobinskii 1973), wh ich allows energy to
be extracted from a black hole in a relatively simple manner. If a scalar, electromagnetic, or gravitational wave is incident upon a black hole, part of the wave (the
'transmitted wave") will be absorbed by the black hole and part of the wave (the
"reflected wave") will escape back to infinity. Normally the transmitted wave w ill
carry positive energy into the black hole, and the reflected wave will have less energy
than the incident wave. However, for a wave of the form 0 = Re[A(r, O)e ``a'`e ''"*]
with

0 C w < mSZH

( 12.4. 18)

the t ransmitted wave will carry negati ve energy into the black hole (analogous to the
negative energy fragment in the Penrose process for particles) and the reflected wave
will return to infinity with greater amp litude and ene rgy than the incident wave. This
is demonstrated most easily for the case of scalar waves. By contracting the stress
tensor, equat ion (4 .3. iQ), of a min-Gordan sca lar.field 0 with the timelike Killing
field el' of the Kerr background, we obtain an "energy c urreni,,,
Ja = - T b e

(12.4. 19)

,

which is conserved since D°Ja = - (7? bW - T b Vl b = 0. Hence, if we integrate
V. Jp over the region K of spaeretime shown in Figure 12 . $, we find by Gauss's law
that the difference between the . incoming and, outgoing energies (i .e ., the integrated
flux of J° over the "large sphere") equals the integrated flux of J° on the horizon .
However, on the horizon the time averaged flux is given b y

Qa na) =

a

- \Ja X / - (T b Xn S b)

z

=

o )

e )

mSZH) l 0o 1 Z

(12 .4. 20)

Hor

4

I

Fig . 12. 8 . A spacetime diagram showing the region K over which DJ° = 0 is
iatcgrated to derive the conclusion in the text concerning superradians scatteri ng .
Here the dike hypersurface 1s is a " time - traaslate" of .%, by At, and the rimeli ke
hypersurface S represents a "large sphere" at infinity. The integral of !a n° over S
represents the net energy flow out of K to infinity (i .c ., the outgoing minus incoming
energy) during the time At, whereas the integral of !sn° over the honzon represents
the net energy-Iaw into the black hole. By Gauss's law ( se e appendix B) the integral
of JRAa ovd' the entire boundary va nishes . ('The appropriate directions of n° on each
part of the boundary are shown .) However, for a wave with time dependence i '
the integrals over %, and 2n cancel by time translation symmetry . Hence , the integral
of J.n* over S equals minus the integral of la n° over the horizon .
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where n" = -X° (with X° given by eq. [12.3 . 200 is the appropriately directed
normal to the horizon . (The term in Tb proportional to g b des not contr i bute since
Xa p = 0 on thehorizvn .)-Thus, in the frequency range of equation (12 .4 . 18) the
energy flux through the horizon is negative, and hence superradiance is obtained .
This conclusion also can be derived by considering the "particle number current ,"

1°

=

-i(

~;V o

°

-

O

;~

Q° )

(12 .4 .21 )

for the complex field ¢oe-le 'O. This current is conserved by v irtue of the KleinGordon equation . Again, =j°Xa is negative in the range ( 12. 4 . 18) , thus establishing
superradiance .
The superradiance of electromagnetic waves in the range (12.4. 18) can be proven
similarly b y consideration of the energy current , -Tar , or a (non-gauge invariant)
"Particle number current" analogous to (1 x..4:211), although the demonstration of the
negative integrated flux of the energy current throu gh the horizon is less straightforward ( see problem 5). In the gravitational case, we also can form a conserved
"effective energy current", (i /81r)G 5) fib, where G9) is the second order Einstein
tensor (see section 4.4b for the expression for G(.1b) for perturbations off flat spacetime), and a conserved `.`particle number current ." The formula for the energy cur ren t
is rather complicated, and neither current i s gauge invariant. However, one can -avoid
dealing with them by working, instead , with the decoupled Teuk+alsky equation for
the variables *fl or *4 defined in section 12.3. By doing so, superradiance in the
range 12.4 . 18) for gravitational w aves can be established in a relatively straightforward manner ('Teukolsky and Press 1974). Superradiance of electromagnetic
waves also can be proven from the Teukolsky equation for (Do or 4DZ . Numerical
computations (Teulcolsky and Pre ss 1974) have shown that the largest superradiance
effects occur for grav itational waves, where an amplification factor of up to 1 . 38 can
be achieved . for a Kerr black hole with a = M.
The necessity of superradiance in the regime ( 1 2.4 .18) also can be seen directly
from the area theorem (Bekenstein 1973a). For a wave with frequency w and
azimuthal number m in a stationary axisymmetric background, the ratio of angular
momentum flux to energy flux at infinity is
`'/Z = mJcv

(12.4 . 22)

Thus, by conservation of energy and angular momentum, when such a wave is
incident upon a black hole, the change in energy, FMK, and angular momentum, SJ,
of the black hole must be related by
SJ/,& 41 = m/cv

(12.4 . 23)

However, in the range (12.4 . 18), we have
SJ/Mf > l,fSiN

( 12.4 .24)

If &W > 0, this would violate equation (12.4.8), which, by equations (12 .4 .9) and
(12 .4 .12), would violate the area theorem . Hence, we must have SV < 0-i.e.,
superradiance must occur when 0 < w < mom,.
Interestingly, fermion fields do not display superradiance (Unruh 1973 ; Given
1977) . The "particle number current," ja, associated with neutrino or Dirac fields
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(see chapter 13) is manifestly a ti melike or null vector, and hen ce jan" is manifestly
nonnegative on the hori zon for all waves including those i n the range (12 .4 .18) .
Thus, the reflected wave never has larger amplitude than the incident wave. In this
case the argument give n in the previous paragraph is inapplicable because the stress
tensor of these fields fails to -satisfy the weak energy condition, so the area theorem
does not hold.
The behavior of both boson and fermion fields incident upon a Kerr black hole
with a * 0 is in very close mathematical analogy to a we ll studied effect in nongravitational physics known as the Klein "paradox . " If a Klein-Gordon field of
charge Q and mass M in one spatial dimension is incident upon an electrostatic
pottential,. Y, such that V --* 4 as x --* -co but V --o. Y > ZNI/Q for x --* + co, then
when w + M < QVo the reflected wave has greater amplitude and energy than the
incident wive: For a Dirac field., the reflected wave . will be smaller than the incident
wave, -again the Dirac "'particle number current" is always tirnelike---Ybut the transmitted wave still has a negative "kinetic energy" (Klein 1929) . In quantum field
theory, the interpretation of the Klein paradox is that in both the boson and fermion
cases particle-antipartic`lLe pairs are spontaneously crated in the strong electrostatic
field associated with the potential, V. When incoming particles also are present,
stimulated em ission occurs in the boson case, and in the classical limit this gives rise
to the larger "reflected wave" obt ained in the classical analysis. The close analogy
between the Klein paradox and the scattering of waves by a Kerr black hole suggests
that spontaneous particle creation should occur near a Kerr black hole . Indeed, this
is the case, but we shall postpone our discuss ion of this phenomenon until
chapter 14.

12.5

Black Hates and Thermodynamics

The area. theorem 12 .2. 6 states that in any physically allowed process, the total
area of all black holes in the universe cannot decrease, &A ip. 0. This law bears a
strong resemblance to the second law of thermodynamics, which states that in any
physically allowed process the total entropy of all ma tter in the universe - cannot
decrease, FS ? 0 . It might appear that this similarity is of a very superficial nature .
After all, the area theorem is a mathematically rigorous consequence of general
relativity, whereas the second law of thermo dynamics is believed not to be a rigorous
consequence of the laws of nature but rather a law which holds with overwhelming
likelihood for system with a large number of degrees.of freedom . Nevertheless, we
shall show in this section that this formal analog for black holes of the second law
of thermodynamics extends to the other laws of thermodynamics as well. We will
return to this issue in chapter 1 4, where further evidence w ill be presented that the
relationship between the laws of black h ole physics and the laws of thermodynamics
is of a fundamental nature .
Our first task is to introduce a quantity , K, defined on the horizon of an arbitrary
stationary black hole (not necessarily vacuum or electrovac in its exterior region) and
derive a number of properties of K. As mentioned at the end of section 12.3, for a
stationary black hole, there exi sts a Killing field, X1 , which is normal to the horizon
of the black hole . If X° does not coincide- with the stationary Killing field f°, we
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obtain an axial Killing field * " in the spacetime by taking a liar combination of xa
and j°. Thus, in general we may w rite Xa as
where (as in the case of a Kerr black hole, eq. [ 1 2.3 . 20]) the constant SOH is called
the angular velocity of the horizon. Since the horizon is a null surface and X° is
normal to the horizon, we have X6Xa = 0 on the horizon, so, in particular, X6Xa is
constant on the horizon. Hence V$(XBXb) also is normal to the horizon, so on the
horizon there exists a function K such that
Va(XbXb) =

-

2 KX°

(12.5 .2)

Taking the Lie derivative of equation (12 . 5 .2) with respect to the Kil ling field X° we
find
fxx

=

0

(12.5 .3)

i.e., ►c is a constant on the orbits of X $. In fact , we shall prove below that K is constant
over the horizon , i . e., its value does not change from orbit to orbit. For a charged
Kerr black hole, the value of x is
(Mz _
2 - ez) }/2
a
aZ
e2) 1 /2]
e2
rc= 2m[m + 0
(12.5.4)

-

-

-

We may rewrite equation ( 12.5 .2) in the form
X6 QaV6 = -XbVbXo

( 12.5 .x)

- tea s

which is just the geodesic equation in a non-affine parameterization . Thus, K measures the failure of the Killing parameter, v, defined by
X° Va v = I

( 12. 5 .6)

to agree with the affirm parameter , A, along the null geodesic generators of the
horizon. If we define k° on the ho rizon by
ka

= e- KVXA

( 12.5 . 7)

we find
kb08k o =

e-2xn [X

V (KV)] =

b Qb Xa - xaXb

b

0

(12.5 .8)

i. e ., k° is the affinely parameterized tangent to the null geodesic generators of the
horizon . This shows that on the horizon the relation between affine parameter A and
Killing parameter v, is given by
dv~
so that, if rc

*0,

e KV

( 12.5 .9)

we have
A « e "'

( 12 .5. 10)
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Since X° is hypersurface orthogonal at the horizon, by Frobenius's theorem (see
appendix B) we have on the horizon

x [avbx, = 0
Using Killing's equation QbX,

(12.5 . 11)

this implies

= -VXb,

Xc 0a X8 = - 2X[aV8jxe

on the horizon. Contracting with V °X b , we find
Xcl ~~XNVaXb) - -2(XaVsXb)(VbXc~
~
bx~
K%b V

2

-ZK

2)rC

(12.5 .13)

Thus, we obtain a simple explicit formula for K ,
(12.5, 14

K2 = - ~ EQ~Xb}(DaXb) ~

where evaluation on the horizon is understood.
Equation (12 .5. 14) provides us with a physical interpretation of K as follows . We
have everywhere (i .e., not just on the hcirizon)`
(

3 l X[a Q~ Xr~~l X~a~b~c~~ - XaXa v

b)(o

b Xe)

~\ XaVbX f[ Xb

V
a Xc!

(1 2 . 5 . 1 S)

Since X[a VI Y,,] = 0 on the horizon, the gradient of the left-hand side vanishes on the
horizon. On the other hand, by equation (12 .5 .2), Qb (X'aXa) :0 0 on the horizon,
provided that x # 0 . Hence, by t'HOspital's rule, the left-hand s ide of equation
(12. 5. 15) divided by %% "must approach zero on the horizon . Thus, using equation
(12.5.14),- we find
K 2 = lim{

- X
X l(XaVXc)!
l b Qb
XdXdt

s

(12.5 .1()

where "dun" stands for t1e limit as one approaches the horizon . Now,

(12.5 .17)
is just the acceleration of an orbit of Xa. Thus, we have
K

= lim (Va)

(12.5 .18)

where a = (a `aj112 and V = (-X°Xa) 112 . In the case of a static black hale, we have
X° = J10, Then V is jest: the redshift factor, and, by problem 4 of chapter 6, Va ,is the
force mat must beexerted at infinity to hold a -unit test mass in place. 'ibus, x is the
ling value of this force at the horizon ; i:e. it is tie surface gravity of the black
hole . (Of course, the localty exerted force, a , becomes infinite on the horizon .) For
a rotating black hole , fl,q * 0, a test mass cannot b e held stationary with respect to
infinity near the black hole, but we shall continue to re fer to K as the surface gravity .
Using equations (.12 .5 .7) and (12 .5. 11), we find on the horizon .

1qH Q6]k,, =

-C - 2rce' Xc

2

QeXb + X[a Qb]( KU )]

(12 . 5 . 1 9)
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Contracting equation (12 .5.19) with any two vectors m b, n" tangent to the horizon
(i. e., Xama = )r °na = 4) , we obtain
(12.5.20)
i.e., in the notation of section 9 . 2 , we have

k =4

(12.5 .21 )

Thus, the expansion 0, twist &.b, and shear of the null geodesic generators of the
horizon vanish . From equations (9 .2.32) and (9.2.33), we see also that on the
horizon

R,bk°kb = 0
and
--Cakdkak

--

o

(12.5 .23)

The latter equation states that k a is a principal null vector of the Weyl tensor (see
section 7.3). In fact, we shall see below that k a must be a repeated principal null
vector.
It should be emphasized that most of the above equations-in particular, the
relation (12 . 5 .2) defining K-- hold only on the horizon. Thus, we may not simply
apply Va to, say, equation (12 .5 . 2)since we may different iate equation (12 .5 .2) only
in directions tangent to the horizon . If the horizon were a spacel ike surface, we could
apply hIVa to all equations, where the projection operator h b was defined by
equation (10.2.10). However, the horizon is a null surface and has no natural
projection operator assoc iated,with it. Nevertheless, the tensor e°kdXd, wher neakd
s the s ome volume elemen t (see appendix B ) is tangent to the horizon,ei si ce

( e' Xd)X, = 4. Thus, we may apply F° %Vr to, any equation holding on the
horizon. Equivalently, we may apply X[dV,] to and such equation .
We now shall grove that the surface gravity, K, is constant over the event horizon.
Apptying XIdi7 I to equation (I2 .5.5), we obtain
XaX[dV,] rc +

K

X[d Q,~]Xa = X[d Q~lfXb VaXa)
bXa

where equation (C .3.6) in appendix C was used in the last step . However, using
equations (12. 5 . 12) and (12.5.5), the first term on the right-hand side of the last line
of equation (12. 5 .25) is found to be
OX[d

1
f
b Xal =
Vc]X"x7
- 1
3 [%"VdXc)Vb Xa

KXa VdXc

= K X(d RI Xa

(12.5.25)
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which cancels the second term on the left-ha nd side of equation (12 .5 .24) . Thus, we
obtain

Xa XpV~,] K = XbRaK,~ `XajXe

(1 2,5.26)

On the other hand, if we apply X[d 0,] to equation (1 2. 5 . 12), we obtain

Using equation (12 .5 . 12) repeatedly , we find that the first term on the left-hand side
of equation (12 .5.27) cancels the first term on the right-hand side. Thus , using
equation (C.3.6), we obtain
- X,, RW,'XA Xf = 2 XjaRbl,{efXdj Xf

(12.5. 28)

If we multiply by g I and contract over c and e, the left-hand side vanishes, and we
find
-X[ar W] fXf Xd - X[nRb]ed fX°Xf

(12.5 .29)

However, the term on the right-hard side of this equation is of the same form as the
right-hand side of equation . (12 .5 .26). Thus, comparison of these two equations
yields.

Up to this point we have not. used Einstein's equation anywhere in the. . above
analysis. However, we show now that Einstein's equation together w ith the dominant
energy condition (defined in section 9.2) implies that the right-hand side of equation
(12.5 . 4) vanishes. Namely, the dominant energy condition states that =7'°8X° must
be a future directed timelilce or null vector. However, Einstein's equation together
with equation (12 . 5.20 implies 7'°bXbXa = 0. This implies ttia# -j"abX b must pQint
in the direc tion ofXa, i.e., X[c Ta]b X b - 4. Hence using Einstein's equation again, we
find that the right-hand side of equation (12 .5 .30) also must vanish, and we conclude
dig
X[d V~ ] K =

0

(12 . 5.31)

which states that K is constant on the horizon . Note, incidentially , that the van ishing
of both si des of equa tion (12 . 5. 29) implies by equation (3 .2.28) that
X[a,CblafXfXf = 0, i . e ., that X° is a twice repeated principal null vector of the Weyl
tenor on the horizon .
A simple formula for the mas s of a stati onary, axisymmetric spacetime cont aining
a black hole now maybe obta ined (Bardeen , Carter, and Hawking 1973) . Let I be
an asymptotically flat spacelike hypersurface which in tersects the horizon , H, on a
2-sphere , X, which forms the boundary of I . The calculation which led to equation
(1 1 . 2.10) of the previous chapter is modified only by the presence of an add itional
boundary term due to X. We obtain
M = 2

J

Tab -1

TE`«b n$ f b"
aO` f d
- 8Tr ,~e E~

(12 .5 . 32)
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We may evaluate this boundary term by using equation, (12 .5 .1) to write

J

J
J

- fi

V
C
V= C E~ vcXd
E~
vcfd

=

ed

JH m (1/16w)

D cX d

f r

H

f

&
r E~Dc ~

(12 .5.33

- IE37f ,S~N .IH

ea&d V, Ord as the angular momentum of the)whermayintp

black hole (see problem 6 of chapter il) : On the other hand, wa may express the
volume element, eab , on X as
eab

= ebctN `X°

(12.5. 34)

where Na is the "ingoing" future directed null normal to X, normali zed so that
N°Xa = -1 . Thus, we have
F°b'tz`X°
=
eabcd

Ne

X f F"b`feak rD`X d _ -41Vc XdD`Xd = -4K

(12 .5 .35)

and hence

fX

a&d V

f

= _

cX~

2

J

(

Vt

f

) E~

= --ZKf~

E E Eef~ D c•~d

,

(12.536)

where A = fx eb is the area of the event horizon. Thus, we obtain , the following
formula for M :
M = 2 L (Tai' - 2Tgab n ae dV
KA + 2SZm . IH
+ 4v

(12 .5. 37)

Of greatest interest for the development of the analogy between the laws of black
hole physics and the laws of thermodynamics is the derivation of a differe ntial
formula for M , i. e. , a formula for how M changes when a small stationary, axisymmetric change is made in the solution . We may use the freedom of applying diffeomcnph isms to solutions to ensure that e , 41Q, and the locationof the horizon on
the manifold remain unchanged when we vary the spacetime metric . For simplicity,
we shall treat only the vacuum case, T,,b = 0. A generalization of the differential
mass formula to the case of fluid matter outside the black hole was given in the
original paper of Bardeen, Carter, and Hawking (1973), and further generalizations
have been given by Carter (1973) .

A formula for W in the vacuum case can be obtained by varying equation ,
(1 z.s. 37),
W=

A 8K + KSA ) +- Z( .IH S fIH + SZy S.IH )
4 9i ' `

( I 2 . 5.38)

6. Actuary, as discussed at the end of section 12 .3, in the vacuum case, the only possible black hole
solutions are the Kerr metrics, so our formula (12 .5 .44) below could be derived simply by verifying that
it holds for the Kerr zncfics . However, as mentioned in the text, the derivation we give generalizes to
the case where matter is present outside the black hole .
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However, this is not the desired formula . Another formula for &M can be derived as
follows . First, we note that in any spacetime if v° and w° commute and satisfy
lava = Qw' = 0, then
Qa (U IaW bl) = 0

(12.5.39)

V[a ( Eb,]ds Q7 d W c) = 0

(12.5.40)

and hence

Consequently, if we apply Stokes's theorem to a three-dimensional volume bounded
by two spheres S and S', we find that i E bcdv `w ° = fS, EbcdVCW ° . We apply this
general result here, choosing S to be a "sphere at infinity," S' to be a sphere, X, on
the horizon, w° = k , and
b
b
v a = Vb (Y° - 8° Y) (12 . 5.41)
where y b is the perturbed metric azid 'Y = 8 I yam. The above required properties are
satisfied by f° and v' since for any stationary perturbation we have ffv " = 0 (i .e.,
v° and fa commute), we have VW = 0 by Killing' s equation, and lav a = 0 is just
the trace of the perturbed vacuum Einstein equation , R = 0 (see eq. [7 . 5. 15]) . Thus,
we find
S

eakd

y)

e

d ve g se

-

f

X

qabcrr J1Q,( 'YC°

-

g"y)

(12 .5 .42)

If both the ADM and Komar expressions for total mass, equat ions (11 .2. 14) and
(11 .2.9), are used, the left-hand side is evaluated co be $ ir&V . A significantly longer
computation reveals that the right-hand side is equal to -?ASK - 16 =48fi,l (see
Bardeen, Carter, and Hawking 1973). Thus, we obtain
fiM = - 4 A8K - 24ySflij
w
Adding equations (12.5.38) and ( 12.5 . 43) , we obtain the desired formula ,
$NI = 8~ x&A + S~NS.~

(1 .5 .44)

The close mathematical analogy betweer► laws of black lwle physics derived above
and the ordinary laws of thermodynamics is displayed in `able 12. 1 . We noted at
the beginning of this section that the black hole area theorem is analogous . to the
second law of thermodynamics . Now we have obtained the formula (12.5 .44) for
SM, which is closely analogous to the first law of thermodynamics . In particular, the
term 111y Sk is analogous to the "work teen" F&V of the first law; indeed, for an
ordinary rotating body a term of the form W J would be present in the thermodynamic formula. The term SA appears in equation (12.5 .44) in the same manner as
SS appears in the first law of thermodynam ics , except that it is multiplied by (1/$ir)K
rather than T, sQ k plays the role of temperature in the black hole laws . But we proved
above that K satisfies an important proper ty analogous to the property of temperature

Problems

Table
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12.1

S LACK HOLES AND THERMODYNAMICS
CONTEXT

LAW Thermodynamics

Black Hole s

Zeroth

T constant throughout body
in thermal equilibrium

K constant over horizon
of stationary black hole

First

dE = TdS + work term s

dM = g~ xa1A + flHdJ

Second

SS ? 0 in any process

M

Third

Impossible to achieve
T = 0 by a physical
process

Impossible to achieve
K = 0 by a physical
process

0 in any process

in the zeroth law of thermodynam ics: it is uniform over an "equilibrium" (i . e.,
stationary) black hole . Finally, we see from equati on (12.5 .4) that for the charged
Kerr black holes, K vanishes only for the "extreme" case M' = a' + e2. Explicit
calculations (see, e .g . , Wald 1974a) show that the closer one gets to an "extreme"
black hole, the harder it is to get a fu rther step closer, in a manner similar to the third
law of thermodynamics. (However, the analog of the alternate version of the third
law of thermodynam ics, which states that S --* 0 as T - 3. 0, is not satisfied in black
hole physics, since A may remain finite as K --.* 0. )
Note that the analogous quantities in Table 12.1 are E ++ M, T *+ arc, and
S *+ (I j8va)A > where a is a constant. A hint that the relation between black hole
laws and thermodynamic laws might be more than just an analogy comes from the
fact that E and M are not merely analogs in the formulas but represent the same
physical qu antity: total energy. However , the thermodynamic temperature of a black
hole in classical general relativity is absolute zero since a black hole is a perfect
absorber but does not em it anythi ng . Thus, it would appear that K could not physically represent a temperature. Nevertheless, in 1974 Hawking discovered that quantum particle creation effects result in an effective "emission" of particles from a black
hole with a blackbody spectrum at temperature T =AK/2v. ' Tbus, K does physically
represent the thermodynamic temperature of a black hole ! This suggests that the
relationship between laws of black hole physics a nd thermodynamics may be much
more th an an analogy : The black . hole laws of Table 123 may be precisely the
ordinary laws of thermodynamics applied to a black hole . We shall discuss this issue
further in the last section of chapter 14 .

Problems
1 . Since an observer outside a black holy does not l ie within the causal future of the
black hole, such an observal literally cannot "see" the black hole . As is apparent from
Figure 6 . 11 , an observer looking at a region where gravitational collap se has oc-

338 Black Holes

cuffed would, in principle, see the coliagsing matter at a stage where it is just outside
the black hole . Consider aparticle--such as a pa rticle on the surface of the collapsing
body-which falls into a Schwarzsch ild black hole . Show that for any smooth,
timelike curve, dU jdi- must have a finite, nonzero value on the horizon, where U
denotes the Kruskal coordinate ( 6. 4.26) and r is the proper time along the curve .
Show, therefore, that if the particle emits photons radially outward at a constant rate
(with respect to its proper time), the rate at which photons will be received by a
distant static observer will vary as e-`ll at late times, where t is the Schwarzschild
coordinate time ( -- proper time of the observer) . The frequency of each photon also
will be red shifted by this factor . Since 4M -- 2 X 10-I(M/moo) s, this means that
the region where collapse has occurred will appear black on a very rapid time scale
(Ames and Thorne 1968).
2 . a) Let (M, gam) be a spacetime with a Killing field, w", and suppose A" is a vector
potential which respects this symmetry, i .e., f„,Aa = 0. Show that for a particle of
charge q moving under the Lorentz force law (4.3.2), w°(rnuQ + qAa) is constant
along the world line of the particle .

b) Obtain the constants of motion, E and L, for charged particle motion in the
charged Kerr sp ume . Use this result to derive an effective potential for radial
motion in the equatorial plane, thereby generalizing equation (12 .3 .25) to the
charged case .
3 . Show that the energy (defined as in problem 2 above) of a particle of mass m and
charge q held fixed at radius r outside a Reissner-Nordstrom black hole of mass M
and charge e is E _ - rr, (i - 2M/r + el/r)"' + qe/r. Hence, if q has the opposite
sip of e, we will have E C 0 for r sufficiently close to r + . Thus, we may extract
energy from a Reis sner,Nordstrom black hole by lowering a charged pa rticle to near
the horizon and then dropping it into the black hole. By paralleling the derivation of
equation (12.4.9) in the Kerr case, obtain an upper l imit for the amount of energy
th at can be extracted by this process (Christodoulou and Ruffini 1971) . Show that
this upper limit agrees with that obtained from the area theorem .
4. Suppose two widely separated Kerr black holes with parameters (M1, J1) and
(M2, J2) initially are at rest in an axisymmetric configuration , i.e., their rotation axes
are aligned along the direction of their separation . Assume that these black holes fall
together and coalesce into a single black hole . Since angular momentum cannot be
radiated away in an axisymmetric spacetime (see problem 6 of chapter 11) , the final
black hole will have angular momentum J = 1, + Ja. Derive an upper limit for the
energy radiated away in this process. Note that th is upper limit is larger when J , and
J2 are antiparallel rather than parallel . This suggests the existence of a gravitational
"spin-spin" force which is attractive for antiparall€1 spins. (The existence of a force
of the correct magnitude and sign to account for this effect can be demonst rated
directly from the equation of motion for a spinning test body [Wald 1972b ] . )
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5. a) Let F,,b be a closed two-form (i .e., satisfy equation (4.3 .13)) and let w° be an arbitrary vector field. Show that
b) Show that the time averaged flux of the Maxwell energy current, JO = - T" i b,
across the horizon of a Kerr black hole is negative when w and m satisfy equation
(12.4. 18), and thus that superradiance of elec tromagnetic waves occurs in th at
regime. (Hint: Use part (a) to relate F bfb to FAXb . )

THIRTEEN

SPINORS

In chapter 4 we briefly considered the issue of what types of quantities appear in
physical laws . We noted that tensor fields-i .e. , multilinear maps associated with
each spacetime poi nt, taking vectors and dual vectors into n umbers---encompass a
very general class of. mathemat ical entities , and this helps to account for why
essentially all physical quantities in spacetime are represented by tensor fields. In the
first section of th is chapter we shall reinvestigate this question from a more systematic po i nt of view, using the "special covar iance" of the laws of phys ics in spec ial
relativity . This will motivate us to define and investigate the properties of more
general entities called sp inor fields .
In essence, a spier at a point ,x of spacetime is an ordered pa ir of complex
numbers associated with an or thonormal basis of the tangent space Y which transforms in a specified : way under a continuous change of basi s . The most unusual
aspect of th is tzaritsfarmation law--which contrasts sharply with the analogous transformation law s for ordinary tensors-is th at a spinor changes sign when the basis
completes a rotation of 2 w radians about a fixed axis and thereby returns to its
original configuration . 'thus, the numerical values of a spinor in a given orthonormal
basis cannot be directly physically measurable since it has two possible distinct
values in that basis . However, real bilinear products of spinors and complex conjugate spinors may be identified with ord inary vectors and thus have a di rect physical
interpretation. Indeed every null vector can be expressed as the tensor product of a
spinor and its complex conjugate . In this sense, a spinor may be v iewed as a "square
root" of a null vector.
Senors arise most naturally in the context of quantum theory. In quantum mechanies,the numerical value of a wave function 0 is not physically measurable since
qi and eI * represent the same physical state . Consequently , no contradiction results
from hav ing a wave function be represented by a spinor field. Indeed, w e shall see
that spinors arise naturally when one considers from a general v iewpoint the types
of fields which can occur i n quantum theory .
However, we should emphasize that the notion of spinors has proven to be an
extremely powerful tool for analyzing purely classical problems . Perhaps the most
dramatic example of this is Witten 's (1981) spinorial proof of the posit ive mass
conjecture. In section 13 . 2 we shall give further examples of this by der iving a useful

340

Spinors 341
spinorial decompositi on of the curvature tensor and obta ining the existence and
properties of the principal null directions of the Weyl tensor i n a manner far simpler
than can be achieved by tensor methods .
We begin our discussion in section 13.1 by arguing from a general viewpoint that
the isometry group of a spacetime acts in a natural way on the states of a physical
theory defined on that spacetime . For a quantum theory defined on Minkowski
spacetime, this leads us to examine the unitary representations of the Poincard group
on a Hilbert space .-However, because state vectors which d iffer by a phase factor
represent the same physical state, representations "up to phase" of the Paincar6 group
also are allowed . These representations are in one-t o-ore correspondence with true
i
representations of the covering group of the Poincar6 group,, namely, the groug
ISL(2, C) composed of all translations and linear maps of unit determinant acting on
a two-dimensional, complex vector space . Ordinary tensor fields on Minkowsid
spacetime arise as realizations of the true representations of the Poincar6 group.
Spinors and spinorial tensor fields wise as realizations of repre sentations: of
ISL(2, Q. The relation between spinors and vectors also is obtained in section 13 .1,
and other basic properties of spinors and spinorial tensors are established . We
conclude section 13.1 by defining the notion of the derivative of spoor fields in
Minkowski Mme and giving the linear equations for fields in Minkowski spacetime associated with the irreducible representations of ISL(2, Q of mass m and
spin s.
In section 13 .2 we consider the generalization of the notion of spinors to curved
spacetime. Since the presentation of spinors in section 13 .1 is based heavily on the
Foincaz6 group, we must s ignificantly reformulate the notion of spinors in order to
define them in curved spacetime We do so by means of a construction involving
fiber bundles . As explained in section 13 .2, it tu rns out that the spacetime manifold
must satisfy certain -topological properties in order to admit a notion of spinor fields,
and that more, than one inequivalent spinor structure may exist in a spaeetirne which
is not simply connected.

The derivative operator acting on ordinary tensor fields associated with g,,* can be
gene ralized to act on spiworid tensor fields . This allows us to obtain a spinorial
decomposition on the Riemann curvature tensor . As applications of spinor methods,
the algebraic classification of the Weyl tensor
we conclude section 13.2 by
and demonstrating the inconsistency of the n atural generalization to curved spacetime of the Mitrkowski spacttime equations for a mas slcw-field of spin greater
than I .
We take this opportunity to bring two points concerning term inology and conventions to the attention of the reader . Rust, the terms "spinor" in this chapter refers
to an SI.(2,-C ) (2-component) spinor . As mentioned at the end of section 13 . 1 , a
Dirac (4-component) spinor is simply an SL(2, C) spiny together with a complex
conjugate SL(2, Q sginor. ` In this sense, SL(2, C) spinors may be viewed as being
more fundamental objects than- Dirac sginars, and it is more natural for us to work
1 . The group Si. (2, C) consists of the "spec iat" (i .e., unit determinant) linear maps on C2 .1'he group
ISL (2, C) contains, in addition, the (iNtamogencaus) translation maps .
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with them. However, we emphasize that in most references on quantum theory, the
term "spinor" means "Dirac spinor,, ,
Second, for the reason explained below equation (13 .1 .18), in this chapter we use
the metric signature convention + - - - . 'Thus, in the formulas of this chapter
which involve the spacetime metric, a change of sign for each appearance of the
metric must be made in order to obtain agreement with the formulas appearing in the
other chapters of this book . Further remarks on these sign changes are given in the
section on notation and conventions at the beginning of this book .

13.1 SpiQOrs in Nfinkowski Spacetime
The main purpose of this section is to motivate the defin ition of spinor fields on
Minkowsid spacetime and establish some of their basic prope rties . We shall do so
by investigating the general issue of what mathematical entities may represent
physical fields in Minkowski spacetime. Our approach will be group-theoretic in
nature . We first shall argue that if "spec ial covariance" of the physical laws holds ,
then the isometry group of a spacetirne acts in a natural way on, the states of a physical
system. In the case of a quantum theory in Minkowski spacetime, we thereby obtain
a unitary 'representation up to phase of the Poincar6 group . The study of these
representations leads to consideration of the group, SL(2 ; Q , consisting of linear
maps of unit determinant acting on a complex two-dimensional vector space, W The
notion of spinor fields in Minkowski spacetime then is obtained by assigning v ectors
in W to poi nts of spacct me in an appropriate way.
To begin,- we give a general argument that there should ex ist an action of the
isomet ry group of: a spacetime {hi, g,,,b) on the collection, Y, of states of a physical
theory defined on, that spacet
, We shall assume that the physical properties of
state
n
~
each
i
can be, characterized by lo ca l measurements made at each spacetime
event by a family of observers . A good example of an :f sati sfying this property is
the collection of states of a physical system that can be described by tensor fieldsof
a specified type on M (with the components of these fields corresponding to the local
physica lly measurable quantities); but since our purpose is to investigate the possibilities for what; 9' may consist of, we leave 9' unspecified . Consider a family of
observers, 0 , equipped with measuring apparatus on M. We shall assume that these
observers can be characterized by = specifying an orthonormal basis (e.Y . with
a = 0, 1, 2, 3 for the tangent space at each point of M. Here the first vector (eor in
the basis at each event is chosen tangent to the world line of the observer at that
event, and the remaining basis vectors (ea)" for a = i, 2, 3 serve as refere nces for
how the, apparatus he carries is aligned . Since all experiments in physics, meas
numbers, associated with each s ~ 9 there should be a collection of numbers
corresponding to the outcomes of a complete set of measurements on the state s made `•.
by these observers. We shall assume for simplicity that each x E M only a finite `~.
number, k, of measurements r be made . Then for the given spacetime (M, gam,)
and the given family, 0, .of observers, we obtain a map fv :111 x `}' - ~- Rk which
uniquely characterizes each s E W in terms of the measurements made by these
observes. A different family, 0, of observers would, in general, obtain a different
map, fo, i.e., the numerical results of the measurements on s may depend on how
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the observers move and how they orient their measuring apparatus . Consider, now,
a diffeamorphism O:M -3 M and allow -0 to map the basis fields (ea)° into 0 '(ea)"
in the manner described in appendix C . In general, the basis 0 '(e . )° will not be
orthonormal at each point and thus will not correspond to a physically realizable
family of obaervers . However, when (and only when) ¢ is an isomet ry, 0`(e.)° will
be orthonormal, and we can use 0 to map our original fami ly, 0, of physical observers associated with the basis field (ea)a into a new fam ily 0 of physical observers
associated w ith O*(eja.
If the laws of phys ics are "specially cova riant" under the isometrics of (M, gam)
(see c hapter 4), then any physically possible result of a set of measurements made
by 0 must be a physically poss ible result for a set of measurements made by D . in_
other words, given any s E Ef , there must exist an . s EE 9 such that the results of
measurements by 0 on s are identical to the results- of measurements by 0 on s, i.e. ,
for each x E M we have fa (x, s) _, fa(O (x), s). Thus, associated with each isometry
we obtain a map cJi : J --> 9, defined by the requirement that 0(s) "look the same„
to the observers . as s "looks" to O . In the case where 9 consists of tensor fields ,
this map is simply the map 0 * defined in, appendix C .
The isome tries on (M, 8a~) form a Lie group (see section 7 . 2). We shall denote the
abstract group isomorphic to the group of isometrics by G and denote the isomet ry
associated with g E G as Og . By the above ;remarks, for each g . E G we obtain a
map Os ~ ~ ~ 9 . Furthermore, from the. physical criteria which defined the map fig,
it is clear that for all g i, gz E G, we have
(13 . 1 . 1)
414sz = 4.s 2
We specialize, now, to the case of .M nkowski spaceti me (R4 , ,q,*) . The isometry
group of Minkowski spacetime is the extended Poincar6 group, but since ., as mentioned in section 4 .2 , the laws of phys ics in Minkowski spacetime, are believed to be
"special ly covariant" only under proper Po n=6 transformations, we shall take G to
be the group of proper Po rtGar6 transformat ion s. In order to proceed further, we must
specify the nature of the physical theory in more detail . We shall take the framework
of our physical theory to be that of quantum theory. As we shall see below, se noes
will emerge as candidates for physical fields in quantum theory.
In quantum theory, states of a system are represented as vectors with unit norm
in a Hilbert sparez X However, two vectors which di ffer by an ov erall phase factor,
1 , represent the same physical state . Thus, the
i. e . , a complex number c with [c
physical states, &, are the unit rays in the Hilbert space,. i .e . > the equivalence classes
denote the map
9'.
of unit norm vectors dif fering only by a phase factor . Let
of ~ into itself associated with the isometry 0.. We may associated with ¢g a map
U& : X -+ X where the .:phase of U8 (fir) for all tP E X can be chosen arbitrarily . The.
requirement that o$ take the states in SP characterized by observer 0 to states which
"look the same" to observer 0 implies that all transition probabilities must be
( 411 s 02 ) ~
preserved by c~ .. This implies that each Ua must satisfy I (Ug 4i,, Us 02)
2. See the beginning of
of the basic properties of a
present chapter . , .

section 14.2 for ft definition of a Hilbert space . An introduction to some
Hilbert space ~also is gi ven me re , but this di scussion is not essential for the
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for all fp,, +lh e X. As shown by W igner ( 1959 ), this implies that Ug can be re-phased
so that it is either unitary or antiunitary . Since all proper Poinc ar6 transformations
can be continuously deformed to the identity element, the continuous d ependence of
~g with g requires that U8 be unitary . The requirement (13 . 1 . 1) on cog implies that
U. must satisfy

Us, Usz

= (0(91, 92)U8182 1

(13 .1 1 .2 )

where w is a phase factor, I w(gi, g2 ) 1 = 1 .
We take this opportunity to introduce some terminology . Let G and G' be groups.
A map h : G ~ G' is said to be a homomorphism if for all g l , g2 E G we have
h(8 , 82) _ h (8 1 )h(B2) . Now, the collection, GL(V), of one- to-one, onto linear maps
of a (not necessarily finite-dimensional) vector space, V, into itself has a natural
group structure . A homomorphism h : G ~► GL (V) is-, called a representation of the
,group G , and V is said to be its representation space. A map of G into GL (V)
satisfying a relation of the form ( 13 . 1 .2) is called a projective representation or a
"representation up to phase. "
Our strategy for obtaining physical fields on spacetime now may be explained . We
have seen above that the Hilbert space o f quantum states is the representation space
for a unitary representation up to phase of the proper Poincar6 group. 'Therefore, we
may pose tie mathematical problem of find ing all the unitary representations up to
phase of tlie Paincar6 group on a Hilbert space which `+cepend continuously on'the
Poi ncart group elements in the sense described by Wigner (1939). We then may seek
to define fields on spacetime corresponding to all the representations we have found .
The problem of finding the continuous unitary representations up to phase of the
Poinear6 group was systematically analyzed by Wigner (1939) . The first key result
of Wigner's' analys is is that the unitary maps U. can be redefined by multiplication
by phase factors in such a way as to make w( g, , g2)
1 . Thus, the Ug may be
chosen so that they yield a "representation up to sign." (The proof of this resutt is
nontrivial and comprises a substantial portion of signer's analysis . ) next key
result (see B a.tg~ninn 1954) is that the representations up to sign of the Poincar6
group correspond precisely to the true representations of its universal covering
group. We digress, now, to 'define the term "universal covering group.,,
Let M be a connected manifold and let p, q E M. Let y: [0, I] --* M and
Y1 :101 I] -j► M be cont inuous curves with 7+(U) = y'(0) = p and y (l) = y'(1)
q. We say that y and y` are hvmotopic if they can be continuously deformed i nto each
other keeping their endpoints -fixed, i. e. , if there exists 'a continuous function
F 0, 1) x tO , 1] --i,- M such that 'F(O, t) = y(t) and F (l, r) = y '(t) for all
t E [0, 1.] and P(s> 4) = p, F (s, 1) = q for all s E [0 ,1] . It i s easy to check that
homotopy defines an equivalence relation between curves from`p to q. M is said to
be. simply connected if every closed curve in M [i .e. , every curve with 'Y(O) s Y(1 )]
is homotop c to the trivial curve q(t) = y(O) for all t E [0, I]. Equivalently, M -is
simply connected if for each p, q 'E M all the curves connecting p and q are Comotopic . Note that the number of hamvtaPy equivalence classes of curves between
p, q E M is independent of the choice of p 'and q. Note also that the set of homdtopy
equivalence classes of closed curves th rough p can be given a natural group structure'
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as follows. If T, denotes the equivalence class of curve - yl, and r2 denotes the
equivalence class of curve -/2, we define the product I', r2 to be the equivalence class,
IF, of the curve y defined by
(13 . 1 . 3)

i .e., y goes first around y , and then around y2. It is easy to check that t is
independent of the choice of representative curves yl and -h in r, and F2 and that the
above product law defines a group structure, with the identity element con sisting of
the-equivalence class of the trivial closed curve . This group is called thefuredamental
group of M and is denoted irl(M): Thus, M is simply connected if and only if n,(M)
is the trivial group consisting only of the identity element
Now, fix p f'= M and define ft to be the set of equivalence classes of curves
between p and q as q ranges over M There is a natural map f :M -> M which takes
each 4 E M into the enclpoint q E hl of Che equivalence class of curves 4. This map
will be one-to-one if and only if M is simply connected. 'However, even if M is not
simply connected, we always pan find a simply connected neighborhood, U, o f
E M and look at the equivalence classes of curves obta ined by following a curve
in q from p to q and adjoining to it a curve lying entirely within U. In this way, we
obtain acre-to-one, onto map from a region, 0, of M into U. By requiring that all
such maps be diffeomorphisms we define a manifold structure on M. The manifold
M thus obtained is called universal covering ►nanifald of M. (Note that M is independent of the choice of p E M used in the construction, i. e ., different choices of p
result in diffeamQrphic universal coveri ng manifolds .) It follows directly from the
construction of M that we have a "covering map" f :M --~ M such that for every
simply connected open set U C M , f is a diffeoincarphism between each connected
component off-'[U] and U. Furthermore, Al is simply connected, as can be seen
from the fact thatf maps every closed curve i n M into a closed curve in hi which is
homotopically trivial . In fact, the preceding two properties characterize M.
Since a Lie group, G, also is a manifold (see section 7 . 2)` the above construction
can be performed on G to obtain a universal cove ring manifold, G. Furthermore, a
group structure can be defined on G as follows. We choose the fixed point p in the
construction of G to be the identity element, e, of G. Let g l , ga E G and let Y1, -Y2
be curves in G belonging, respectively, t o the equivalence classes g,, g2 of curves
from e to points of G. We define gi g2 to be the equivalence class of the curve
`Y(t) = 7l (t)'Y2(t), where yi(t)'Yz(t) is defined by the group product in G . The equivalence class of y is independent of the choice of representative curves Y1, Y2, so §192
is well defined . This product makes G a Lie group ,-and it also makes the covering
map, : G --* G a group homomorphism . G is called the universal covering group of
G, and it is characteri zed by .the conditions that G is the universal covering man ifold
of G and that its covea'ng map, f, is a homomorp ism .
The Po incar6 Lip group fails to be simply connected . A rotation by 21r cannot be
continuously deformed the identity transformation . More precisely, the curve y in
the group manifold defined by y(t) = rotation about a fixed axis by the angle (2 7rt)
begins and ends at the identity element, e, but i s not homotopic to the trivial curve
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y '(t) = e for all t. What is perhaps more surp rising is that the homotopy class of the
2r-rotation is the only nontrivi al homcftc7py class of closed curves through e in the
PoincarO, group, i .e., every closed curve passing through e either is homotopic to the
2r -rotation curve y or the trivial curve y' . In particular, a rotation by 41r about a
fixed axis can b e continuously deformed to y ' as illustrated in Figure 13 . 1 . Thus,
the universal covering group, G, of the FQincar6 group, G, will yield a twofold
covering of G . As we shall see below, G is isomorphic to the group ISL(2, C ) of
translations and linear maps of unit -determinant on a two-dimensional complex
vector space . Our next major task therefore, ill be to establish some properties of
the groups SL(2, --C) and ISi,(2, ~) and the vector .space upon which they_ tutu y
act. These properties- are :basic to the notion of spinors, and we now shall make a
lengthy digression to study these properties.
Let W be _a iwo-di mensiona1 vector space over the complex numbers . Following
the index notion conventions discussed i n chapter 2, we shall use latin superscripts
to denote vectors in. W and greek: superscmpts to denote-components of vectors in W
with respect to a basis: However, in order to distinguis ' h vectors in W. from tangent
vectors in space , we shall use capital letters in, the superscripts, Thus, ,, frnr
example, f" cienQtes .an.element of W, and fl denotes a component of 0. As in the

da l

(b)

t~ 1

(d )

(e)

tf1

Fig . i 1. 1 . A diagram illustrating how a rotation of a sphe re by 4v about a given
axis can be continuously -deformed to no rotation . We break up the 4r-rotation into
two 21r-totationa and continuoudy change the ax is of the second 21t-rotation until it
is opposite the axis of the first rotation, a s shown in the sequence (a?-(d) . Then we
c inuouslY decrease the angle of both rotations to zero , as shown in the sequence
Ed)-U)•
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case of a real vector space, starting with W we can c onstruct the dual space, W%
composed of linear maps from '6X into C. Then W' is a two-dimensional vector space
over C, and we shall denote its elements with subscripts . Thus, for example , A,,
denotes an element o€ W *. However, for a vector space, W, over +C, we also can form
the complex conjugate dual space W , cc~tnposed of the antilinear maps from W into
C. (Here a map f : W -),, C is said to be antilinear iff (e, + ei) = .f(f i) + .f ( f2l) and
f(ce) = c f (r) for all el, e2 , e E W and for all c E C.) Then W; also is a
two-dimensional vector space over C, and we shall denote its elements with a primed
' . Finally, we define the complex conjugate space, W, to
lower index , e.g., 4r,,, E ~i
be the dual space of W*, and we denote elements of W with a primed upper index ,
e.g., O "' E W. Note that them is a natural antifireedr one-to-one correspondence
between elements e E W and 0 E W defi ned by the requirement that O(e) = 0 ( 0)
for all 0 E W* . (We omitted the indices here since their presence could cause
confusion .) We call this map of W onto W (as well as the inverse map of W onto W)
complex conjugation . We denote the image of f' E W under complex conjugation
OA' E W as ;~" E W .
as P' E W, and similarly denote the image of
A tensor , T, of type (k, 1; k', l') over W is defined a s a multilinear map ,
T : W * x •• xW`xWx
k

•• xWxW x . . W xWx
r

l

.

_ ...

k'

. GV-> C

~ --,.

l'

We shall use a natural generalization of the index notation for tensors over a real
vector space to denote tensors over W. Thus, for example, T^Bc °' denotes a tensor
of type (2,1 ;1, 0) . The relative ordering of the primed and unprimed indices is
irrelevant, e.g., T`'A'19c denotes the same tensor as T"Ic" . However, the ordering
within the unpfimed indices and within the primed indices is as relevant as in the case
of tensors over a real vector space. The complex conjugation map of vectors extends
to tensors and maps a tensor T of type (k, l; V, I') into a tensor, denoted T, of type
(k', l'; k, 1). Note that T - T. Finally, we no w have two distinct notions of contraction: con on over unprimed indices, taking tensors of type (k, 1; k' , l') into
tensors of type (k -- 1, l - 1 ; k', t')> and contraction over , primed indices, taking
tensors of type (k, 1; k', t' ) into tensors of type (k, l;k' - 1, l' -- 1) . However, -contraction over one primed index and one unprimed index is not de fined . Again, we
shall adopt the notation of using the same letter twice in the indices to denote
contraction.
For a two-dimensional vector space, W, Over C , the vector space of antisymm etric
tensors of type (U, Z ; 0,0) is one-dimensional . If a particular such tensor Ew = - Ea4
is ctwsen,• the pair (W , eAq ) is called a spy` space . The elements of W are called
spinors, and tensors over W are called sp trrial tensors. We can use E,,B to map
spinors into dual spinors via e -> eAn e. Since eAR is nondegnerate (i.e., F,,Be" # 0
unless tA= 0) we obta in from EAB an isomorphism of W and W* much like the
isomorphism that would be obtained from a metric on W. We shall take advantage
of this similarity by employing notational conventions for e,d g similar to those employed for metrics in chVwr 2. First, we shall denote the dual vector E,, BfA as simply
6, and more generally, use EW to lower unpr imed indices on all spinorial tensors .
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Note, however, that since EAo is antisymmetric in A and B , it makes a difference
which index of eAn is contracted with C in the index-lowering operation . We follow
the standard convention of us ing contrac tion over the first index of eAB to lower
indices. Thus, we have

Following stand ard conventions , we define e" to be minus the inverse of E,,B, i . e .,
el is the antisymmetri c tensor of type (2, O; U, 0) which satisfies,
EAB CDC - -

SAC

where &" C denotes the identity map on W . In order to compensate for the minus sign
in equation ( 13. 1 .5) we use contraction over the second index of F AB to raise an
index; e.g ., for µA E W* we have
A -- eAB µB -- -F ' µB
(13 . 1 .6)
A

Thus, it is essential to pay careful attention to index positions in order to prevent sign
errors . Note that we have
(kA = (ESAe)O

A

fB O A

In particular, for any spinor eA , we have fA = 0 . It also should be noted that
confus ion can arise with the symbol S ''c, which could be interpreted either as (a) the
identity operator on W or as (b) the identity operator, SB °, on W* with its first index
raised and its second index lcawered [Tensors (a) and (b) differ by a minus - sign.]
't'hus, it is preferable to use L_CA to denote the identity operators on both W and W*,
since no confusion in interpretation arises for this symbol . Finally, we denote the
tensors obtained from eAD and el via complex conjugation as W;, 8- and ill' and use
them to lower and raise primed indices, w ith the same convention of contraction over
the first index of Eql, and the second index of E"'B'.
A trtear map L : W -> W is represented by a tensor LAB. The determinant of L is
defined by

det (L) =

2

E,qB E CDL AC LBp

(13 .1 .8)

It is well known that LAB is one-to-one, onto, and hence invertible if and only if its
determinant is nanvan ishing. We define SL(2, Q to be the group of linear maps of
W into itself which have unit determinant. Here the group product is defined by
composition, i.e. , .(J..Nf)Aa = L"cam a, and the group inverse is given by the inverse
of the linear map. Since the determinant condition is one complex equation on the
four complex components of V$ , -it takes six real parameters to specify an element
of SL(2, Cy. Indeed, using the polar decomposition th rem--which states that w ith
respect to any inner product introduced on W, every element of SL(2, EC) can be
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written uniquely as the composition of a unitary map of determinant one [i .e., an
element of SU(2)] and a positive, self-adjoint map--it can be shown that SL(2, C)
has the natural manifold structure S' x R3 . Thus, since the group operations are
smooth with respect to this manifold structure, S42, C) is a six-dimensional Lie
group . Since S 3 and R 3 are simply connected, it also follows that SL(2, Q is simply
connected . Note that the condition that LB have unit determinant is equivalent to
L'C LSp LAB = Epp

,

(13 .1 .9)

which states that eABis preserved under the action of LAB .
The relation between SL(2, .C) and the Lorentz group now may be established . The
tensors of type (1, 0;1,0) comprise a four (complex) dimensional vector space, Y. A
convenient basis of Ycan be defined as follows. Let v" , a" be a basis ofW satisfying
(13 . 1 . 14)

OgL A = EpB OA L B = I

Then the Sensors
A
~ I = ,~ r(D OA, + LA L AI~

~~ 2

x AA .

=

1

y,,r, , ,

( DALA

I

( 13 . 1 . 12)

,

~4
)

(13. 1 . 13)

A 0)
-- ~ (O'~ D A • - L

( 13. 1 . 14)

N/
ZM

(OA LA,

(13 . 1 . 11)

- LA

N/ 2

comprise a basis of Y. Now, complex conjugation maps Y into itself, and the elements
0'''" of Y whick are taken into themselves under complex conjugation, ip'' ' - O""' ,
are called real. It is straightforward to check that the above basis elements of Y are
real and, fu rther, that the real elements of Y are precisely those which can be written
as sums of these basis elements with real coefficients. Thus, the real elements of Y
comprise a four-dimensional vector space over R, which we shall denote as V.
The tensor
9,p A'gB ' = EAgEq 'g '

(13 . 1 . 15)

yields a multilinear map V x V -> R. since it is easily verified that gng ,BB ,
is real for OA''' , +JM' E V. Furthermore, $,~,w, , is nondegenerate with signature
+ -- - - and thus defines a Lorentz metric on V. (This can be verified explicitly
respect
by checking that the basis vectors, [ 13. 1 .11 ~--[ 13 . ~ . 14j are orthogonal with
M
'",
to g u.BB,, that gAA,aa , t""'tB8' = 1, and that the similar norms of x""', y ' , and z
are -1 .)
Now, associated with each map LAB E SL(2, Q is the map A : V -), V defined by
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Since by equation (13 .1 .9) LIB preserves e,B, it follows Chat Ar4"'ee , preserves g, A .BB , ,
i.e., we have
A"" 'cc, ABB /DD ' BA.+ ' aa ' = 8cc 'na '

(13. 1 .17)

But , by definition, the extended Lorentz group---denoted 0( 3, I)--consists precisely of the metric preserving l inear maps on a four-dimensional real vector space
with a Lorentz signat ure metric . Thus , AA'''BB, is a Lorentz transformation on V!
Indeed, the Lorentz transformations which arise in this way comprise the proper
Lorentz group---denoted A -as can be verified explicitly from the component form
of this correspondence which we sh al l obtain below (see eq s . [13 .1 .311 and
[13 . 1 . 32]) . Hence, we have found that associated with every element LAB of SL(2, C)
is a proper Lorentz t ransfarmrnat ion A"A'B8-, defined by equation (13 . 1 .16) . Furthermore, LAB and M"u give rise to the same Lorentz group element if and only if
M"B = - '-LIB . Indeed, the map f : SL(2 , Q -> A obtained from equation (13 .1-16)
satisfies all the properties required of the universal covering map; namely, it is a
hamomarphism from the simply connected Lie group SL(2 , Q onto A , and for and
simply connected open set U C A it is a diffeomorphism between each connected
component of f - '[U] and U. Thus, we conclude that SL(2 , Q is the universal
covering group of the Lorentz group. Similarly , the group ISQ2, Q--defined by
composing i n the natural way the elements of SL(2 , Q with the elements of the
two-complex-dimens ional translation group of W---can be seen to be the universal
covering group of the proper Pa incar6 group .
Since 8mBB, is a met ric on V, we can define its inverse metric g " . From
equations (13 . 1 .5) and (13 . 1 . 15), it follows tha t
g' A ' M'

= f

AB A'D'
E

(13 . 1 . 18)

Let T be a tensor of type (k, l) over V. Then, viewed as a tensor over W, T is of type
(k, l: k, 1), i.e. , T has k upper Famed-ungrimed i ndex pairs and f lower - grimedunprimed index pairs . If we view T as a tensor over V, it would be natural to use
g,~,-w, and g'''R'ni to raise and lower " V-indices,,, i .e. , primed-unprimed i ndex pairs.
On the other hand, if we view T as a tensor over W, we already have defined -tire
raising and lovv~ring of indices vii E,s, & iA,B, and E'''O'. Fortunately, it is easily
verified that these two disti nct notions of raising and lowering indices for tensors over
V always yield the same result . This is the reason why we choose to use metric
signature + - - - in this chapter. We could have conformed to our previous
signature conventions by defining g,, A ,,y8 , to be '""E,LgEq .B, , but then the two notions
of raising and lowering V- indices would differ by a sign and in each calculation we
would need to specify which raising and lawerirtg ' canvention we are using .

It is instr ucti ve to express some of the above relations in basis component form .
With respect to a basis v'', LA satisfying equation (13 . 1 . 10), it is easy to check that
since both sides give the same result when applied to o" or ~''. Thus, we may
represent the components Eja of FAB bar the matrix,
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1 0)

Similarly, we have
E '48 = OA LB - L A OB

(13 .1 .21 )

and may represent its components as
d

-1

I

(13 . 1 . 22)

d

The components of an SL(2, Q transformation LBare
b
Lin = a d

(13 .1 .23)

where a, b, c, d are complex numbers satisfying

(13 . 1 .24)

ad - lhc= 1
The components of the basis elements (13-1 .1l)-(13 .1 .14) of V are
tyl ,

1 1 f
l

(13 .1 .25)

41
Yx, _
x
y~~,

1

1

0

I

(t 3.l . 2f)

~ 1 t?

11

1 d
V2-( i

xYa' = ~ ~

(13. 1 . 27)

0
-

d

(13 . 1 .28)

Note that the right-hand sides of equations (13 .1 .25)-(13 .1 .28) are -apart from the
factor of 1 /V2- and the minus sign in equation (13 .1 .27)--just the Pauli spin
matrices . An arbitrary vector v""' E V can be written as
v""' = tt"A ` + xarAA' + yy" A ' + zz A''''
(13.1 .29)
and thus its components with respect to the basis of V associated with o", i'' may be
represented by the matrix
U YY . + z x+ iy 13
(.1 .3
)
0
x--ry t - z
The transfcumation on the components of v" induced via equation (13 .1 .16) by the
SL(2, Q transformation LAS is given by
t'+z' x'+iy' (a b t + z

x+ty a c

X0 - iy' t' - z' c d x -- iy t - z b d

( 3 1 31
1 . . )
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where ordinary matrix multiplication is understood on the right-hand side . By rewriting equation (13 . 1 . 31) in the form
?

x ll AllvxV

( 1 3 . 1 . 32)

s

where xµ = (t, x, y, z), one obtains in explicit, component form the map f taking
elements of SL{2, Q (represented as 2 x 2 complex matrices, L-:n) into elements of
A (represented as 4 X 4 real matrices, A µ ,).
Given a spinor 0 A E W, we can construct a vector kA''' E V by

k A''- =

O

" ~ ,a-

(13 . 1 . 33)

We have
8AA,aa , k'u ' kBa '

A lp
~ ~ )
= ( E s '' +P )( FA' B- A'
B

=

0

(13 .1 .34)

so k" is a null vector with respect to the Lo rentz metric on V. We thus may view
fir" as a "square root" of the null vector k " . Note that for any two spinors * ", (p ''
we have
AA,

;

aa- 4 "

jTA'#

BO 1
(13. 1 . 35)
( +~ s Z
'T'hus, the null vector associated with the arbitrary spinors 4i" and 0" have manifestly
nonnegative inner product which means (with our new metric signature + - - -)
that these null vectors lie on the same half of the light cone . By convention we call
this the future light cone . Thus, the vector space V has a natural time orientation .
Furthermore, the real spinorial tensor,

8

B ~B '

eM 'SB ' CC 'DD ' = l (EAB fCD E A ,C' EB ,U, - EA 'B ' E C 'A ' EACFBA )

s

(13.1 .36)

defines a totally antisymmetric tensor of type (d , 4) over V and thus yields an
orientation of V .
If 0' differs by a phase factor from 0 " , i .e. , O '' =chi" with ( c I'- 1, then O''
defines the same null vector kA`'' as q, A, so the same k""' i s associated with a
one-parameter family of spinors . However , we can define the real tensor F" '' ` by

F"A }08~

= qj

" OB EA' s +

T

"

T

a

eAB

(13 . 1 .37)

Viewed as a tensor of type ( 2, 0) over V , FAA'"' is antisymmetric, i. e. ,
F"'' M' = -F BS ""'. Furthermore, F"A'BB' satisfies
AA RD

(13 .1 .38)

and
F''" BB`kBB- = 0

(13 .1 .39)
p
~A
where kA'' ' = r "
' as before. Thus, viewed as a tensor over V, F'"" 'BB' is a null
bi-vector with null vector kA''', i.e. , FAA""' is of the form
F "" 'a8 ' = k'u' ' m "' -- ka$'m'u '
(13 .1 .40)
where k"''' is null and m" is orthogonal to k" . We call F"' the null flag
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associated with spinor 40 . Two spinors 4i^ and ¢^. gi ve rise to the same null flag if
and only if they differ at most by sip , 40
No tensor over V can be
constructed from a spinor *' which distinguishes between 41A and --- I# '' .
We return, now, to the general issue of obtaining the possible fields on spacetime
which may, arise in quantum theory . We were led by the considerations discussed
above to seek unitary representations of the group ISL(2, Q on a Hilbert space . We
now shall define spin" fields and spinorial tensor fields on spacetim e. which have
well-defined ."rxansformation laws" under ISL(2, Q . By constructingHil.tyert spaces
out of these fields (as- we shall do later), these transformation laws yield the des ired
representations of ISL(2, C).
We define a spinar field on Minkowski spacetime (Ra, 7),,bl to be simply a map of
spacetime into spinor space , W. Similarly, a spinorial tensor field of a specified type
is defined as a map of spacetime into the tensor space over W of that type . We define
an action of ISL(2, Q . on 5pindr fields as follows . Associated with any
g E ISL(2, Q is the transformation * ''(x) -- * L"s *B P- '(x) ] where L''a E SL(2, Q
is the "homogeneous dart" of g and P is the Poincard group element associated with
g. In this way, we obtain by brute force a representation of ISM,{2, Q on the vector
space of spinor fields .However - this representation does not correspond to a true
repxesentation, of the Poincard group . Since there are two ISL(2, Q elements for
every Fair car6 element, P, when we attempt to define a transformation, P4 , on
spinor fields associated with a Paincar6 element, P, we encounter a sign ambiguity ,
(F . *)"(z) .-_ :tLA B[p-i(x)j
e

.

(13. i .41)

This ambiguity is resolved i f we are given not only P but a continuous curve in the
Paineari group from e to P, since such a curve is uniquely associated with an element

of ISL(2, Q Thus,, its this well-defined seise ; a spinor at point t changes sign under
a rotation by 2 1 r about a fixed pis at x. However, given o nly P (and not a curve from
e to P), we-c
t resolve the sign ambiguity in equation ( 13 . 1 .41} in a natural way .
Na choice of sign can be made so that we obtain a t rue representation of the Poincard
group . Note that although we have defined an ,action up to sign of the Poincard group
on spinor fields, we have not defined the action of an arbitrary diffeomorphism on
spirior fields 'bus, in, patt icutar, the Lie-derivative of ~a spinor field with respect to
a non-Killing ve ctor field is undefined .
The relation between spinar fields and ordinary vector fields now may be established . As discussed eve, the real tensors of type (1 0; 1 , U) over W form a
four-dimensianal real - vector spice "`V, on which the Lorentz metric (13 . 1 . 15) is
defined . Let'ta, x" Y# 9 r° be an orth 6normAt basis `field in Minkowski spacetime
associated with A global family of'ii rtial observers 0. Let o", oA be a basis for W
satisfying-(13 . 1 .14) For each"poia x in Mitilcawski spacetime, we define the linear
map a' which iak6ivectors inV to vectors in the tangent space, Y, at x by identifying
t°, x°, y°, z° with the basis (I3 . 1 .I 1} -(13 . I . 14) of Y. In other words, we define the
hybrid vectvrtsginoria.l tensor field cam, by
eAA ,

= tat, , . --• X axA ,; -- y ayA ,, ' - z°z,,A'

(13 . 1 . 42)
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Then at each x, rr°,,a,- is a vector space isomorphism between V and Y which
preserves the Lorentz metric defined on these spaces ; i. e., we have
77ab = Ora MI

abaa'

8Aa'aa'

(1 3 .1 . 43)

(Here all lower case indices are raised and lowered with r 71 and 71,,b , while capital
letter indices are raised and lowered with E'' B, eAR, and their complex conjugates .)
Using cr°A,a,,, we may map real spinorial tensor fields of type (1, 0; 1, 0) on MinkQwski
spacetime into vector fields . We find, then, that the action of the Poincar6 group
preserves this association ; namely, the action (13 .1 .41) of PQincar6 group element
P on spinor fields induces on a spinorial tensor v" of type (l, 0; Y, O) the
transformation
p(P = v)"(x) = LB L A',&, v "L i (x)a = A "Bo, v B' [P-'(x)]

(.13 . 1 .40

where A "aw is the Lorentz transformation corresponding to the "homogeneous part"
of P. Hence, we have

where in the last line P* is the natural action of P on the vector field v a = er ,,,,, , v"" '
as defined in appendix C for a general diffeomorphism . Consequently, by
selecting-once and for all---a map rr°,A . of the form (13 . 1 . 42), we may consistently
identify real spinvrutl tensor fields oftype (1 , 0,1 , 0) with vectorfields. It is custQFnary to literally make thi s identification3 in our notAtion by omitting the map eAA,
from our expressions and denoting , for example, the vector fi eld associated wi th v"A,
by simply vAA' rather than by rr 'AA . u" . We shall follow this practice here. Because
of our new metric s ignature convention no confusion will arise as to whether indices
are raised and dowered : with the meCr ic. or with e" and eAs.
Our physical interpretation of a spinor field qi" now may be given. As described
above, associated w ith every spinar is a null flag F11' defined by equation
(13 .1 .37). Using the map o A,,., we may view F"'''fis' as a tensor field of type (2,0}
on spacetime.; However, tensor fields ;aye objects whose interpretation and measurability are well understood . , We take the physically measurable properties of *"
to be the quantifies determinable from F"" ' B8. ' . Note that this implies that +ka and - qi"
are physically indistinguishable . It may seem strange that we have gone to a great
deal of trouble to define spinor fields only to interpre t them by associating them with
tensor fieids. However, the dynamical evolution of physi cal fields represented by
spino rs (see below) is given by differential equations involving the sp inor fields, not
3. It also is customary and convenient to make the identifications a = AA', b = BB`, etc ., i n the
labeling indices (see Penrose and Ruler 1984), so that , for example , one may write 71,* = eASfA •$- .
However, we shall not follow th is practice here because we wish to maintain the spinor indices so that
equations i n this ci apter .(wheZe the me tric signature is +---) will eas i ly be distinguished fr om those
in other chapters (where the signature is -+++) .
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just the ir null flags. If the region where a spinor field , 4i '°', initially is nonvanishing
is disconnected, then a knowledge of the initial value of its null flag F""'BB' (as well
as time derivatives of FA"I") will not suffice to determine the subsequent evolution
of fir" or F'''''I" since there will be a sign ambiguity in tp' in each of the initial regions
where it is nonvanishing , and relative sign differences in these regions will affect it s
subsequent evolution . Thus , in this sense, a spinor field contains more physically
relevant information than is present in its null flag . Furthermore , even in the case
where the set where Vii' # 0 is connected so that it can be recovered (up to sign) from
its null flag , the formulation of the dynamical laws in terms of null flags would be
extremely cumbersome . On the other hand, these laws take a simple and natural form
when formulated in terms of spinor fields .
We take this opportunity to paint; out several identities which are very u seful in
calculations involving spinors . Let Tb be a (real) tensor of type (U, 2), and let Tm B8q .
be the corresponding spinorial tensor. It is straightforward to verify that

I
j ( TAA .M , - TBB'nA' ) = TWXA 'B'] +

T[ABIA -B, )

(13 .1 .46)

where, as in the can of ordinary tensors, round and square brackets denote, respectively, symmetrization and anrisymmetrization and we remind the reader that the
relative order of primed and umprimed indices is irrelevant . However, since iA,8,
spans the one-dimensional Victor space of antisymmetric spinorial tensors of type
(0, 0; 0, 2), we must have
(AS)(A 'B ' ] = OABFA 'B '

s

(43 . 1 .47)

where OA,a is symmetric. Contracting equation (13 . 1 . 47) with V"', we find

1

OM

~ 2 Tt~+eM'

,,,

(13 .1 .48)

Similarly, we have

(13 .1 .49)
However, reality of TM , &8, implies that iJi

g = OAB .

Thus, we find

(TAA '88 ' - TBB 'AA ') - OAB E A 'B' + ;~A ' B ' EAB

(13 .1 .50)

where q5AB is given by equation (13 .I .48) . In particular, every antisymmetric tensor
T.b _ TIbI can be written in the form given by the right-hand side of equation
(13 .1 .50). Similarly, we have

Ta8x A 'B' ) +

1
4 cA8 iA .8 , T

03 . 1 . 51)

where T = T,, ~ "' = T.I. In particular, every symmetric tensor T~ = T(,,b) can be
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written in the form giv en by the rig ht-hand side of equation (13 .1 .5 1) . Contracting
we obtain
equation ( 13. 1 .51 ) with
T[AgI,q %A' eAB T

(13.1 .52)

If T b is symmetric, the square brackets can be omitted from the left-hand side of
equation (13 .1 .52).
Derivatives of spinor fields on Minkowski spacetirne may be defined as follows .
Since a spinor field 41A is a map of spacetime points into W, we may take the ordinary
partial derivatives of 0" with respect to global inertial coordinates of Minkowski
spacetime . We define aBB. fir" to be the spinorial tensor field of type (1, 1 ; 0, 1) whose
components with mpect to the basis OA, L A are

OIX
For a given fixed choice of v°AA, , the spinorial tensor field dgB , efrA determined in this
m anner is independent of the choice of global inertial coordinates, x ", and of spin
basis v", c", so dBB- 41 " is well de fined. The derivative of a spinorial tensor field " df
arbitrary rank is defined similarly by taking partial derivatives of its components with
respect to global inertial coordinates and applying oeA ,, . It i s "sily verified that OA,, ,
is linear, satisfies the Leibnitz rule, commutes with contraction, and also satisfie s
inn ' sec = 0 (13 .1 .54)
Furthermore, for a vector field vim' we hav e
aAA ,va~s ~ a a ,vba dAvb
AA
"

(13 .1 .55 )

More generally, for an ordinary tensor field of arbitrary rank, the action of r?M, agrees
with that of the usual derivative vperator, da . Thus, aA,d , may be viewed as a
generalization to spinorial tensor fields of the usual derivative operator dd on Minkowski spacetime .

Note that the derivative operators commute when applied to an arbitrary spinorial
tensor field on Minkowski spacetime ,
Consec}uently, the same derivation as led to equation (13 .1 .52) above now yield s
dAA . d,&A ' EAO ❑

(13 . 1 . 57)

where

Our motivation for introducing spinor fields arose from seeking unitary representations up to phase of the Poincar6 group on a Hilbert space . We finally are ready
to return to this issue now and show how Hilbert spaces can be built out of spinorial
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ten sor fields satisfying certain equations such that the tran sformation law (13 .1 .4 1)
leads to the desired unitary representations . Recall, first, that a representation is said
to be reducible if all the linear maps occurring in the representation take a fixed
proper subspace of the vector space into itself. It is easy to show that on a
finite-dimensional vector space , t; eve ry unitary represen tation can be decomposed
into a direct sum of irreducible repre sentations, i . e ., V can be written as a direct sum
of subspaces each of which is invariant but ha s no proper invariant sub-subspaces .
For an infinite-dimensional Hilbe rt space thi s result does not always hold, but
Wigner (1939) has shown that the unitary representations of ISL(2 , Q can be
decomposed into irreducible representations . Thus, it suffices to con sider only the
in-educible representation s, since all representations can be constructed out of these .
This simplifies the analysis considerably .
The irreducible representations are conveniently labeled by the values of the
Casimir operators," mx and S ', of the Lie algebra of ISL(2, Q (which is isomorphic
to the Poincar6 Lie algebra), which can be interpreted as representing , respectively ,
squared 4- momentum (i .e ., mass squared), and squared angular momentum about
the center of mass. We may cla ssify the representation s into the following four cases
according to the value of m 2: (a) m' > 0, (b) m2 = 0 bit the translations are not all
represented by'-the identity operator , I, (c) m2= 0 and the tran s lations are a ll
represented by I, and (d) m 2 < 0.
In the representation s (c) , all states are translationally invari ant . Thus , these
representations appear to be of no physical significance . The "tachyonic " representations, (d), also do not appear to be of p hy sical significance, although some tachyon
field theo ries have been investigated (Feinberg 1967) . The representations i n these
classes (c) and (d) have been obtained by Bargmann ( 1947) , but a systematic
construction of fields on Minkowski spacetime wh ich realize these representations
does not appear to have been giv en. The repre sentations of classes (a) and (b) were
obtained by Wagner (1939), and a realization of all these representations a s fields on
spacetime was first given in a systematic way by Bargmann and Wagner (194$) . The
representations of class (a) are characterized by the values of m 2 and S Z With
S3 = s (s + 1), where the spin s tastes the vale s s = 4, J, 1 , . . . . The representations of class (b) can be divided into two subclasses : (b 1) representations characterized by a helicity parameter s ( whose magnitude also is called the spin) with value s
s = 0 , t j , :t 1, . . . , and (b2) the so-called "continuous spin" representations .
4. The uruversral enveloping algebra , all., of a Lie algebra, L, is obtained by taking the direct sum,
x+~ 9 (k, 0) , of all "upper index" tensors over L and defin ing two elements to be equivalent if they can
be reduced to each other by any formal ca lculation in which for any v°, w° E L we replace v°w" - v bw°
by [u , w ]` . An element X E V which commutes with all v E L is called a Casim ir element. By Stone's
theorem (see, e.g., Reed and Simon 1972) and results of Carding (1947) every un itary representation
of a Lie group G gives rise to a self-adjoW representation of its LAe algebra , L . The representatives of
the Casimir elements, called Gasimar . operators commute with all representatives of L an d hence with
all representatives of G . Therefore, by Schur ' s lemma, in an irreducible representation every Casimir
operator must be a multiple of the identity operator . These numbers provide convenient labels of the
irreducible representation . The un ive,.ra ►tenveloging algebra of the Po incar6 group possesses two independent Casimir elements: Their interpretation in terms of mass and spin arises from identifying .the
Pointe Lk algebra with the Killing fields of Minkowski spacetime .
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The fields on spacetime associated with the representations (b2) do not appear to
have any physical significance or mathematical utility . However, the representations
of classes (a) and (b 1) describe all physical fields known to occur in quantum theory .
The equations which select the subspaces of spinorial tensor fields which realize
the representations of classes (a) and (b 1) can be given in many equivalent forms .
A convenient choice for the representations of class (a) of mass m and spin s i s
(0

M2 )cb'' j-

. .''^ = 0
(A(" . . .qn) ,
where OAj . • . A" is tot ally symmetric, O''1 . . .A~
+

(13 .1 .59)

and the number of indices
is n = 2s. For s > 0, equation ( 13. 1 . 59) also can be expressed in the fo llowing
form. We define the auxiliary variable frA i"2 . . .An by

From equations ( 13. 1 . 59) and (1 3 . 1 . S?) we obtain
Al

(131.1 .61)

V2_

Furthermore , using equat ion (13 . 1 . 57) again , one may ver ify that the pair of equations (13 .1 .60) and ( 13 .1 .6 1 ) i mply equation (13 . 1 .59), so the coupled first order
system (13 . 1 .60), (13 . 1 .61) is equivalent to equation ( 13 . 1 . 59) . Indeed, by repeated
differentiat ion of OA,, ''''M and contraction over the unprimed indices, a whole hierarchy of auxiliary variables may be defined , each of which is coupled to the preceding variable by equations of the form (13 . 1 .60), (13 .1 .61).
Many equivalent forms also may be given of an inner product wh ich gives the
solutions of equation (13 . 1 . 9) the structure of a Hilbert space . A conveni ent expression is Wined as follows .' For two solutions 4k"1 . . . Ap and 41 '' ~ . . .''. of equation
(13. 1 .59) with auxiliary variables
;"2
q, . . .'' pAl Aa : . . An respectively , we define the
Vector
,jAA'(0
*
particle current
, } bY
i

qA

, = (_1)

n _1 ;~q 'A ~, . . A n ~A~ A2 a n n .l,MZ . . gn
lJ
A A 'P

r (13.1 .62)
It follows from equations ( t 3 . 1 . x) and (13 .1 .61) that j"" ' is conserved ,
a,AAj" = 0. We define the inner product of ca and kb by integrating the normal
comp onent of j"''' over a Cauchy surface,

, ) = ~ JA" ' n, A, dv

(0 41

(13 . 1 . b3 )

Although it is not obvious from -this expression, the inner product (13 . 1 .63) is
positive definite when n is odd (i.e., half-integral s) and is positive definite for
positive fiequency solutions when n is even (i . e. , integral s). (Ibis result can be
proven by reexpiessing our inner product as an integral in Fourier-transform space,
where it can be written in a ma~ffestly positive, definite form; ; see Bar$mana and
5. 1 am indebted to P . Yip for providing

with this form of the i nner product.
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aligner 1948 .) Thus in all cases, the positive frequency solutions of equation
(13.1 . S9) with finite norm in the inner product (13 .1 .63) form a Hilbert spate . The
natural action of ISL(2r,C) 011 4pAI . .A° gives rise to the irreducible representations of
class (a) characterized by ml and s = n/2 . For integral s, these representations are
true representations of the Poincard group, and the above construction could be
reformulated using only ordinary tensor fields . However, for half-integral s, these
representations of ISL(2, C) are only representations up to sign of the Poinesr6
group, and the use of spinorial tensor fields is essential .
When m = 0, the representation selected by equation (13 .1 .59) becomes reducible except in the case s = 4. . =The seducible representations in class (b 1) wi th
s > 0 are obtained from the equation (Penrose 1965h)
A'A (pAl . . . q ,
IO
l

0

~

(13 .1 .64)

where again #'' L . . ."- is totally symmetric and n = 2s . (The negative s rep resentations
are obtained from the complex conjugate of eq. [13 .1-641.) For s = 2', the current

can be used to define an inner product as before . For s > ' we must introduce
potentials (Penrose 1 965b} , an d a gauge independent expression for a current vector
cannot be given . However, a s imple expression for the inner product in momentum
space can be obtained (Bargmann and aligner 1948) . Again, the unitary representations thus obtained are true representations of the Poincar6 group if and only if s
is integral :
We comment that in the case s equation (13.1 . 59) written in the form
(13 .1 .60)-and ( 13 . 1 .61) is known as the Dirac-equation and the pair of spinors
( 01, vA, ) is called a Dirac spinor . By choosing a basis of spinor space and denoting
the four components of (O", o-A) as Oo, *1, #2 , O~ , respectively, the component form
of equations ( 13 .1 .60) and (13 .1 .61) yields the usual form of the Dirac eguatian
(problem 2). Similarly, equation (13. 1 . 64) in the case s = I is known ..as the (Weyl)
neutrino equ ation. Note that -as claimed i n section 12 . 4, the Dirac current vector
(13 . 1 .62) with fib" = *A is. the sum of two future directed null vectors and hence is
a future directed timelike vector, while the neut rino current vector (13 . 1 .b5 ) is future
directed and null . Finally , we point out that equation (13 .1 .64) in the case s = 1 is
equivalent to Maxwell' s equations (problem: 3) while in the case s = 2 it is equivalent to the linearized Einstein equation (see problem 6) .
In summary, we have found that spinorial tensor fields give rise to all the unitary
representations up to phase of the Foincart group which are believed to have physical
relevance. This suggests that spir►orial tensor fields may be the most general type of
fields in Minkowski spacetime which can arise in a "specially covariant" quantum
crry. In any case, we have completed the primary task of motivating the introduction of spinor fields from a ge nerai-.and systematic viewpoint.

13.2

Spinors In Curved Spacdinttc

In the previous section, we defined the notion of spinor fields on Minkowski
spgcetime. Our definition was motivated by the fact that . the natural action of the
Poincard group on spinor fields and spinorial tensor fields gave rise to the desired
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representations up to phase of the Foincart group . Thus, the "transforma tion
property" (13.1 .41) under Poincar,6 i sometrie s was an essenti al ingredient of our
definition of spinor fields on Minkowski spacetime and was used to identify real
spinorial tensor fields of type (1, 0;1, 0) with ve ctor fields . However, the Poinear6
group does not act in a natural way on a curved spacetime, so cle arly this chara cteristic property of spinor fields cannot be carried over in a direct manner to curved
spacetime. Thus, we s eek to reformulate the notion of spinar .fields so that it app lies
in curved spacetimes and, of course, such that it reduces in Minkowsk i spacetime to
the notion of spinor fields given in the previous section .
Since a general, curved spaceti rne possesses no isometries or any other preferred
classes of diffeomarphisms and since even in Mimlcowsk i spaced there is no
natural action of the full group of diffeomorphisms on spinor fields, we cannot expect
to define a "transformation law" of the type (2 .2 .10) under diffeomorphisms for
spiny fields in curved spacetime. However, as in Minkowski spacetime, we may
represent an observer together with his measuring apparatus at an event, x, in a .
curved spacetime (M , g b) by an orthonormal tetrad at x . Hence, associated with two
different observers O , and O~ at x is a Lorentz transformation which rotates the tetrad
of O, into that of Off. Note that this Lorentz transformation acts on the tangent space,
W, rather than the spacetirne manifold, M . We shall seek to define spinors at x so that
associated with each Lorentz transformation i s the spinor transformation

such that the results of a ll measurements by 02 on the spinor ±L''&qig at x are
identical to the results of all measurements by 01 on 41 A. (Again, the sigh ambiguity
in (13-2 . 1] is resolved if a continuous curve connecting the Lorentz transformation
to the identity element is spec ified .) = Thus, in formulating a no tion of spinors in
curved spacetime we shall replace tie action (13.1 .41) of the Poincar6 group of
isometrics on Minkowski spacetime by the action (13 .2 . 1) of the Lorentz group on
the tangent space at each point.
Fiber bundles provide a prec ise mathematical framework for defining spinor fields
in curved spacetime. We shall proceed, therefore, by defining the general notion of
a principal fiber bundle and its associated fiber bundles . The construction of the
spinor bundle then will be described .
L et G be a Lie group, let Bbe a manifold, and cons ider a C°° map 0 : G X B --I- B .
We shall write O(g,P) as O8 (P) . The map 0 is said to be a left action of G on B if
(i) for each fixed g EE G , the map 0, :B --,- B is a diffeomorphism and (ii) for all
An example of a left action of G on the
8E, 82 E G, we have ¢sf ° 0sz =
manifold B = G is provided by the left translation map considered in section 7 .2.
For a general left action 0 it follows from (ii) that 0, o cb, = 0E, where e is the
identity element, which (composing with 0.- t) implies that 0; is just the identity map
on B. This implies further that c/%r = #8"' for all g E G . A left action .is said to
be free if for each g * e, O8 leaves no point of B fixed, i . e., if for all p E B and
g # e we have 0$ (P) # p. [On the other hand, s ince .0,.'is the identity map, we have
0, (P) = p for all p E B .] Thus, for example, left translation is a free act ion of G
on the manifold G . For each p EE B, the set 0 = 14 ( P) I g E G } is called the orbit
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ofp under G . It is easily seen that the condition that two points of B lie on the same
orbit of g defines an equivalence relation between points of B, so B can be expressed
as a disjoint union of orbits .
In essence, a principal fiber bundle is a mani fold which locally (but not necessarily
globally) "looks like" the product, G X M, of a Lie group G and a manifold M. More
precisely, a principal fiber bundle (B, G , M, 0) consists of a manifold B (called the
bundle manifold), a Lie group G (called the fiber group), a manifold M (called the
base manifold), and a free left action cP : G X B ~ B satisfying the following two
properties: (i) The orbits of G are in one-to-one, onto correspondence with the points
of M, and the projection map -rr: B - + M which assigns to each p E B the point of
M associated with the orbit of p is C . (ii) For each x EE M there exists an open
neighbarhoodT U, of x such that there is , a diffec3morphism, 41, taking -rr'[U] C B
into G X U such that the action of G on ir' U ] corresponds to left multiplication
on G X U; i. e. if tfr(p) = (g, x), then 4r[o8= (F)3 = (8 ' 8 , x) . Figure 13 . 2 illustrates
the nature of a principal fiber bundle . Note that we always have dim(B) = dim(G) +
dim(M).
Thus, a particularly simple example of a pr incipal fiber bundle is obtained by
taking the product,- manifold, B = G ° X M, of a Lie group G and a manifold M, with
the left action of G anB defined by, left multiplicati6n, i.e. , 0g,(g,x) = (g'g,x): A
bundle of this form is said to be trivia . One of the simplest examples of a nontrivial
principal fiber bundle is obtained by taking B to be the circle, S 1 , and G to be the
group, Z2, consisting of the two elements e a with a2 = e. (Thus, G is a zerodimensional, disccmnected Lie group .) We define a left ac tion of Z2 on the circle,
t rhJ8-) = +9 and .0a{B1 = 0 + ir. Thus, the orbits of ZZ are the
0:Z2 X B --*
opposite points on the c ircle B, and the collection of orbits, M, can be given the
manifold struct ure SI so that the projection v . B -+ M is smooth. It then may be.
verified that (Sa 22 , S' 0) is A 'principal fiber bundle . Thi s bundle is nontrivial since
B is not diffeomorphic to the product manifold G x M, which consists of. two
disconnect ed circles . The b undles B and G x M are illustrated in Figure 13 .3.
A particularly mportaet.exumpie of a principal fiber bundle is the bundle ofbases,
defined as follows . Let M be an n-dim ensional manifold and consider the collection,
3, of pars (x,(u,)°) whem x EE M and (v,,)° (where fk = 1, . . h n) is a basis, of the

G

Fig . 13.2.

A diagram il lustrating the structure of a principal fiber bundle (see text) .
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G = Z2~

CD

G = Z~

CDM=S'

S
ct
M= S

(a)
Fig. 13 .3 . {a) The trivial principal fiber bundle Z2 X 5' . (bj The principal bundle
(S', Z2, S, 4,) constructed in the text .

tangent space, Y We can put a manifold, structure on B as follows. If 41 : U -; R"
is a chart on a region, U, ofM, we obtain a coordinate bas is (d/dz -`)a associated with
At each x E U we can expand each (v,,)°. in terms of this basis,
a~, (d/ax's°. Let U consist of all points (x, (v~.)a) of B with x E U. We
define

R"+"2 by
O(x, (vo~ = (x°,

(13 .2.2)

We use the collection of all magi of this form -to define a family of charts on B . It
is easily eked that these charts are compatible, thus making B a manifold of.
dimension n + n2. The general linear group in n dimensions, GL(n)-which consists of the invertible line ar maps taking R" into itself with group multiplication
defined by composition---ects on the left on B as follows . We view each A E GL(n)
as a matrix, A#`,,, of components of the linear map A in the natural basis of R". We ,

OA (x,

(v,.))

= (x ,

( 2 3.2.3)

i .e.', we use the inverse map, A- t , to transform: the basis of the tangent space at x .
Then it is easily seen that 0 is a free left action of GL(n) on B and that the above
properties (i) and (ii) are satisfied . Thus, {B, GL(n), M, 0) is a principal fiber bundle.
For some maani€olds a M-for example, for R"- --the bundle manifold has the structure
GL(n) X M, i.e., the bundle of bases is trivial. On the other hand, the bundle of
bases of other, m anifolds, such as the 2-sphere, Sz, is nontrivial .
Similarly, for a manifold M "can which a metric, 8 b, of signature (p, q) is defined,
we may construct the bundle ofortttonvr mal hexes : The only changes from the above
construction are that we take .B to consist of pairs (x, (e~°), where x E M and (e,)r°
now is an ortha xxmal basis for Y, and the group which acts on B is now the
orthogonal group, 0 (P, q), rather than GL(n) . In particular, for a spacetime (M, gam,)
the bundle of orthonormal bases has fiber group equal to the (improper) Lorentz
group O(3,1) . Similarly for an orientable, time orient able spacetime, we may
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construct the bundle of oriented, time oriented bases with the proper Lorentz group,
A, as the fiber group .
Given a principal fiber bundle (B, G, M, 0), another manifold F, and a (not
necessarily free) left action X: G X F --* F of G on F, there is a general procedure
for constructing from 8 a new manifold E, in which, in effect, the fiber group G is
replaced by the manifold F . To do so, we take the product manifold B X F and
define a left action, 41, of G on B X F by
(1 3.2 .4)
*g[b,.f) = [Os (b) ,Xs (.f )
We define E to be the set of orb its of G on B X F. There is a natural projection map
p : E --* M given by p (y) = or(b), where b E B is such that (b, f) E B X F lies on
the orbit of y E E and ir : B ~ M is the projection map on 'the principal fiber bundle .
For every neighborhood U C M satisfying property (ii) of the definition of principal
fiber bundle, it follows that p- t [tI I C E is homeomorphic to F X U. We define a
manifold structure, on E by requiring that these homeomorphxsms be diffeomorphisms. Thus, E locally "looks like" F X M in the same sense as B locally
"looks like" G x M. The manifold E together with the large amount of structure on
E determined by B, G, M, 0,'F, and X is called a,fiber bundle or, more precisely,
the fiber bundle associated to (B, G, M , 46) with fiber manifold F and group action X.
For each x E M, the subsetp - '(x) C E- called the fiber over x--is diffeomorphic
to F.
It may appear from the above rather complicated constructions and definitions that
fiber bundles comprise an extremely specialized class of manifolds. In fact, however, a large variety of manifolds can be expressed in a natural and very useful way
as fiber bundles . The utility of the fiber bundle viewpoint for prov ing theorems on
the topology of manifolds can be seen, for example, in Steenrod (1951).
Given a principal fiber bundle (B, G, M 0) we may take F = G and X. to be left
translation. The resulting associated fiber bundle E is diffeoinorphic to B,, so every
principal fiber bundle also can be viewed as an associated fiber bundle . Another
particularly simple example of a fiber bundle associated to a pr incipal bundle
(B, f:=`M,. 0) is obtain ed by letting F be any manifold and taking X to be the trivial
action, Xe (~') '= f for all g- 6 G 'and f E F. The resulting fiber bundle E is di€feo morphic to the product manifold, F X M , of the fiber manifold F with the base
manifold M. A fiber bundle which is diffeomorphic to F X M is called trivial. A
simple example of a nontriv ial fiber bundle, associated to the principal bundle
(S', Z2, Si, #) discussed above, with fiber manifold F = R is obtained from the
following action of Z2-= fie, a } on R. We define X,(x) = x, Xa (x) = -x for all
x E R. The requiting fiber bundle E "focally looks like" the cylinde r R X S t , but
has the property that the f8-fibers "flip upside down" when one goes once around a
curve which projects down to a c ircle in the base manifold M = S' . The manifold
E is called the Mvbiw strip and also could be constructed by ide ntifying the points
in the plane, $3 via (x, y) = (x + 1, -y).
An important example of a fiber bundle associated to the bundle of bases of an
n -dimensional manifold M is obtained as follows. We take F = R" and let GL(n) act
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on 68" in the natural way, i.e . , for a = (a ` , . . . , a") E R" and A E GL(n) we
define
x

(13 .2.5 )
V-1
Now, corresponding to each point (x,(u,,)"; a v) in the manifold B x R" we can
assoc iate the vector

Va

ll IA( U, +Y
µ= 1

atx E M. Given the actions (13 .2.3) and (13 .2 .5) of G on B and on R ", it is easily
seen that two po ints of B x Rrs correspond to the same vector 0° at x if and only if
they lie on the same orbit (13. 2.4). Thus, the points of the associated fiber bundle
Eare in one-to-one correspondence with the pans (x, v % where x E M and v a E V
We call E the tangent bundle o£ M and denote it by T (M). If T (M) is trivial, . we say
that M is paraltetizable. The bundle T,I(tLl) of tensors of type (k, 1) over M can be
constructed similarly by taking F to be the tensor product, Fk, 1 , ofk copies of 88" and
t copies -of its dual, space (R)* and taking X to be the natural action of GL(n) on Fk j
given by
x
AIA

,a

1

6°t' *k

P i ° Pr

(1 .26)

If a metric, gab, of signature (p, q) is given on M we also may construct T,1 (0) by
restricting attention to orthonorlrnal bases, i. e ., by starting with the principal bundle
of orthonormal bases and defining ate action afD(F , q) on F k.,,
equation (13. 2.b) .
Thus, the above construction gives us a new viewpoint on tangent vectors: A
tangent vector at a po i nt x on a manifold M is a point of the tangent bundle T" Tying
in the fiber over x, i.e. , a point y E T(M) such that p(Y) = x. More generally, a
tensor of type (k, 1) at x E NI is a point in the fiber over x of the bundle T, r (hf) of
tensors of tYPe (k, f) . A smooth tensor field on M is a crass section of r,r(M), i .e .
a C°° map Y. : 1 b1 -+ Tk, I(hl) such that p p X is the identity m ap on .1b1. Note that . this
viewpoint on tensors i s rather close in spirit to the characterization of tensors
menti oned in chapter 2 in terms of the tensor transformation law (2.3 .8) . There it was
remarked that the change in the coordin ate . basis components of a tensor under a
coordinate transformation could be used to characterize it. Here, a point in B x Fk. I
i s a collection of nnumbers associated with a point x C;: V and a (not necessarily
coordinate) basis of the tangent space of x. The group action (13.2 .6) can be viewed
as telling us how this collection of numbers changes when we make .a change of
basis . The equivalence class of the collection of numbers under changes of basis at
x is a point of Tt, I (M ), i .e ., a tensor at x.. Both the Tensor transformation law and the
fiber bundle characterization of tensors have l ittle advantage over the direct definition
of tensors as multilinear maps given in chapter 2 . However, since there is no
analogous direct definition of spinors , we must proceed to define spinors by the
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relatively indirect route of specifying their behavi or under SL(2, Q transformations
associated with changes of a rt hanormal basis . We turn, now, to this task.
The basic idea for constructing spinor fields in a curved spacetime (M, gam) is to
start with the principal fiber bundle of oriented, time oriented orthononnal bases, so
that each fiber is diffeomorphic to the proper Lorentz group . Then we "unwrap" each
fiber to produce a princ ipal SL(2, C) bundle over M . The spinor bundle then is
const ructed as the fiber bundle associated to this principal bundle with fiber F = C2>
where X is taken to be the natural action of SI.(2, C) can V. A spinor at x E M may
then be defined as a point in the fiber over x o f the spinor bundle.
However, complications may arise in this construction if the topology of the
spacetime M is nontrivial . Consider, first, the case where M is simply connected .
Then M is orientable and time orientabl e , so there is no difficulty in constructing the
principal bundle, (B, A, M, fib) of oriented, ti me oriented bases . Consider, now, a
closed curve, y, in B . Since M i s simply connected, the curve aro y obtained by
projecting y down onto M can be continuously deformed to the trivial curve through
x, i.e., the curve e(t) = x for all t. Th is implies that in B the curve y can be
continuously deformed to a curve which lies entirely in the fiber n '[x] over x.
However, this fiber is diffeamnrphic to the proper Lorentz group, A, and
ir,(A.) = Z2. Thus, in general, we- would expect there to exist precisely two distinct
homotopy equivalence classes of closed curves in B. However, it is possible for there
to exist only one homotopy equivalence class of curves, i .e., for B to be simply
connected. Although the curve in the fiber aver x corresponding to a 21r rotation of
the basis of V. cannot be deformed to the trivial curve while remaining within the fiber
over x, for certain m anifolds this curve can,be continuously deformed to the trivial
curve in B by moving it out of the fiber over x. In other words, it may happen that .
a 2,7r-rotation of a tetrad can be "undone" by t ransporting the tetrad along a oneparameter sequence of closed curves throu~h x in M. If B is simply connected, the
notion v~f spiROrs : on M. cannot be definer. This is because we cannot consistently
assign a change of sign to a spinor under a 2 1r-station of the basis if this 21r-rotation
can be continuously deformed to the identity. Examples of
ifolds for which$ is
s imply connected ,are given by Geroch (1968a). It is known (Milnor 1963 ; Clarke
1971) that B will fail to be simply connected-i .e ., irt(B) = 2z and spurs can be
defined--if and only if the second Stie€el-Whitney class (defined, e .g., in Steenrod
1951) of M vaeishes.Gero cch (1968a) has proven' that if M is noncompact, then
ri($) - 2z if and onl y ifM is paratleli, ble. Further equivalent criteria are given by
Ceroch (1968a, 1970a) and Clarke (1971).
If rl (B), = Z2, we define spinors on M as follows . The universal covering
manif'nld, B, of B will have the natural structure of. a principal fiber bundle with fiber
group SL(2, Q . We define the spinor bundle, S(M), to be the fiber bundle associ6. However, one still may define "generalized spin sttuc#ures'; see Avis and Isham (1980) and the
references cited thatin .
7. Since D(n) and U (n , 1 ) have fundamental group Z-z for all n > 2 , one can define analogous notions
of spinors for Riemannian and Lam ntzian spaces of dimension greater, respectively, than 2 and 3 . ( See
p mblem I for the Riemannian case with n = 3, see Yip (1993) for a discussion of spinors in twodimensional spae&imes, where O(1,1 ) is simply connected .) Gemh's parallelizsbi ty criterion applies
only to four-dimensional spumes
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aced to (h ,SL (2, Q, M, 0) with fiber manifold ,C2, with the action XL of L E
SL(2, Q on C_ C 2 taken to be the natural action given by

[XL_ (017

(13 .2.7)

L rc
Lg i

A spinor at x E M is defined to be a point of S (M) lying in the fiber over x
Similarly, the bundle, 5 k, I;k,, I' (M) of spinwrial tensors of type (k, 1; k', i') is defined by taking F to be the tensor product of k copies of C2, l copies of its dual space
C2`, k' copies of its complex conjugate space U2, and t' copies of its complex
conjugate dual space U2#. `I'he action of X on
C 11 . .

.I*AI . .Al Ii

. . .I*,A,
. . .Ai, E F

is given by

r, • • off,

_ el,n;, C r, . . . . . . o l ,

O~ 'Y

(13 .2.$)

Equi valently, once the notion of spinors has been given, spinorial tensors may be
defined in terms of linear ( and antilinear) maps on spinors in a manner -analogous to
the way ordinary tensors were constructed from vectors in chapter 2 . As in the
previous section we shall use capital latin i ndices to denote spinorial tensors
above definition of spinors i s sufficiently abstruse that same words ofexpla.The
nation Might be helpful: Recall, fit; that 'a point of B consists of a point x EE-1V1
together with an oriented, time-oriented orthornormal basis at x . If we fix a particular
basis {(e,,}a} at x, a po i nYof B may be viewed as consisting of a point x e M together
with a c ontinuous, one-parameter family of oriented, dmooriented bases at x starting
from {(e~;j°}, whe re two such families are considered equivalent i f they hav e the same
endpo int and are homotopic. In other words, the fiber of B over x can be viewed as
consisting of all oriented, time oriented orthonormal bases at x together with their
27r -rtltatit ns. A point: ofB X C2 is a pair of complex numbem associated with xand
a basis or 21r-rotaW basi s at x The group action Xg of equation (1 3' .2.7) tells us how
these numbers "t ransform" under a `c hange of basis . Each equivalence- class of
transformed numbers and bases at x=i.e., each orbit of ~, equation (13 :2:4) -defines a spinoz at X : - 'Ts ; our fiber bundle .constfvctfort is just a preci se way of
implementing the notion that "a spinor at x is an ordered pair of complex numbers
which transforms by the natural representation of SL(2, C) under a c hange of basis:"
Note that C2 has a great deal of structure beyond that of a complex tw odimensional vector space ; for example, it has a natural inner product and a notion
of the real and imaginary parts of vectv~rss. However, only those properties of C 2
which are preserved under the action of SL(2 , Q survive to yield structu re on the
fibers. of, the spinor bunk S(M.) . Thus, for example, since there are elements of
SL(2, C ) which take real vectors in C 2 to complex vectors, there is no natural notion
of the real and imaginary pats of a spinorat x . However, since the SL(2, C) maps
are lir ea. r, they preserve addition and s ca lar multiplication, so the spinors at x do
have the natural structure of .a two-dimensional complex vector space . Beyond that,
only the element eir E C2" 0 C2` (as well as objects constructed from it) given by
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the matrix array (13 . 1 .20) is preserved under the action of SL(2, Ca, so the only
additional natural s tructure of spinors is that of a tensor EAB of type (4, Z; Q, 4) . Thus,
each fiber of S(M) has precisely the natural structure of spinor space (W, EM). Note
that there is no natural way of identifying the different fibers of S(M), i.e., there is
no way of say ing-that a spinor at x E M is "the same" as one at y E M, just as there
is no way of saying that tangent vectors at different points a re "the saza ne. " However,
we do know what it means for a spinor to vary smoothly from point to point: A
smooth spinor field is simply a (smooth) cross section of S(M).
The relation between spinorial tensor fields of type (1, 0; 1, 0) and vector fields
may be seen as follows . Fix an isomorphism, cr, between the real elements of
C1 ~x U2 and W-sueh as that given by equation (13 . 1 .30)--for which the Lorentz
metric ElAil-A' an i2OV x~j E2 ) is taken i nto the Lorentz metric
ding{ 1, --1, --1, -1) on X84 . Then the natural Z to t map of B onto B gives rise to
a 2 to I map o,' of B X Re(C2 ~ Cz) onto B x R4. Furthermore, Q I commutes with
the natural group actions * anci qi on these spaces , i . e. , we have cr' o *i = 41n - Cr,
where A is the Lorentz group element associated with L E SL(2, C) . Hence, we
obtain a (one-to-one) correspondence, o', between the SL(2, C) orbits of
B X. Re(C 2 xQ ~~) and the Lorentz 'group orbits of B x fR4. °I'hus, we obtain in turn
an identification of the real subset of Si,o; I o(M) with T(M) ; i .e. , real spinorial
tensors of type (1, D ;1, 0) are identified with vectors . As in the previ ous section, we
shall incorporate this identification into our notation by allowing vA''' to denote a
vector rather than explicitly writing e,,A,v'*. Again the spacetime metric is related
to EAB by
S'AA'aa ' = e, MFAW

(13 .2 .9)

In the case where the spacetime manifold, M, is not simply connected, the analysis
of whether the notion of spi noFS can be defined is somewhat more compl icated. First,
M may fail to be orientable or time oriented . In such a case, the bundle, B, of,
oriented, time oriented orthanorm l bases does not exist, and the notion of spinors
cannot be dqfliteti. ~ If M is orientable and time orientable, we may construct B, but
we cannot o►btain .B by takin g the universal covering manifold of B since this would
"unwrap" M as well as the fibers of B. In order to make sense of the idea of
unwrapping only the fibers of B, it is necessary that the fundament al group of B be
of the direct product form
7r,(B) = G, X G~

(13. 2 .10)

8. We should reemphasize that the term "spinors" here and elsewhere in this chapter means SL(2, C)
spinars . Other types of spinors can be defined by a similar construction starting from other bundles of
bases . In particular, in a time orientable but not necessarily orientable spacetime, let 8 denote the bundle
of time oriented orthonormal bases . The fiber group is then the (disconnected) group obtained by
composing proper Lorentz transformations ,with :a "parity,, transformation . Its covering group can be
made to act on a four-dimensional complex vector space via the usual transformation formulas for Dirac
spinors . Thus, a notion of (4-component) Dirac spinors can be defined on nanoricntab#e spacctimas . In
the case of an oticntabIe spacetime, Dim spinors are naturally isomorphic to a pair ( (AA, QA, ) consisting
of a tw6-component spinoc ¢" and a complex conjugate dual spinor a,,,> as mentioned at the end of
section 13 . 1 .
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where G, is the fundamental group, irl(A) = Z2, of the Lorentz group and G~ is the
fundamental group, ir'i(M), of M. [Here the direct product G = G, X G2of groups
G, and G~ is defined as the group consisting of ordered pairs (gi, g2 ) with g, E G,,
82 E 02with composition law (91,92)(91,92') = (8 1 8 1 , S28i) . IFurthernwre, it is
understood in equation (13 .2 . 10) that each element of the subgroup of irl(B) of the
form (gl, e2) with e2the identity element of G2 is homotopic to the closed curve gl
Tying within a single Lorentz group fiber, whereas each element of the subgroup
(e l , $2) projects down to the closed curve g2 E vI (M) in M. Note that in the case
where M is simply connected, equation ( 13 .2 .10) reduces to our previous criterion
irl(B) = irl (A) -- Z2. If irl(B) cannot be expressed in the form (13 .2 . 1 0), the notion
of spinors cannot be defined on M . On the other hand, if v,A(B) is of the form
(13 .2 .10), we may construct a (nonuniversal) covering space, B, of B by defining
two closed curves through a point b E B to be equivalent if their composition is
homotogic to a closed curve of the form (el, g 2) . Then B has the natural structure of
a principal SL(2, C) bundle over M, and one can proceed to define spinors on M in
the same manner as in the case where M is simply connected . Again-assuming that
M is orientable and time tmientable--sginors can be defined [i .e ., irl(B) is of the form
(13.2.IQ)J if and only if the second Stiefel-Whitney 'class of M vanishes . Furthermore, if in addition M is noncompact, spinors can be defined if and only if-M is
parallelizahle (Geroch 1068x ; see also Clarke 1971) .
One further point is worthy of note in the case where M is not simply connected .
The decomposition of ir,(8) as a direct product of subgroups of the form (13 .2. 14)
need not be unique, and each distinct decomposition gives rise to a distinct notion
of spinors on M. The reason is as follows . Each element of irl(B) corresponds to an
equivalence' class of transports of tetrads around closed curves in M . When we
express irl(B) in the fin (13 .2 . 1U); we, in effect, state that tetrad transports of the
form (el, g2)cotrespcmd to no net rotation of the tetrad, while those of the form
(a , , g2)-where a , is the non-identity element of r,(A) = 23-cornespond to a 27r
rotation of the tetrad. Suppose, now, that iri(M) has a normal subgraup9 H with
factor group10 isomorphic 'to Z2 . Then we can define G 2' to be the subset of r,(B)
consisting of all elements either of the form (e, h) or of the Bonn (a, bh ), where
h E H and b E H. Then it is easy to check that G2 is a subgroup of irl(B) isomorphic to -7r,(M) and that irl(B) is of the form G, x G . We may use this decomposition to define the covering space B' and use B' to define spinors . With this new
decomposition of irl(B), closed curves in B of the form (a, bh) now correspond to
no net rotation of the tetrad in M, whereas curves of the form (e, bh) now correspond
to a 21r-rotation . Spinors on M defined with respect to B will not change sign if
transported around a closed curve bh E v,(M) in M in such a way that the com9. A subgroup H of a group G is said to be normal if ghg- I E H for all g E G and h E H .
10. For a normal subgroup H, the orbits obtained by die natural left action of H on G-called right
cosecs of H-can be given a group structure via the composition law cl eZ = c, where c is the coact of
H containing g, g2, where g, E c l and gz, E c2 . (It is necessary that H be a normal subgroup in order
that this compositio n law be independent of the choice of repr esentati ve elements g,, 82 . ) This group of
cots is called the factor group of H an d is denoted G/H .

13 .2 Spinors in Curved S pacetime 369

ponents of its null flag (13 .1 .37) with respect to the basis associated with
(e, bh) E Trl(13) remain constant during the transport . Spinors defined with respect
to B' will change sign under the same transport . Thus, depending on the group
structure of vl(M), there may be several" distinct ways of defining spinors in the
sense that there may exist freedom to decide whether or not a spinor changes sign
when transported around certain closed curves in M. For example, if irl(M) = Z2,
then if spinors can be defined at all, there exist two inequivalent definitions . On the
other hand, if irl(M) = Z3 (i .e., the cyclic group consisting of three elements), then
the definition of spinors is unique .
We turn, now, to the definition of derivatives of spinors in curved spacetime . As
mentioned above, in curved spacetime them is no natural identification of the spinor
spaces at different points, just as the tangent spaces at different points cannot be
identified in a natural way . However, in chapter 3 we introduced the notion of a
derivative operator on ordinary tensor fields and found that there is a unique derivative operator, Vo, associated with a metric gb via the requirement %B&, = 0 .
Furthermore, given a derivative operator, we obtain a notion of parallel transport,
i .e., a curve-dependent identification of the tangent spaces at different points . This
notion of parallel transportof tensor fields obtained` from V. gives rise to a unique
notion of parallel transport of spinors,12 namely, a spinor will be said to be pacatlelly
transported along a curve if its null flag (13 .1 .37) is parallelly transported and, in
addition, the spinor itself does not change sign discontinuously . (Recall that the
continuity of a spinor field is a wellAdefined notion .) This notion of parallel transport
then can be used to take derivatives of spinors along acurve It--sine a spinor at y(t)
now can be compared with a spinor at y(t + St) via parallel transport and this, in
turn, . vniquely gives rise to a notion of a se nor derivative operator VA,- taking
spinorial den fields of type (k t; k', d' ), into spinorial tensor fields of type
(k,1 + 1 ; k', l' + 1) . This derivative operator VA,,, will satisfy the analogs of properties (I)-(3) listed in section 3 .1 for a derivative operator on ordinary tensor fields
where, in property (3), contraction now is with respect to spinor indices . Furthermore, when applied to ordinary tensor fields, Q,sa,, will agree with the derivative
operator V. associated with gam, which implies; in particular, that properties (4) and
(5) are satisfied by VAA,. In addition, 9,A, satisfies two further conditions : (i) for all
spinorial tensor fields * we have (4r ) =Vii, i.e ., V,,~A, is "real,,, and (ii)
Dim' ESC = 0 = QAA,ew . Note that although the derivative operator V. satisfying
Qegbc _ 0 is but one of a wide class of derivative operators on tensor fields, most of
these other derivative operators cannot be -generalized to apply to spinor fields, since
for these notions of derivative the parallel tcanspvrtcif a null flag will not, in general,
retain the form of a null flag .
1 l . The number of distinct ways of defining spinors equals the number of normal subgroups of zr, (M)
w ith factor group Z2 . This, in turn, is equal to the number of generators of the cohornology group
H' (M„Zz) ; see Isham (19 78) for further discussion .
1 2. This can be demonstrated more systematically -by reformulating the notion of parallel transport
in term of the theory of connections on a principal fiber bundle and its associated bundles (see , e .g.,
Bishop and Crittenden 1 964) . The connection on B dives ri se to a connection on B, which i n turn yields
a connection on 5(11 .
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If we take two spinor derivatives of a dual spinor field a c and antisymmetrize over
the derivative indices, the same argument used to define the Riernann tensor in
chapter 3 shows that the resulting spinorial tensor field at a point x E M depends
only on the value of ac at x . Thus, there exists a spinorial tensor field XM- BB,c° such
that for all dual spinor fields ac, we hav e
(pM,pBB , - 'GeN, Q,u.)c 4c . XAA ,w,c°cro

(13.2 .11)

We apply this commutator to the dual vector o4cac-, using the Le ibnitz rule and the
reality property (i) of 0,A, . Comparison with formula (3.2.3) for all rxc«c establishes
that
R, A'ee ' CC'

DD'

= XAABB ,C D E' C D' + XM-DB-~°~ EC °

(1 3 . 2. I2)

where R, A .~,cc,°° ' is the spi norial equivalent of the Riemann tensor. Arguments
similar to those which led to equation (3 .2 . 12) show that, for an arbitrary "down
index" spinorial tensor field, a c, . . . ctc; . . . c!„ we have
r

{p, A . VJW . -- pea.pM, }aC ~ . . .~r

XMi Be ,c,°ac, . . .o . . .,~~,

The generalization of equation (13.2 .13) to spinori al tensor fields with "up indices"
is easily obtained by raising indices on both sides of equation (13 .2. 13) with e Ecj and
EE,cj,.
The antisymmetry of R w in its last two indices implies via equations .(13 .2 .12)
is antisymmetric i n
and (13, 1 .46) that XAA rjre-cD is symmetric in C and D. Since R
its first two indices, the argument which led to equation (13 .1-50) implies further that
X,,~,w,cD can be expressed in the form
XM'eB 'cv

=

AA

cn iA'V + + DAT'cnFAa

(13.2.14)

where
hAecD =

(I3 .Z . I5)

AWxcD)

and
(13.2. 16)

~DA 'B'CD = (1)(A B 'xCt3)

Substituting these results in equation (13 .2 .12), we find that the Riemann tensor
symmetry Raw = R~ implies that OA,,O~ is real:
(13 .2 . 17)

4;1 1BC'D ' ~ (DCDAB

and 11ABcD satisfies
liancE, -

ACDAB

.

(13.2 .18)

Because of equation (13 .2 .18) E"'AA acn is antisymmetric in B and D and hence must
be a multiple of FBa . We define W,,~cD by
WA BCD = AABCD - A( EACEBD + EBCEAD)

(13 . 2. 19)
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where
"cfa"t4,iecn

A= 6

Then by cons truction

(13 .2 .20)

,, C , satisfies

W B L

E AC T,+ecn = 0

(13 .2.21 )

Together with the other symmetries of AAscD, this implies that T,,Bca is totally
symmetric ,
( 13 . 2 . 22)
WABCD
W(A9CD)
Finally, a calculati on using equation (13 . 1 . 36) establishes that the Riemann tensor
symmetry R tb,4 = 0 implies the reality of A,

(13 . 2 . 23)

h= A
Thus, we have found that
XM 'BB ' CD - 'PABCD fA 'B' + OAB`CDFAB + A(eACeBD + EBC EAD)EAB'

(13 .2 .24)

and hence we have obtained the following spinarial decomposition of the Riemann
Sensor.

+ A(E,,c EB ° + E'9C FA °) F,,B, F,~°' + C . C . (13 .2.25)
where C .C . denotes the complex conjugate of the preceding terms . To obtain the
Ricci tensor, we contract over B and D and over B ' and D ' . We obta in
Rn,ti , cc , _ -2($,, 'c ' hc +6A FA'c"FAc

(13 .2.26)

This shows that -2(D,,-c-,,c is just the spinor equivalent of the trace-free Ricci tensor
R,* + I Ttg,*, where now we define R = --R,*goe in order to compensate for our
change in metric signature and thereby agree with our previous definition given in
chapter 3 . (The definitions of Rid and Rb are unaffected by the change of metric
signature made in this chapter .) Furthermore, equation (13 .2 .26) shows that
A = -R/24 . Using these results and comparing the decomposition (13 .2.25) with
that of (3 .2 .28 ; we find that the spinor equivalent, C,u 'ee'cc'DD ' , of the Weyl tensor
Cakd is simply
e,U •~ 'CC'DD' _

TABcnE AV E C&

+ ''~''NQ TW FaBECn

(13 .2 .27)

We refer to W, BcD as the Weyl spinor.
The decomposition ( 13 .2 . 24) of , XAABa C ° allows u s to reexpress equation
(13. 2. 11) in such a way as to separate the effect of Ricci and Weyl curvature on
spinors . If we contract equation (13 .2. 11) with E'' , we find
V
= (D
A 'B'CD Q'D ~
A{A' Q,9 'j tkC'

( 1 3 . 2 . 28)

where we used the identity (13 . 1 .46) to obtain the left-hand side of this equation and
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formula (13 .2.24) to obtain the right-hand side. On the other hand, if we contract
equation ( 1 3 .2 . 11 ) with ill', we get
QA,(A De )" ac = A, Bc°aD = tYABc °aD -- 2Aec(AaB)

(13 .2 .29)

The two equations (13 .2.28) and (13 .2. 4) are equivalent to equation (13 .2. 11 . For
future re ference, we note that the generalization of equation (13 .2 .29) to an n index
spinor OA , . . .,,. is
,(
l
vA A~jg) (hC . . . Cn

f

~gBCf

D

(~C j . . . p . . . Cn

i= 1

(13 .2 .30)

Note also that the general identity (1 3 , x.,52) implies that
p, + 'C, +De( '

2

Ene O

( 13 .2 . 3 0

where ❑ = p,,A, 4`'A ' .
We now are in a position to explain the spinor motivation of the Newman -Penrose
G 962) formalism mentioned in section 3. 4 . Instead of choosing an orthonvrmal basis
of the tangent space at each point, we choose a basis 6 0A = o", f A = ~A of spinor
space at each point , normalized so that
OA LA

=1

(13 . 2. 32)

Instead of defining the 24 real R icci rotation coefficients by equation (3.4 . 14), we
defi ne the 12 complex spin coefficients by
(13. 2.33 )
Here r, 0' ,
A take the values 0 , 1 and us ing the Leibnitz rule and equation
(13.2.32) one verifies that yFa,In is, symmetric in X and A, so equation (13 .2 . 3 3 )
indeed defines 12 independent complex quantities . For the specific notation custom=
arily used for each, spin coefficient, see ; Newman and Pen rose (1962). Finally,
instead of us ing equation (3 .4.17) to express the tetrad basis components of the
Riemann tensor in terms of the Ricci rotation coefficients, we use equations
(13 .2. 1 1) and (13 .2. 24) to express the spinor basis components of tY,~cv, ~A•B,cv,
and A in terms of the spin coefficients. In this way, we obtain equations equivalent
to equation (3 .4.2 1) of chapter 3 , but the explicit form of these equations written out
term by term (see eq. [4.2j of Newman and Penrose 1962) is far simpler in appearance than equation (3 . 4.21) would be if a separate le tter were used for each Ricci
rotation coefficient and each curvature component .
How can one evaluate the spin coefficients defined by equation (13 , 2.33)? More
generally, how does one compute derivatives , Q,~,-, of arbitrary spinorial tensors?
Recall that the spinor derivative operator 0AA, corresponding to the tensor de rivative
operator V. sati sfying QAgb - 00is the only sensible derivati ve operator for sp inors ,
so no analog of an "ordinary derivative" operator d,,A, exists. Thus , there is no analog
for spinors 'of the coordinate basis methods used for tensors . However , we can
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evaluate the spin coefficients (13 .2. 33) by using the formula (Friedman, unpublished)

Y~ '1e ~ (eY )e VAa ' ( 6nr

=

~

>;

E '°(~r-)e(~~)e`n~~(~e?~(~o~~

~ (10.2.34)

r , a ' =o

which may be verified by expanding the derivative of the term in square brackets via
the Leibnitz rule and using equation ( 13 .2 . 32). However, the term in square brackets
is a vector quantity, i.e. ,

(13. 2.35)
and
nom , _ oA Q A,

(13 .2.36)

are null vectors, whil e
(13.2 .37)

and
m," ,

=

va '',

(13 .x . 38)

are (complex) linear combinations of the spacelike unit vector s
(13 . 2 . 39)

V2_
(
Y 'am' = ~ iA' o" - SA O",)

(13 .2 .40)

Thus , the spin coefficients can be evaluated in terms of Op i b, O.nb, OQxb, and QaYb,
which can be calculated by standard methods . Indeed, the entire spinor calculus can
be reexpressed as a tetrad calculus us ing the complex null tetrad 1°, n°, m ", and m°.
Once the spin coefficients have been found, the derivative, of an arbitrary spinorial
tensor field * can be evaluated, by fi rst expanding * in a basis farmed - out of 0, a"
and their complex conjugates. Then, using the Leibnitz rule, we can express Q4k in
terms of derivatives of the (scalar) basis components and the spin coefficients.
We illustrate , now , the utility of spinor methods by deriv ing the algebraic
classification of the Weyl tensor (Penrose 1960) . In section 7 . 3 we a sserted that in
algebraically general spacetimes the Weyl tensor admits four distinct principal null
directions sati sfying equation (? .3 . 1 ), whereas in algebraically special spacetimes
some of these null directions coincide and satisfy the stronger conditions listed in
Table 7 . 1 . We did not attempt to prove the se assertions in chapter 7 because a direct
proof by tensor methods is relatively difficult. However, the algebraic class ification
of the Weyl t ensor, by spin or methods is-remarkably simple . Consider the Weyl
spinor TABcu and fix a basis c'', o" of spinor space with o,, c" = 1 and with i" chosen
so that
Wneca t

A

iBi C c°

=

1

(13 .2 .41)
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Let Z E C, set

(13 .2. 42)
and consider the quantity

(13.2.43)
Since f is a fourth degree polynomial i n z and by equation (13 .2 .41) the coefficient
of z4 is equal to 1 , we can factor it into the form
(13. 2.44)
Now, for i = 1 , 2 , 3, 4, let
(

Kf

)A =

O

A + Ci L A

(13 . 2 . 45)

Then we have
(13 . 2. 46)
and hence we have established that there exist four spinors (Ki)', ca lled principal
spinors, such that the equatio n
WAa cna"«$a C a° _ ( K 1 )A (K2)8 ( K3)C (K4)D aA « B CYCLY D
(13 .2.47)
holds for all a" of the form (13 .2 .42), and, consequently, for all spinors a A.
However, since the Weyl spinor is totally symmetric (see eq . [13 .2.22)), this can be
true if and only if
'PABCD

( K1 ) fA( K2)8 (K3 )C { ►(4)D)

(13 .2 .48 )

Thus, we obtain a general decomposition of the Weyl spinor as the symmetrized
product of four principal spinors. Note-that rc" is a principal.: spinor if and only if
A B
D
WABCDK K K GK

=0

(13.2 .49)

Furthermore, ►c'' is 2 , 3, or 4 times repeated -i.e., it appears 2, 3 , or 4 times in the
decomposition (1 3: 2.48 )-if and onl y if, respectively,
TA

K
acn " x O K ' = 0

(two times)

(13 .2.50)
(13 . 2. 51 )

W, q #cpKA

= 0 (four times)

(13 .2.52)

If ►cA is a princ ipal spinor, the null vector
(13. 2, 53)
is called a principal null vector . The conditions (13 .2.49)-(13,.2.52) on rc" now can
be translated to the conditions on ka listed in Table 7 . 1 (problem 5) . Thus, we obtain
the algebraic classiftcation of s ection 7 . 3.
We conclude this section by examining the generalization to curved spacetime of
the equations in Minkowski spacetime for fields of mass m and spin s. The most
natural generalization of these equations is obtained by the "minimal coupling"
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prescription of replacing d,, A, everywhere by VAA-. However, for m > 0, this prescription gives .inequivaient results when aplied to equation (13 . 1 . 59) as opposed to
equations (13.1 .60) and (13 . 1 .61) .I'tte curved spacetime version of equation
{ 1 3 .1 .59) has a well posed ini ti al value formulation for a ll s, but the current (13. I .62)
is no longer conservad. . On the other hand, for s - ~ the equation s
A
'Ffin , O = ~ Q,~,

(13 .2.54)

1/Z
have a well posed in itial value formulat ion (see problem 8), and the current (13 . 1 .62)
generalized to curved spacetime is conserved. Hence, we adopt equations (13.2 . S4)
and (13 .2: 55 ) as the generalization to curved spacet ime for the Dirac equation.
Simil ar results hold for s = 1 . However , when s > 1, the curved spacetime versions
of equations (1 3 .1 .60) and (13 .1 .61) do not have a well posed i niti al value farmu-

lation (Buchdatil 1962). Si milarly , the curved spacetime sp in s equation for m = 0,
vA'~ i ~a , .

. . k ,~

= 0

(13 .2.56)

and for s = I (where it is
has a well posed initial value formulation for s
i
equivalent to Maxwell's equations in eurvedspacet me), but, as we shall see below ,
it failsIto have a well posed initial value formulation for s > 1 . Thus, the natural
curved spacetime generalization of the Minkowski equations fors > 1 do not yield
physically viable models for fields i d curved spacetime .
To prove that equation ( 13.2 .56) does not have a well posed initial value formulation when s > 1, we note first that ' equations (13 . 2 . 5C) and (13 .2. 3 1) imply that
cp4l . .a. must satisfy the wave equation, 0 (13-2
.57)
However, unlike the situation in flat spacetime, if equ ation (13 . 2.57) is satisfied
everywhere in spacetime and equation (13 . 2.56) holds on an initial surface, th is does
not imply that equation (13 .2 . 56) holds everywhere . Indeed , contracting equat i on
Aj
)
(13 .2 .56) with Q,,;,,z and using the fact that 4'" = O ( ' • `A" , we obtain

car

= (n - 2)*AIA 2C ti+3 (p l Ata 2C lA4

. . .a n)

,

(13 . 2 .58)

where equation (13 .2. 30) was used in the last line . Equation (13 . 2 . 58) is a purely
pAl ' ' ' A^ throughout spacerime . Note
algebraic condition which must be satisfied by c
that it is not preserved under evolution by equation ( 13 . 2. 5 7); i.e ., even if equation
O
(13 .2. 5$) and its time derivative hold for data for A i • • • An on an initial surface, there
is no reason why equation ( 1 3 . 2.5$) will hold for the solution of (1 3 .2.57) evolved
from these data . Thus, few , if any, solutions of equation (13.2 .56) will exist i n a
general curved sp dime. Thus, for s > 1 ` there: is no natural generalization to
curved spacetime of the notion of a "pure" massless spin s field .
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Problems
1 . SU(2) Spinors : As mentioned in a footnote to the text, analogous notions of
spinors exist for all Riemannian and Lorentzian spaces of sufficiently high dimension. In particular, we can define spinors for ordinary three-dimensional Euclidean
space as follows . Let W be a two-dimensional complex vector spa ce on which a
Hermitian metric is gi ven , i. e . , for which we have a real tensor GA-A wlueh satisfies
f'TA,A~ " '41A > 0 for all trlA # 0. We define GAA by
CTAk GqB = ES

A

and rescale eAB if necessary so that it satisfie s
E

I GA 'A Gg ,g

=

EA

T'

.

We use eA8 and
to raise and lower, indices as before, and now we may use G AA
and G"`I to eliminate all primed indices in favor of unprimed indices. We define the
t operat ion by

The group SU(2) is defined as the group of unitary maps on W with unit determ inant,
i.e. , as the subgroup of SL(2 ,Q consisting of maps II Aa satisfying the additional
condition (U)B = (II-') ',&. Pa rallel the discussion of section 13 . 1 to show that (a)
the two-index symmetric spir~ars 0 ' B = O' which are self adjpint, (c/rt)AB = O''B,
form a three-dimensional, re al vector space on which E,, ,A2E0102is a negative definite
metric and (b) SU(2) is the universal covering group of the rotation group SO(3) .

We comment that if one i s given a spacelike hypersurface in spacetime, one may
use the normal vect or nA -A at each point to define the Hermi tian metric
_ n,, ,, . Hence, on the hypersurface one may associate the SL(2, C) spinor
GA'A =V2
space of spacetime with the SU(2) spinor space of the hypersurfacce. This enables one
to obtain a "3 + 1 decomposition" of spinors (Sen 1982).
2 . Choose a spinor basis 0 '1 , &A satisying oA c" -- 1 and write out the components of
the Dim equation (eqs . [ 13.1 .60] and [ 13 .1 .6 1 ] for n = 1). Show, thereby, that our
version of the Dirac equation is equivalent Co the form found in most books .
3 . According to equation (13.1 .50), a real antisymmetric tensor &b can be written
in the form
F.~u ,se, = (PARWA ~8 , +

~T,a~s, EAe

where Own = Oom,. Show that &b satis fies the source-free Maxwell equations
(4 .2.23) and (4 .2.24) ifand only if c¢"B s atisfies equation ( 1 3 . 1 .64).
4 . Show that equation (13 . 1 .64) has a well posed initial value formulation in Minkowsk i spacetime as follows;

a) Show that _equation (13 . L' 64) implies 00A i . . An . 0 .

b) Using theorem 107 1 .2, show that if OOA, . . .A. = 0 throughout spacerimme and
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(AA
e q u a tion (13. 1 . 64) a n d its n o r m a l derivative n "'460k t Aj 1 . . °) -- 0 are satisfied
on an initial hypers urface, then equat ion (13 .1 .64) is satisfied.
c) Show that if ❑c¢" i . . .". = 0 and equation (13 .1 .64) holds initially , then
aJW aAjA ; 1OAi . . . "h = 0 automatically holds intitially . (H int: Use the fact that nib d,]
applied to eq . [13.1 .64] must hold initially to conclude that in itially
dW A ~,~i OA,,, . a„ is of the form nag- aA A2 . . ."„.Show that an express ion of this farm can
be nonvanishing for timelike nit if and only if it remains nonvanishing when
contracted with E B'4 1 .)
The results (a), (b) and (c) show that equation (13 .1 .64) is equivalent to the
equation nOA I -An = 0 (which has a well posed initial value formulation) together
with equation (13 .1 .64) holding only as an initial value constraint.

5. Show that the conditions (13.2.49)-(13 .2 .52) on principal spinors translate into
the conditions of Table 7.1 on the corresponding principal null directions.
6. Show that in a vacuum spacetime , R,.b= 0, the Bianchi identity ~aR&,* = 0
takes the form V,yA- cl' = (}. In patt euiat, this shows that the linearized Einstein
equation off M nkowslci spaceti me implies that the linearized Weyl sp inor satisfies
the equation for a massless, spin-2 field. [In fact , gi ven a solution of eq . ( 13. 1 . 64)
in the case s = 2, one can find a metric perturbation Yv (unique up to gauge
transformations) satisfying the source-free linearized Einstein equation, (4. 4.11) and
(4.4.12), whase linearized Weyl spinal equals the given solution . Thus, eq .
I is equivalent to eqs. (4 .4 . 1 1) and (4 .4. 12). ]
(13. 1 .64 ) with s
7 . Solve problem 6 of chapter 4 using the spinor decomposition of the Weyl tensor.
Include a proof that T kd = T(,bda•
8 . Show that equations (13 .2 .54) and (13 .2.55) are equivalent to the equation
(0 + rn ~ - ` 6A)y6A - 0. This equatitm is of the general form for wh ich theorem
10. 1 .2 applies, so th is establishes that the Dirac equation i n curved spacetime has a
well posed initial value formulation .

FOURTEEN

QUANTUM EFFECTS IN STRONG GRAVITATIONAL FIELDS

As described i n chapter 4 , the theory of general relativity put forth a revolutionary
new viewpoint on spacetime structure and gravitation . However , in one important
sense, this theory is not revolutionary enough . It is well establis hed that all known
PhYs iral, fields must be described on afundamental level by the principles of quantum
theory . In quantum theory, states of a system are represented by vectors in a Hilbert
space , W, and observable quantities are represented by self atijoint linear maps
acting on W . Unless the state of the sy stem happens to be in an e genstate of the
observable, the observable will not have a definite value and one can predict only
probabilities for the outcomes of measurements : However, general relativity is a
purely classical theory, since in the framework of general relativity the observable
quantities-in particular, the spacetime metric--always have definite values. Thus,
if the principle s of quantum theory are to apply to the gravitational field, general
relativity mu st at best be c urly an approximation to a truly fundamental" theo ry of
gravity, perhaps in the saw s ort of way as MakWeIls theory of electromagnetism
is only an approximation to quantum el ectrvdynarnies.
Classical descriptions of ordinary matter are, in general , excellent approximations
for describing phenomena which occur on macroscopic scales, although even here
quantum effects can be important for suitably prepared states . However . 'the classical
description of matter become s wholly inadequate on atomic and smaller scales. In
this case, the scale at which the classical description breaks down is determined by
the masses and charges of the fundamental particles as well as the two fundamental
constants of nature which enter the theory, namely Planck's constant, A, and the
speed of light, c : Similarly, in a quantum theory of gravitation based on general
relativity, one would expect that the fundamental scale at which the classical descripti on becomes wholly inadequate should be set by A, c, and the gravitational constant,
G . There is a unique combination of these constants which has the dimensions of
length, namely the quantity 1p -m (Ga/c3)'12, called the Planck length . As might be
expected, the Planck length arises naturally in attempts to formulate a quantum
theory of gravity. Thus, dimen sional arguments suggest that a classical description
of spacetime structure s hould break down at scales of the order of the Planck length
and smaller.
In cgs units the magnitude of the Planck length is only - I 0-'3 cm. (The corresponding Planck scales of other quanti ties such as time and energy are given in
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appendix F.) The smallness of lp compared with typical length scales occurring i n
atomic, nuclear, and elementary particle physics is directly related to the weakness
of the gravitational force between two elementary particles as compared with the
other fundamental forces , namely the strong , weak, and electromagnetic interactions. The Planck s cales lie man y orders of magnitude beyond what we presently
are able to probe w ith high energy accelerators . Therefore , it might appear that the
development of a quantum th eory of gravity-while undoubtedly a laudable goalwould be unl ikely to have muc h relevance to any presently observable phenomena.
However , there are at least two gcyod , reasons for believing that the predictions of
a quantum theory of gravity could be very relevant to phenomena at presently
observable scales . The ftrst reason arises from the theory of elementary particles. It
is widely believed that the true, fundamental theory of nature will aehieve a
unification of the forces of nature by describing them simply as di fferent aspects of
a single entity. A unification of the classical theories of electricity and magnetism
was achieved over a century ago by Maxwell . More recently, the Weinberg-Salem
theory has given a successful unified description of the weak and electromagnetic
interactions. It is presently bel ieved that the "grand unified models" may successfully
unify the strong and electroweak interactions. The unification of gravicatic3n wi th the
strong-electraweak interactio n would b e the next logical step in this program. Interestingly, the natural length s cale which arises in the grand unified theories is only a
few orders of magn itude larger than 1p. Thus, it is quite possible that a quantum
theory of grav itation may even play an important role in the unification of the strong
and electroweak interactions . A. unified theory of all forces undoubtedly would yield
many new predictions of phenomena at presently observable scales .
The second reason arises directly from general relativity. As discussed in chapter
9, spacetim e singularities occur in the solutions of classical general relativ ity relevant
to gravitational collapse and cosmology .'Thus , in these situations, the classical
description of spacetime structure must break down. In particular, one cannot expect
the homogeneous,, isotropic models of chapter 5 to be an adequate description of our
universe inthe regime where they predict curvature of magnitu de 1p-2 or greater , i.e.,
(G A/c 5)'12 - 10" 4~ s. 'ihua it appears that the development of a
fort < tp
quantum theory of gravitation will be a n essential requirement for our understanding
of the initial state of our universe. It is not i mplausible that plmnornena which occur
in the very early universe and which can be- understood only in the framework of
quan
gravity will lead to observationally verifiable predictions about the structure
of the present.universe.
However, even if quantum grav ity leads to no predictions of phenomena which
can be observed with present day technology, the formulation of a quantum theory
of gravity undoubtedly would be of major significance for theoretical physics. After
all, classical general relativity has provided us with major new insights i nto the
workings of nature even though the ne w obsavationally verifiable predictions it
g . The new fundamental i nsights providckby a quantum
makes are retativehy, meager
theory flf g ravity certainly. -shcw3d be no less significant than those~Ovvided by
general relativity.
As, discussed in section 14 . 1 , all of, the known procedures for formulating a
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quantum field theory associated with a classical theory run into difficulties when
applied to general relativity . 'T'hus, the fcnmuation of a viable quantum theory of
gravity remains a goal for the future. However, . a completely satisfactory theory
exists for a free ( i.e. , linear) quantum matter field propagating in a fixed background
curved spacetime: Although such a theory is , at best, only an approximation to a full
quantum theoryof gravity with quantum matter, the effects thereby predicted should
at least give a good indication of the types of quantum effects w hieh` may occur in
strong gravitational fieIds In particular,' as described in section 14. 2, the creation of
particles by a gravitationaL -field is predicted by this theory. Remarkably, when
applied to the case of a black hole in section 14 .3, one finds that particle creation
causes the effective "emission" by a black hole of a thermal spectrum of particles at
temperature. kT = A K/21r, where K is the surface gravity of the black - holy . The
implications of this result for the relationship between black holes and thermodynamics are: explored in section 14 . 4.

14.1 Quantum Gravity
It is generally believed that the correct, fundamental description of all physical
fields is given by the general.framework of quantum field theory. In quantum field
wry , motes of .a .system are. tiescribed by v&tors in a Hilbert space W, :and the
physical- field i s described by an- operator (i .e., a linear map) o X defined at each
spacetime point. "However, unlike ordinary, nonrelativistic S ~rodinger quantummechanics where well defy
-albeii ;p rababiZistic-predictions always can ,be
made once one it- given the Ham ltcittian~ of the system, serious difficulties arise when
one attempts to` fortnul
quantum field theories Many of these difficulties can be
o
the
fact
even
for a free fie ld, the expression obtained for the field
traced t
that,
operator does not make mathematical sen' se as an operator defined at each : s etime
point but must be -interpreted as a distribution on spacetime (see section 14:2 below-}:
This corresponds to tom:physical fact that the field cannot he measured at a single,
point; only averages of the field over spacetime regions are physically well defined .
In the case of a free field this causes no seriotts, problems and a well defined quantum
field terry , 'can be constructed . However, for the more interesting case of a theory
with ntera~c#iflns (i.e . , for afield or fields satisfy ing nonlinear equations) one is -led
unavoidably to consider the products of field operators at the same spacetime pc>ini, .
Such quantities have no natural mathematical meaning, and consequently, with the
exception ofsome simple models in 'lower spacetime dim ensions, there are at present
no known examples of quantum field theories of physically reasonable i nteracting
fields which are mathematically well defi aed
However, alth ough one does not know how to formulate an exact theory of an
interacting quantum- field +one can fctrrnally treat the interactions as perturbations of
the well- defi
free field theory ., One thereby may obtain a forma.Il expansion fQ r
physical quantities as power series in the "coupling constant' '(Le ., the coefficient of
the nonl inear i nteract ion term in the -equation) . However, in general the formal
expression for the individual - terms in the power series will yield divergent results
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when one attempts to evaluate them, as should be expected from the fact that the
exact theory upon which the perturbation series is based is ill defined . Nevertheless,
one can introduce cutoffs into the divergent expressions in order to obtain finite
answers . This, of course, leaves the theory in an unsatisfactory state, since the
predicted values of all physical quantities depend upon the chosen values of the
cutoff parameters . However, i t may happen that in the lim it of large cutoff parameters, the dependence of all physical quantities on the cutoff parameters may be
identical to their dependence on the so-called bare parameters (such as masses,
charges, and the coupling constants) which originally. were present in the theory . If
this occurs, then one can take the limit as the cutoff parameters go to infinity wh ile
readjusting the bare parameters so as to produce the desired finite answers for certa in
physical quantities. In this way, one obtains finite expressions for each term in the
perturbation series ea sins for all physical quantities with only the same number
of free parameters in the theory as, originally were present classically . If this occurs ;
the theory is called renormalizable, and it is widely believed that physically viable
quantum field theories must be renormaIixable (or, at least, satisfy properties closely
akin to renormalizability ; see Weinberg 1979) . Quantum electrodynamics (i.e., the
quantum held theory of a Dirac field interacting with an electromagnetic field) is
renormalizable, ,and the agreement to high accuracy of the predictions of the first few
terms of its - pereturbation series with e xperiments provides the best quantitative
evidence for the belief that quanturn field theory provides a correct descripti on of
nature. The Weinberg- S atarn theory of the elec troweak interactions and "quantum
chromodynamics" (i.e., the theory of quarks interacting with gluons) also are renormalizable quantum field theories which are believed to accurately describe nature.
However, the state. of affairs with regard to gi ving an exact formulation even of
nenormalizable field theories is unsatisfactory . Only the individual terms in the
perttrrbation series are defined precisely, and there is good reason to believe that the
full perturbation series does not canverge .
Given a classical field theory formulated in terms of a Lagrangian or Hamilton ian,
there exist a number of procedures for formulating a quantum field theory associated
with the classical theory. However, general relativity is sufficiently different from
other classical field theories that, as we shall see in more deta il below, the approaches
which have been tried for formulating quantum general relativity all have encountered fu~~ts~ d fficuldes. The essential difference between general relativity
and other classical theories appears to be the dual role played by the field g4 as both
the quantity which describes the dynamical a spects of gravity and the quantity which
ime structure . Thus, it would appear that i n order to
describes the backg mund sp
"quantize" the dynamical degrees of freedom of the gravitational .field, one must also
give a quantum
?hanica1:: description of spacetinYe structure . This latter problem
has no analog for c
i quantum field theories which are formulated on a fixed,
background spacetime, which is treated classically .

The nature of the difficulties caused by the dual role of S,,,v are perhaps best
illustrated by the following simple example . It is a fundamental property of quantum
field theory in Minkowski spacetime that the field op erator, 41, corresponding to an
integer-spy classical field, #, evaluated at spacelike related points must commute
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with itself, i.e., for x and x ' spacelike related' we have
A

(

)

E (x), ~ x' ] _

A (X) (X,)

-

I

)

(

A

x' (x> =
41

0

(This equation expresses the faro that a measurement of 41 at x' cannot influence- the
value of 41 at x.) Now, as mentioned in section 4.4 and in problem 6 of chapter 13,
linearized gravity is ju st the theory of a massless, spin-2 field in Minkowski spacetime. Thus, we may view general relativity as the -theory of a self-interacting ` spin-2
field. By analogy with fiat spacetime quantum field theories it would be natural to
expect the metric field operator Jb to satisfy the commutation relation
(14,1 .2

UWA §cd(x ')J = 0

for x and x' spacelike related. However, this equation makes no sense since we do
not know if x and x' are spacelike related until we know the metric; and equation
(1 4.1 .2) is an operator equation which, if valid, must hold independently of the state
of the gravitational field, i.e . independently of the value of (or probability distrilutionfor} the metric . More generally, the entire notion of causality becomes ill-defined
when the notion of a classical sgacetime -metric is abandQtied: Thus, some of the
fundamental resultg which are believed to hold for all other quantum field theories
appear to be inapplicable to general relativity .
The diffezences between generat relativity and other field tries and the
difficulties with causality that arise when the spacetime metric ; does not have a
definite value suggest the possibility— that perhaps the principles of quantum theory
do not apply to 9avity--.that classical general relativity is correct at the fundamental
level . However, this viewpoint mars to be untenable, because the spacetime
metric is coupled to matter sour s, Suppose spacetime structure is described by a
classical spacetime (M, gam) and quantum theory applies to these matter sources .
Whatis the curvature of spacetime associated with a given quantum state of the
matter? If the classical Einstein equation is" tip hold in the limit where the matter
distribution can be described classically, the most natural candidate for a quantum
version of Einstein's equation (with gravity treated classically} is 2
G,.b = 8,7r(7.b)

,

(14 .1 .3)

where {T.b- ) denotes the expectation value of the stress-energy operator tb in the
given quantum state . Now consider a state of matter where, with probability 1/2, all
the matter is located :iaa certain region " 01, of spacetime and, with probability 1 /2 .,
the matteris-located in a region 02 disjoint from O, . According toequaton (14 .1 .3),
the gravitational field will bchavetiice half of the matter is inQ1 and the other half
is in C}~ . SuPFose> : now, -that we make a ,measurement of the location of the matter .
We then will find the matter to be either entirely in 4 1 or en€ ly in 02 . If Equation
(14 :1 . 5) continues to hold after we have resolved quantum state of the matter b y
1 . As mentioned above,
~( we
4 must in fact treat 0 as a distribution . Strictly . speaking, equation, (14 .1 .1)
should be replaced by [ f) (8)J = 0 whenever the supports of the test functions f and g are spacelike
separated.
2 . Note that in postulating a semiclassical equation like (14 .1 .3), the superposition principle for
nuater states is lost, since different matter states are associated with different spacetimes .
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this measurement, then the gravitational field must change in a discontinuous,
acausal miner .- Thus, the attempt to treat gravity classically leads to serious,
difficalties`~'These difficulties apparently can be avoided only by t reating the spacetime metric in a probabilistic fashion-Le ., by quantizing the gravitational field-so
that in the initial state- it has probability 1/2 of corresponding to the gravitational field
of matter in 0t, and has probability 1 / 2 of corresponding to the gravitational field
of matter in 02.
The i ssue of how to formulate a quantum theory of gravitation is presently under
active investigation by many researchers . We shall confi ne our discussion here to a
very brief mention of some of the main approaches that have been tried. A more
detailed discussion of these approaches as well as a much more complete description
of the range of topics related to quantum gravity which presently are under investigat ion can be found in Isham, Penrose, and Sciama (1975, 1981) and the final
five chapters of Hawking and Israel (1979) .
The covariant perturbation method is perhaps the most straightforwa rd approach
to formulating a quantum theory of gravity. Here one writes the spacetime metric g b
as
gab

`

17ah

+ yQa

(14 .1 .4)

where ~~ is a flat metric and we shall assume that M = R4 so that (M, 77,b) is
Minkowski spacetime. [More generally, one could replace (R4 , %b) by an y solution,
(M, o8 b), of Einstein's equation,) To f order in yam, the classical Einstein equation
is Just the equation for a free, ,spin-2 field . Therefore, as already mentioned above ,
we may view the full Einstein equation (with y,* not assumed to be "small") as the
sum of this "five" piece plus a nonlinear, seAf interaction terns ; i.e. , we may view
vvski
Einstein's equation as an equation for a self-interacting spin-2 field y b in Mi
spacetime (RI, -qb) • The covariant method treats gravity by viewing it in this manner
as an ordinary "Roincar6 covariant" field theory. The dynamical variably, 3' b , has
considerable gauge arbitrariness, but it is known how to obtain a perturbation series
expansion for the quantum field theory of "non-abelian" gauge fields of this type
{Fadde'ev and Popov 1967;- DeWirt 1967n,b} . This, in this approach there is no
obstacle; in principle, to obtaining a formal perturbation series for the type of
physical quantities usually calculated for field theories in M inkowski sparcetime.
Note that the flat, background metric ~~ introduced in equation (14 , 1 . 4) is treated
in an entirely classical man ner in thzs approach .
The main difficulty which arises in this c oath-is that the perturbation theory one
obtains for Y~ is note-renvrmalizatrle . indeed, the non-rer:vrmalizab lity of quantum
gravity in the covariant perturbation approach can be seen purely from dimensional
arguments . The expansion parameter in the perturbation series one obtains is the
squared Pl;knck length, 3 1~: 'Thus, ~e term in the perturbation series of successively
higher order in !p2 must have dre' dimensions of correspondingly higher powers of
inverse length and the "superficial degree, Qf divergence" (see, e.g . , Coleman 1973 )
3 . The classical vacuum Einstein equation, Gaa - 0, does not involve Newton's constant G. Hower.
G enters the quantum theory through the normalization of y b, which accounts for the presence of
ev
G (via IP) in the quantum theory .
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of these terms increases. Hence, there is no possibility of canceling the di vergent
terms with the "bare" terms. Thus, the only hope for obtaining a well defined
perturbation series without the introduction of new parameters is that the perturbation
series be finite in each order , i .e., that when all the contributions to order dp" are
added together, the divergences will cancel each other . In fact, this happens in the
lowest ("one loop"} order. However, fin iteness does not occur in lowest order for
gravity coupled to matter fields, nor is it expected to occur in higher orders in pure
quantum gr avity ; see Deser, van Nieuwenhuizen, and Boulware (1975) and the
references cited therein for further discussion .
Thus, in the covariant perturbation approach to formulating a quantum theory of
gravity, it appears that meaningful physical predictions cannot be made . In addition,
thi s approach has a number of other unappealing features. The breakup of the metric
into a background metric which i s treated classically and a dyna mical field yam, wh ich
is quantized, is unnatural from the viewpoint of classical general relativity. Furthermore, the perturbation theory one obtains from this approach will,, in each order,
satisfy causality conditions w ith respect to the background metric rte, rather than the
true metri c gam. Although the summed series (if it were to converge) s till could satisfy
appropriate causality conditions, the covariant perturbation approach would prov ide
a very awkward way of displaying the role of the spacetime metric in causal structure . Finally, in this approach it is very difficult even to formulate questions about
such issues as the quantum. effects occuning near the initial singularity of the
universe, since the usual procedures for formulating quantum field theories in Minkowski sgacetime effectively assume that the interactions are "tamed off' in the
distant past. On the other hand, the covariant .approach has the advantage that one
can obtain concrete expressions for physical quantities i n perturbation theory without
having to develop an entirely new. conceptual framework .
An, important approach which does not rely on a breakup of the spacetime me tric
such as ( 14.1 .4) is the canonical quantization method. This approach for formulating
a quantum theory is applicable if die classical theory has been put in Ham Etonian
form. The basic idea here is (i) to take the . states of the system to be described by
wave functions 'fi'(g) of the configuration variables, (ii) to replace each momentum
variable by differentiation with respect to the conjugate configuration variable, and
(iii) , to determine the time evolution of . '~ via the SGhrodinger equation,
14 d*/opt = H T, where H is an operator corresponding to the classical Hamiltonian
H(p, q) . A precise formulation of these rules for simple quantum mechanical systems can be found in Ashtekar and Geroch ( 1974) .
As discussed i n appendix E, general relativity can be cast in Hamiltonian form,
so one can a nempt to apply the canonical quantization rules to general relativity.
However, a seriou s difficulty arises because of the presence of the constrai nt
(E:2.33) . Attempts to, solve this constraint (so that one can obtain configuration
variables representing only the "true dynamical degrees of freedom") or to impose
thi s constraint as an additional condition on the state vector have not been successful .
Thus, the difficulties caused by the constraint ( E. 2. 33) in the Hamiltonian formulation of general relat ivity have proven to be a serious obstacle to obtaining a
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quantum theory of gravi ty via the canonical approach . We refer the reader to
Ashtekar and Geroch (1974) and Kuchaf (1981) for further discussion .
Another important approach to formulating a quantum theory of gravity is the path
integral method . The - viewpoint here is to stress the amplitudes for phys ic al processes
(rather than states or operators) as the funda mental enti ties of the theory. For the
quantum theory of a field yG on Minkowski spacetime derived from an action S ki]
(see appendix E), one expresses the amplitude for the field to go from the function
#I(T) on the hypersurface t = tI to the function-*2(1 ) on the ypersurface t - t2 as
a. path integral:
* , h I 0zy 12)

=

f

e ~s[11ld~ [41]

(14. 1 .5)

Here, the integral is to be taken over all field configurations 41 (not dust those
satisfying the classical fiel d equation} in the spacetime region between t} and t2 which
"inU oiate„ between 4i, and biz , and dl c [iG] denotes a measure on the space of field
configurations . The major difficulty which arises in the path integral approach is the
definition of the measure d~r~c[qkJ . One simply does not know how to make mathematical seise - off dµ[qi]; except. in the context of perturbation theory about a free
field. (In that context, one-can define the integral [14 . 1 .5] so as to obtain the standard
perturbation series, and, indeed, the path integral approach provides a simple forma1
derivation of this series which is particularly useful in the case of gauge theories; see
Avers and Lee 1973.) However, despite the inability to define (14.1 .5) rigorously,
the formal manipulations suggested by , the path integral viewpoint have provided
valuable insights4 and useful approximation schemes .
General relativity can be de ri ved from an action principle (see append i x E), so one
can attempt to formulate a quantum theory of gravity by the path integral approach .
It would be natural to write down an integral of the form
( e +s[s-a }d~,(g~ I
1

(14 .1 .6)

with S given by equation (E . 1 . 13) or equation (E. 1 .42), to represent the amplitude,
{(ie,).b , t, I (hz).b, t2) , for going from spatial metric (h,) ,b at time t, to (h2),,b at time t2 .
However, in general relativity the "times" t, and t2 are merely coordinate labels and
do not have physical significance . Thus, the amplitude ((h i ),* , ti I (hz) ,,b, t2) is not a
physically meaningful quantity . The underlying reason fog this difficulty is'closely
related to the difficulty of the canonical quantization approach The "true dynamical
degrees of freedom" of the gravitational field have not been isolated. As mentioned
near the end of appendix E, general relativity is much like a "parameterized theory"
where time is treated as a dynamical variable . Thus, it is redundant to insert the
4. in particular, the path integral viewpoint provides a simple explanation of how the classical limit
arises. Namely, in appropriate circumstances the dominant contributions to the integral (14 . 1 .5) should
arise from field configurations where the phase factor S(O) is extremized, since then the nearby
configurations will add coherently . But these field configurations are precisely the solutions of the
classical equations Ow appendix E) .
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"label times" tj and t2 in the amplitudes, as, in effect, an "intrinsic time" already is
present in the canonical variables ham, r' describing the gravitational field . However, since one does not have a well defined decomposition of these variables into
"true dynamical degrees of freedom" and "intrinsic time variables," it is far from
clear precisely what physical amplitude Z is supposed to represent . Furthermore,
another fundamental difficulty which arises is the usual problem in the path integral
approach of giving precise meaning to dµ [gg, ] so that the right-hand side of equation
(14.1 .6) is well defined . On the tether hand, in the path integral approach one can
envision analyzing issues such as the probability for a change of spatial topology by
including in the integral. (14 .1 .6) spacetime metrics for which such a spatial topology
change occurs. It is difficult to see how this issue could even be formulated in the
canonical approach (since the presence of a Hamiltonian requires, in essence, global
hyperbolicity, and hence no change of spatial topology) or in the covariant approach .
An important variant of the above path integral approach is the Euclidean path
integral approach. In field theories in Minkowski spacetime, a number of quantities
which arise-in particular the vacuum expectation values of products of field
operators-are holomarphic functions of the global inertial coordinates t, x, y, z in
a domain that includes negative imaginary values of the time coordinate, i .e .,
t = -iT, where T is real and positive (see Streater and Wightman 1964) . It is useful
to view this type of analytic continuation in the following manner . We define
complexifted Minkowski spacetime to be the four-complex-dimensional manifold C4
(which also may be viewed as an eight-real-dimensional manifold) with complex
metric tj6bdefined in terms' of the complex Cartesian coordinates t, x, y, z of C4 by
ds 2 = -dt2 + dx a + dyz' + dz 2

(14 .1 .7)

Thus by restricting to real values of t , x, y, z, we recover ordinary M ink4wski
spacetime as a four-real-dimensional submanifold .of (Voj,,b ) . However, by restricting x, y, z to be real but t to be pure imaginary , we obtain another four-realdimensional submanifoid, now with a real, Euclidean metri c
ds 2 = -#- dT' + dx 2 + dy e + dz2

(14. 1 . 8)

where r = it. This submanifold is referred to as a Euclidean section of
(C4, ).Thus, we may view the above analytic continuation of functions to negative
imaginary values of t as the evaluation of these functions on the positive T region of
a Euclidean section of complexified Minkowski spacetime . We may perform our
analysis of the field theory in this Euclidian section and then analytically continue
the functions back to the 14rlinkowskian section to obtain the physical predictions . In
the path integral approach, there is considerable potential advantage to proceeding
in this manner, since in many theories the Euclidean action, SE[tp] m --iS[4f] (t--rr
is positive definite and the analytically continued integral is exponentially damped
at "large 4i„ rather than oscillatory . Thus, the possibility of making mathematical
sense of the integral in equation (t 4 .1 .5) appears to be greatly enhanced in the
Euclidean section .
Many difficulties arise when one attempts to apply the Euclidean path integral
approach to quantum gravity. In general relativity, one does not have a natural
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background flat spacetime (R4, nb) which can be "complexified" to allow analytic
continuation to be performed . Nevertheless, one could try to analytically continue
Lorentzian signature met rics to Riemannian metrics and work with a path integral
over Riemannian metrics. However, except in special cases such as static spacetimes, it is generally impossible to represent an analytic spacetime (M, gam) as a
"Lorentzian section" of a four-complex-dimensional manifold with complex met ric
which possesses a "Euclidean section," i.e. , a four-Teal-dimensional submanifold
with real, Riemannian metric . Thus, one does not have a general prescription for
analytically continuing Lorentz signature metrics to Riemannian metrics. (Furthermore, even if one did, one does not have any theorems guaranteeing the analyticity
of any quantities arising in quantum gravi ty . ) Nevertheless, one can postpone the
resolution of interpretational issues and study the properties of the path integral
(14. 1 . 6) over Riemannian metrics, with iS[g b] replaced by --SE[g b ], where SE is
given by the analog of equation (E. 1 .42) for Riemannian meEries .s A number of
highly suggestive results have been obtained in this manner (Hawking 1979) . Perhaps the most dramatic success of the Euclidean approach is that, as explained in
section I4 . 3, the creation of particles by a 5chvv arzschild bl ack hole can be related
in a direct and simple manner to properties of the Euclidean Schwarzschild solution .
A considerably more unconventional approach toward the formulation of a quantum the,iry of gravity i s provided by the twistor approuch . ~ A twistor in Minkowski
spacetime may be defined as a pair ,
Z =

(WA, 70

(14.1 .9)

consisting of a spinor field, co" , and a complex conjugate spinor field ITA, satisfying
the twistor equation ,
dM,

WB

=

- i FA B IrA 1

(14 . 1 . 10)

We refer the reader to such references as Penrose (1967), Penrose and MacCallum
(1972), Penrose (1975), and Penrose and Ward (1980) for the motivation for introducing twisters and a discussion of their properties . The collection of twisters on
Minkowski spacetim forms a four-complex-dimensional vector space, and the
projective twistar&-i .e., the equivalence classes of twistors which differ by a
nonzero complex multiple--comprise the three-complex-dimensional manifold CP .
There exist a number of natural correspondences between Mznkowski spacetime and
twistor space . For example, a null geodesic in Minkowsl~ spacetime corresponds to
a point in null projective twistor space (i .e., the space of projective twistors satisfying Z ` Z a caA TrA + m " wA, = 0), whereas a point in Minkowski spacetime
corresponds to a 2-sphere of null projective twistors . Further correspondences between compactified, complexified Minkowski spacetime and twistor space also may
be obtained . Furthermore, certain differential equations in Minkowski spacetime can
be reformulated as analyticity canciitions in twistor space (see Ward I981) .
5. The action S e is not positive definite . However, it is positive definite for asymptotically Euclidean
metrics with R = 0 (Schoen and You 1979), and Hawking (1979) has proposed a further analytic
continuation of the "conformal degree of ftee dam" of the metric which, in effect, makes Sg positive
definite .
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The bas ic starting po int of the tw i stor quantization approach is to use twistor space
rather than spacetime as the underlying classical manifold structure upon which the
quantum fields are defined . In view of the correspondences between s pacetime and
twistor space, this should result in a quantum theory where, roughly speaking,
certai n causal relationships in spacetime retain their classical properties, but the
notion of spacetime points becomes "fuzzy . " (In essentially all other approaches ., the
notion of spacet ime points is well defined but, as discussed above, since Ehe spacetime met ric is described probabi listically, the notion of causal ity becomes "fuzzy .")
Hence, in the twistor approach one can envision incorporating causal ity; into the
quantum theory i n a natural way . Thus far, twistors have proven to be useful
mathematical tools (see e.g., Atiyah and Ward 1 977) . However, at present, little
progress has been made toward formulat ing a conc re te quantum theory of grav ity via
the twistor approach .
Given the present lack of success of the above approaches to formulating a
quantum version of general relat ivity, it is natural to consider modifica tions of
classical general relativity which may lead to better behav ior of the quantum theory.
In particular, one may seek to modify the Einstein field equation so that the quantum
theory becomes renormalizable in the covariant perturbation approach, Perhaps the
simplest attempt along these lines is to modify the Einstein Lagrangian (T.1.12) by
adding terms quadratic in the curvature. The coordinate component form of the new
field equation then involves fourth de rivatives of the metric, so this theory often is
referred to as a "higher derivative" theo ry of gravity. Stelle (1977) has shown that
the quantum vers ion of this theory is formally renQrmalizable . However, other
serious difficulties arise in the theory, so it does not appear that this theory is
phys ically viable.
A much more ambitious attempt to mod ify general relativity is g iven by supergravity theories. S upergravity theories are a class of models involving interacting
fields of spin 0, 1/2 . 1, 3/2, and 2 . (The prefix "super" refers to the fact that these
models have a certain type of symmetry called "supersymmetry" between the boson
[i .e ., integer spin) and fermion [i .e., half-integer spin) degrees of freedom.) The
main goals of supergravity theories are (i) to improve the renormalizability (or
finiteness) properties of quantum gravity and (ii) to unify gravity w ith the other basic
interactions of nature >-With regard to, the first goal , it has been shown that supergravi ty is finite at least to "two ir. „order i n perturbation theo ry . A present, it is
not known how fay' in perturbation theory this finiteness extends, and it is believed
to be possible that su pergrav ity could be finite to all orders . The second goal is
particularly ambitious since one asks supergravity to account for all interactions
observed in high energy particle physics . At present there appear to be serious
difficulties in reaching this goal. We refer the reader to van N ieuwenhuizen (1981)
and the articles in Hawking and Ro dek (1981) for an introduction to supergravity,
a discussion of some recent research, and references to earlier work on supergravity
and supersymmetry .
In summary, although many approaches have been tried, ` there presently does not
exist a demonstrably viable quantum theory of gravity . It is possible that . the
difficulties are basically technical in nature and that, for example, a better procedure
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for dealing with the constraint (E .2 .33) will lead to a satisfactory formulation of
quantum gravity via the canonical approach, or that supergravity will be shown to
be a fully satisfactory theory . Alternatively, it is possible that the difficulties may be
of a very fundamental nature, and that the quantum theory of gravity simply does not
fit into the framework established for other quantum theories .
However, the lack of a satisfactory quantum theory of gravity does not mean that
we cannot perform any reliable calculations of quantum effects occurring in strong
gravitational fields . In atomic physics, in appropriate circumstances one can reliably
calculate electromagnetically induced transition rates of electrons in atoms using a
classical treatment of the electromagnetic field . Similarly, in quantum field theory,
using a classical treatment of the electromagnetic field one can, in appropriate
circumstances, reliably calculate the spontaneous creation of electron-positron pairs
in a strong electric field . Thus, it is expected that by treating gravity in the classical
framework of general relativity, it still should be possible to reliably calculate some
of the quantum effects that gravity produces on other fields, such as the creation of
particle-antiparticle pairs . It is to the study of these effects that we now turn .
Quantum Fields in Curved Spacetime
14.2
As indicated at the e nd of the previous section, in analogy w ith quantum field
theory in an external potential (see, e .g. , Wightman I971), we seek to formulate a
theory of a quantum field which propagates in a classically describable spacettitne
(M, gam). For simplicity, we will restrict attent ion to the case of a real mein-Gordon
scalar field chi. The analy s is of other linear fields of spin s --- 1 is very similar (see,
e. g. , Wald 1979b), although there are important, well known differences which
occur in the fermion (s = 1 /2) case . As mentioned at the end of chapter 13, fields
of spin s > 1 do not have a natural generalization to curved spacetime. We sh all not
consider nonlinear (i .e., self-interacting) fields .' Much of the discussion below is
based on Wald (1975, 1979b) . Further discussion of many of the effects predicted
by the theory of quantum fields in curved spaee#me and a detailed bibliography of
the original papers is given by Birnell and Davies (1982) .
As has been indicated several times above, Hilbert spaces play a fundamental role
in quantum theory . For the benefit of the reader who is not fafniliar with Hilbert
spaces but ha& studied chapter 2 and the discussion of spinor space given in chapter
13, we give a very brief introduction to Hilbert spaces here, emphasiz ing some of
the differences between the finite-dimensional case which was considered previously
and the infinite-dimensional case which is relevant here .: For a much more complete
and systematic discussion, we refer the reader to I sz and Sz . -Nagy (1955) and
Reed and Simon (1972) .
Let V be a (not necessarily finite-dimensional) vector space over the complex
numbers, C . An inner product on V is a map i : V X V --3- C -where we denote the
complex number i('Ut, v2) as simply ('t3k, v2)-satisying the following three proper6. Even in M inkawsk i sgacetirne the quantum theory of nonlinear fields is well defined only in the
context of perturbation thmty. An interesting issue which arises is whether a renormal izable theory in
Minkowski sometime remains renctrmatizable in curved spacetime . See Birrell (1981) for a review of
work on aria issue .
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ties: (a) i is linear in the second variable , (b) (v 1, vz ) - (v2, vl) , where the bar
denotes complex conjugation, and (c ) (v, v) 2- 0 with equality holding if and only
if v = 0. Note that properties (a) and (b) imply tha# i is antilinear in the first variable.
A vector space equipped with an inner product is called an inner product space. If
V is an inner product space, we siefine the norm of each v E V by 11 v 11 =
(
.
We obtain a nat ural topology on V (called the strong topology) by defining a subset
of V to b e open if and only if it can be expressed as a union of "open balls," i.e.,
sets of the form DR,, = f v E V1 11v -- vQ 11 < R1 . This choice of topology will be
understood in discuss ions of convergence and continuity below.
A sequence {v„ } of vectors in V is said to be a Cauchy sequence if given L- > 0
there exists an integer N such that for all m, n > N we have 11 v„ - v. I I < e. It
follows directly that all convergent sequences are Cauchy sequences . Conversely,
for finite-dimensional inner product spaces, all Cauchy sequences converge . - However, in infinite dimensions, it is easy to construct examples of inner product spaces
which possess Cauchy sequences which do not converge (see problem 1) . A -space
where all Cauchy sequences converge is said to be complete, and a complete inner
product space is called a Hilbert space . Thus, in particular, all finite-dimensional
inner product spaces are Hilbert spaces . If an infinite-dimensional inner product
space, V, fails to be complete there exists a standard procedure for constr ucting a
unique Hilbert space X--called the H ilbert spjace, completion of V-such that V is
isomorphic to a subspace W C X> with W = X (see, e.g., Reed and Simon 1972)
where W denotes the closure of . W.
An important difference between finite and infinite-d i mensional Hilbert spaces is
that in the infinite-dimensional case linear maps need not be continuous . hideed, it
is straightforward to show that a linear map A : Xt -3-, X2 t etween two Hilbert spaces
is continuous if and only if it . is . bounded, i.e . , there exists a C E R such that
~JAv 0 s C 11 v 11 for all v EE fit . It is easy to construct examples of unbounded- linear
maps when X is infinite-dimensional .
In order to get a space with properties similar to the dual o f a finite-dim itgnai
vector space, we define the dial, X% of -a Hilbert space , X, to be the vector sp ace
of continuous linear maps from X into C. Similarly, the complex con jugate dual
space je', and complex .conjugate. space W are defined as in our di scussion of spinor
space in c hapter 13, with the additional proviso that the antilinear and linear maps
involved be continu ous .
Now, for a general topolog ical vector space V (i .e. , a vector space with a topology
defined on it such that the operations of addition and scab, multiplication are
continuous) the argument which in finite dimensions pToves . that V is naturally
isomorphic to all of V** now shows only that V is naturally isomorphic to a subspace
*
of V ', i.e. , V=C V . Similarly, i n general, complex conjugation maps V only into
a subspace of V. (Note, however, that the natural andl inear correspondence between
V; and V*--which associates at E V` with 8 E~ -V via a ( v) = $(v) for all
v E V-always is one-to-one and onto . ) However, for a Hilbert space X , although
the . simple proof u se d in finite di mensions breaks down, it turns out that the inner
product-which is essentially a nondegenerate tensor of type (U, I>U, 1) over
X- yields acane-to-one, ont o, linear correspondence between X and k. This result
is known as the Riesz lemma . Thus, for a Hilbert space X, it follows that X` is
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naturally isomorphic to that X and X'* are naturally isomorphic, and that the
antilinear correspondence between X and jF is one-to-one and onto .
The span of a collection of vectors {va} in a Hilbert space X is defined to be the
subspace of vectors that can be expressed, as linear combinations of finitely many of
the fv,,j . The collection {va} is said to be a basis of X if the closure of the span of
{v,} equals W , but the closure of the span of any proper subset of the {vim} fails to
equal X. It can be shown that every Hilbert space admits an orthonormal basis fe . }
(see, e .g-, Reed and Simon 1972) . In general, {ems}may consist of uncountably many
elements, but in the case of a separable Hilbert space-i.e ., a Filbert space which
possesses a countable subset of vectors whose closure is X--then {ems } must be
countable . It is generally assumed that the Hilbert spaces arising in quantum theory
are separable, and we will restrict attention to separable Hilbert spaces below .
A further difference in infinite dimensions occurs, in the definition of tensor
products . As in finite dimensions, X Q X consists of bilinear maps T : X' X
W' --* C . However, in order to obtain a natural Hilbert space structure on X QQ X,
we impose the additional requirement that T satisfy

r',3 = t

where {e!} is an orthonormal basis of X* . The othe r tensor product spaces are defined
similarly . Note that not all continuous linear maps A : X -), X satisfy the analog of
equation (14.2 . 1) and hence not all continuous linear maps can be viewed, as elements of W Q X". (Thos e which can are called Hilbert-Schmidt maps . ) An index
notion analogous to that used in finite dimensions could be employed for tensors over
X (Geroch, unpublished), but-to avoid confusion with spacetime tensors we shall got
use this notation .hire:
.
A iinear map L : X --a X is called an operator If L is bounded, we define the
adjoint of L, denoted L' , to be the bounded operator which satisfie s
W w, v) = (w, Lv} (1.4.2 . 2)
for all v , w E W . Me existence of an operator L1 satisfying esq . [14.2.2 is .guarante ed by the Riesz lemma,) We say L is self- joint if V = L, and we say that L is
unitary i€.Lt L = LLB . = 1, where l is the. identity map on X. In the case where L i s
unbounded, the defi*tion of Lt is not as straightforward . First, in general it may only
be possible to define. L on a, dense .domain 26 (L), ie. , a subspace of vectors whose
closure equals X . Consider the equation
(u, u) = (w, Lu)

(1 4.2.3)

For each fixed pair of vecto rs u, w such that equation (14 .2 .3) is satisfied for all
v E 26 (Z6) , we say w E 9(L) and we define Vw = u . [If gi(L) fails to be densei.e., if its closure is,not all of X -Own V is not defined.] We call an unbounded
eora djo nt' if ~ (L) = 9(I,) and Vv - Lv for all v E a(L) .
operator., L, s
7. The precise equality of the domains of Lt and L is an important part of the definition, since it i s
an essential is eft in the proof of the spectral theorem (see, e .g ., Reed and Simon 1972) . If
E.t v - Lv for all v E 9(1'.) but %(Lt) D +~(L), then L is said to be hermitian .
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We present, now, some of the basic ingredients of the theory of a free (i .e ., linear)
real, Klein-Gordon scalar field 0 in Minkowski spacetime . We shall present this
theory in ".Heisenberg representation" form, i .e ., the operators representing observables will evolve with time but the states do not . Classically, 0 satisfies
V. 0° o

-- m2 0 - 0

(14.2.4)

Our first major task is to construct the Hilbert space of states of the quantum theo ry .
It is natural to construct the space of states of a single scalar particle out of the vector
space of solutions of equati on (14.2 .4) . The conserved current (12. 4.21) yields a
promising candidate for an inner product on this space. If a and .8 are solutions of
equation (14.2.4), we defi ne their Klein-Gordon "inner product" b y
(a, ftG _ -~ j. [a, /3]n °dV = i L ( a OQP - .8aQa )n°r1V

(14. 2.5)

where the integral is taken over a Cauchy surface 1, and we put quotes around "inner
product" (to be dropped hereafter) because ( , )KG is not positive definite . However,
if we restrict attention to the subspace of positive frequency solutions-i.e. , solutions
whose time Fourier transform
~(w, x) _ (21r)-' 1 2 e'-WO(t, x)dt

(14.2.6)

vanishes for w < 0-then (, )Ka is pos itive definite . We define the onerparticle
Hilbert space, X, to be the vector space composed of pos itive frequency solutions
of equation (14. 2.4) whose Klein-Gordon norm is finite, with inner product on W
defined by (14 Z .S)- (Mom precisely, we define into be the vector space of smooth,
positive frequency solutions which vanish rapidly at spatial. infinity , with inner
product [14 .2.5). We define X to be the Hilbert space completion of V.) By taking
Fourier transforms, X can be shown to b e isomorphic to the Hilbert space, La(M +),
of square integrable functions on the pos itive mass shell, M+ , of Fourier transform
space. Note that the negative frequency solutions can be put in natural linear correspondence with vectors in W = r .
In general, if Xt is the Hilbert space of states of one quantum system and 2 is
that of a ~ecand system, then the tensor product X, Q X2 represents states of the
total (combined) system. In, the case of a Klein-Gordon scalar field, the symmetric
tensor product X es X--consisting of symmetric linear mugs from X" x X" into
C which satisfy equation (14 .2 . 1 --represents the possible states of two scalar
particles . The use, of only this subspace (rather than all of X (& X) Co describe the
possible two-particle states reflects the indistinguishability of elementary particles;
an interchange of particles produc es the same physical state . The choice of the
symmetric tensor product (used for all bosons, i.e., integer spin fields) rather than
the antisymmetric tensor product (used for all fermians, i .e., half-integer spin fields)
is closely related to the prope rties of these fields required by the spin-statistics
theorem. Similarly, the H ilbert space of n free scalar particles i s taken to be the
n-fold symmetrized tensor p roduct (&S" X . The space of states where no particles are
present is assumed to be one-dimensional and hence may be taken to be C .
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The Hilbert space of all possible states of the Klein-Gordon scalar field is taken
to be the symmetric Fock space, Zs(M), constructed from X. Here 7,s (M) is defined
as the direct sum of the complex numbers, C, with all the symmetrized tensor
products of X,
(On X)J

Here , the direct sum
Q

f l

of a collection JXJ of Hilbert spaces is defined to be the Hilbert space obtained from
t h e collection of sequences o f t h e f o r m (v,, v 2 , . . . ) with each v, E X ; and
00

I 10(~

< 00

with addition, scalar multiplication, and inner product defined in the obvious way .
Thus, each T EE 2s E can be written as
T = ( ao, «l, «2, . . .)
where ao E C, a,

( 14. 2.S)

«q E X Os W, etc. The state

represents the vacuum state of the field, i.e. , the state in which no particles are
present . Hence for the gene ral Fock space state (14 .2. 8), cxa gives the amplitude for
finding the field to-be in the vacuum state, «, is the "one-particle amplitude" [i.e. ,
the probability of finding only a single particle present instate P E X is { (OQ,-a,) 1a3
aZ is the two-particle amplitudc, etc. Thus, every state in Is (X) has a direct physical
interpretation in terms of the~prob abilities for finding various numbers of particles in
the various possible Mates. .
The most important observable in the they of a scalar field is the value of the
scalar field itself. Since obs ervables in quantum theory are represented by selfadjoint operators, we seek an operator ~(x) defined at each spacetime point x which
describes the scalar field . Classically, the field 0 ca n be decomposed via Fourier
transforms into modes of spatial wave vector k , so that the amplitude of each mode
satisfies the same equation as a classical harmonic oscillator. Analogy with the
quantization of the ordinary harmonic osci llator then suggests the following
definition of c~. First, for each one-particle state o, (E X , we define the annihilation
opEratdr a (Q) Is (X) -~ 7,s M) as follows. For T E 2s (W) given by equation
(14.2.8), we set
a ( Q')T =(u ' cx ,V2_ v'' cr2,V3_ u • a3, . . . )

( 14 .2. 10)

Here it is the vector k associated with rr under the complex conjugation map, and
F • aR is the element of OVX obtained by inserting i into one of the "slots" of
the map a,, . Note that the vacuum state is uniquely characterized (up to phase) by
the condition

a(5:)10> =0

(14 .2 .11)
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for all cr E W . The adjoint of a(te) is the creation operator, at (a), given by
Q I (Q)T = (0, aoa, N / ' 2 _ a, Q$ r r, N/'-3- a 2 Qs Or, . . . ) { 14.2. 12)
In terms of a and a t , the quantum field operator di(x) is defined by
(x)

= ~ [ ~~ (x} ~{mot} + ist (x) at {~~)~

(14.2 .13)

where the sum runs over an orthonormal basis {rr, } of X . Thus, ~ satisfies the
Klein-Gordon equation (14 .2 .4) in x , and the operator coefficients of the exp an s ion
of 4 in terms of a basis of posi tive frequency solu tions and their complex conjugates
are just tt e annihil ation and creation operators . In fact, the sum in equation (14.2. 13)
does not converge pointwise and must be interpreted in a dist ributional sense , i . e . ,
A

O~can be defined only as an operator-valued dis tribution on spacetime. (See, e .g. ,
Reed and Simon 1972 for the definition of a dist ribution, and see , e .g., eq. [2.7] of
Wald 1979b for the distributional version of eq. [14 .2.13]J For calculations involving only linear operations on ~, this presents only a minor technical nuisance ,
but for nonlinear operations it presents a serious obstacle to making mathematical
sense out of the expressions which result, si nce the product of two di stributions
evaluated at the s ame spacetime point does not, i n general, have any natural mathematical interpretation. This completes our brief introduction to the theory of the
Klein-Gordon quantum field in Minkowski spacetime .

Cons ider, now, the quantum field theory of a Klein-Gordon field in a curved
spacetime background (M, gob). The states of the field still are described as 'vectors
in a Hilbert space 1, but in general there may be no unambiguous physical interpretation-of these states in terms of particles . The field 0 again is described by an
operator ¢► defined on apacetirn+e (or, more precisely, an operator-valued distribution)
Klein-Gordon equation (14 .2.4) .
which satisfies the curved spaceti
Perhaps the simplest case to consider is that of a globally hyperbolic spacetime
which i s nearly isometric to Minkowski spacetime except in a l imited region of space
over a limited duration . of time. Such a spacetime could be produced by focusing
matter (or gravitational radiation) onto a small region of space and then, allowing the
matter to disburse back to infinity. In order to avoid dealing with detailed asymptotic
falloff conditions on the gravitational field, we shall consider the highly idealized
case of a spacetime which is flat outside a compact spacetime region, as illustrated
in Figure I4. 1 .

gob = 710 b
Fig . 14. 1 : A spacxtime diagram of a spacetime (6t4, gam ) which is isometric to
Miakowski spacetime ( id' , 'r1,* ) outside of a compact region K .
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Outside the future of the region K of Figure 14. i an observer (or family of
observers) would be unaware that he was not in Minkowsk i spacetime . Therefore,
he would associate with each state of the field W E 9, a vector in the Fork space
Is (Xj constructed from the one-particle Hilbert space, X, , of positive frequency
solutions of the free Klein-Gordon -field in Minkowski spacetime . Let
U : I --). ffs (X;.) denote this isomorphism of 9, with Fink space obtained by characterizing each state in 2 by how it " `}oaks" to such an observer in the past . To such
an observer, the field operator c~ must be physically indistinguishable from the
Minkowski field operator on Minkowski spacetime, so for x outside the future of K
we have
(14.2. 14)
IIo (x ) i1-' =- ~ [Q, {x)ain (&;) + vi (x}a~ (a e}) if x 0 J*(K)
r=t
~
where jcrt} is an orthonormal basis of X~,. However , the fact that ~ satisfies equation
(14 . 2.4) throughout the spacetime implies that for all x E M we have
Uo(x)U-' ~aj', (x)ab, (vr) + 6;1! (~)a ~ (cri)] (1 4.2 .15)

where are is the solution of equation (14 . 2 . 4) in the curved spacetime which coincides
with vt outside the future of K.
Similarly , we have an isomorphism W: 2 --.* 2s(Xaj which associates with each
state in 9, the Minkowski spacetime state it "looks like" in the future.8 Fu rthermore ,
we have
Ey~i(x) yv-1 [P '(x)aom( Pt) + P . (x)a«u(Pi)~

( 14 .2.16)

where { Pj} is an orthonormal basis of ,X. and p; is the solution of equation (14 .24)
which coincides with A. outs ide the past of K.
One of the most important issues to consider is how the characterization of the
states of the field as "in„ states compares with their characterization a s "out" states .
This is given by, the S-matriac, S = WU" ' . Given any "in" stagy T E Zs( X;, ) describing how t~ state "looks" at early tines, the "out" state ST E %5(C0) describes how the state "looks" at late times . In particular, f%~r '~ = I 0;,), To = S 1 4m)
tells us the spontaneous creation of particles by the gravitational field .
Equations ( 14.2. 15) and (I4 .2 . 16) allow us to solve for To . First , we compose
equation (1 4.2. 15 ) with Son the left and S-' on the -right and equate the right -hand
side of the resulting equation with t he rig =hand side of equation (14.2.16). Let
v E X. and let o,' be the solution of the curved spat eCime mein-Gordan equation
which coincides with a outside the future of K. Taking the Klein-Gordon inner
product with a', we find that u. and a are related by

~ (a-"} = a~,, (e'a) - a «~(Dar)

(14 .2. 17)

6. Hem X,,,. is agai n the Mi nkowsld single-partible Hilbert space and hence is isomorphic to X,,, but
it is useful to view W. and X. as di stinct spaces . In more general spacetimes , there may be no natural
way of identifying W4 . and L .
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for all v e X, . Here the maps C : W;~ --* X,, and D : W;,, --o Wt are defined as
follows. Outside the past of K, a'(x) must again co incide with some solution, f(x),
of the Klein-Gordon equation in Minkowski spacetime . Let µ be the positive frequency part off in Minkowski spacetime, and let h be the negative ftequencY 1
f. We may view µ as an element of X.,,, and A as an element X... We define
Cv = µ and Do, = A. - Relations satisfied by C and f) which are necessary for the
consistency of equation (i4.2 . l7) are derived in problem 3. A relation of the form
{i4 . 2. i7} with C and D sat isfying the conditions of problem 3 is called a Bogoliubov
transformation .
We now can solve for APO im S 1 0.) E Is(X.) by applying both sides of equation
(14 .2.17) to To. Since a;n(a) I Q;,, ) = 0 for all o, E W;,,, we find
{a«w (Co,) - att(Dir)}moo = 0

(14 .2.18)

for all a E W,,. Writing
To {L1'

4,

at, a 2 ,

. . .)

(i4.2. ig)

and using the defin iti ons (14 .2 . 10) and ( I4.2. I2) of a,,,,, and ao„,, we may solve
equation (14 .2.18) inductively for a,, . The result is (see bald 1 979b)
0
(n! 1/z
an C ~„~a ) 12 ~
x t2 ~
~
(n )!

(n odd)
(14 .2.20)
(n even)

Here c is a constant determined up to phase by the requirement that 11 To 0 = 1, and
Qs X.,t . The map DC-' takes vectors in W. to
,E is the followi ng element of X®
vectors in W~n and hence may be v iewed as a map from ~~ X XGUt into C . Thus,
the map E = 5 ?7-1 obtained from 1)+e-' by complex conjugation c an be viewed as
a map from W~ X ~'C~t into C . It follows from problem 3 that this map is symthis map
mretric. Furthermore, it is proved in Wald (1979b) and D i mock (137 3)
satisfies equation {14 . x. 1} in the case of a spacetime which is flat outs ide a compact
region. Thus, it defines a n element of X. Q X,,.t , which we have denoted by e.
Given our solution for To , the action of S on all other states of 2~$ (Xo can be
determined by using the adjo nt of equation (14.2 . 17) to excess the action of S on
an arbitrary product of `'in" creation operators applied to ., I Q;.) in terms of products
of "out" creation and annihilation operators applied to tYn . Since all elements of
Is(X;f,) can be expres sed as limits of sums of vectors of this form; this suffices to
determine S.
Two features of our solution for 410 should be emphasized . First, according to
equation ( 1 4. 2. 20}, the amplitude for producing an odd number of particles-fromthe
vacuum vanishes . This can be interpreted as saying that particles al ways are produced in pairs . In the theory of a real scalar field considered here, antiparticles are
the same as-particles . However, for a complex field, where antiparti cles are distinct
from particles, one finds that equal numbers of antiparticles and particles are created,
i. e . , spontaneous creation occurs via the production of particle-antiparticle pairs. 9
4. An exception to this statement can occur in ; cert ain circumstances for fermion fields ; see Christ
(1980), Gibbons (1979), and Wald (1979b) for further discussion. Expressions for *o which display
more explicitly the "pairing" of the particles and antiparticles also can be found in Wald (1979b) .
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Second, it is clear from equation (14.2.20) and the definition of e that the necessary
and sufficient condition that no spontaneous particle creation occur is that the operator D vanish. In other words, no particle creation occurs in quantum field theo ry if
and only if in the .(classical.) scattering of a positive frequency wave through the
curvature, no negative frequency parts ever are picked up. Thus, with only a few
important exceptions (such as given in problem 4), particle creation generally occurs
in any time varying gravitational field. Of course, the amount of particle creation
and/or its physical effects are generally negligible unless one goes to strong field
regimes .
In the discuss ion of particle creation above, we restricted attention to sp acetimes
of the form i ll ust rated in Figure X4. 1 , The Hilbert Faces X;. and X„,, and the
"classier scattering" gives by the operators C and D are we ll defined under weaker
conditions than the requirement that the -c atute be exactly zero outside a compact
region (see Kay 1982), but it has not yet been proven that e satisfies equation (14. 2 . 1)
under these weaker conditions. More generally, one can ask if the above particle
creation results can be extended to globally hyperbolic spacetimes which do not
become flat in the past or future . However, in general, such spacetimes will not
possess asymptotic "in" and "out"' regimes where the notion of "particles" is physically meaningful . In this regard, it should be emphasized th at in ordinary high
energy cle I hYsics, the noun of a particle is undefine d while interactions are
occurring . However, in ordinary particle- physics, the interactions normally take
place_ over such microscopic time scales that the particle description of events is
a~equ~te for essentially all purposes: In the gravitational case, however, the interactions of the quantum field with the gravitational field may take place over macroscopic space time re gions . Thus, even in the simple case of a sp acetime of the form
shown in. Figure 14. 1, the .-notion of "particle" is not well defined in the region of
nonvanishing curvature . In the case of a spacetime which does not become flat in the
past or fuiuxe,, the interactions take place over all time, and, in general, it may not
even make sense to talk of incon-dag or outgoing particle states . We will return to
the issue of the physical meaning of particles in curved spacetime at the end of the
next section.
In more mathematical detaitl , the difficulty in defining parti cle states in a general
curved spacetime can be seen to arise in the following manner. In Minkowski
she, two key ingredients were used in our construction of the Hilbert space X
of particle states from the space . V, of solutions ofthe Klein-Gordon equation .
First, the current (I2 .4.21) gave us a natural nondegerecrate (but not positive definite)
map from V X V into numbers , namely, the Klein-Ckor+dcm inner product defined by
equation (14 .2.5) . Second, the decomposition of solutions into positive and negative
frequency parts gave us the additional structure needed to pick out a preferred
subspace of V on which the Klein-GctrdoB.per product is positive definite so that
it truly defines an inner product: 1h a general curved spacetime, the current (12 . 4. 21)
still is conserved, so the analog of the Klein-Gordon inner product (14 . 2 . 5) exists .
However, the re is no natural analog of the posi tive and negative frequency deca mpositianr so in general there is no natural choice of a su itable subspace on which the
Klein-Gordon inner product i s positive definite. The problem is not that there a re no
such subspaces but rather that there are many and, in general, none is preferred. Of
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course, a good approximate notion of the positive and negati ve frequency parts of
a solution exists if the scales of spacetime variation of the solution are much smaller
than the scales defined by the spacer e curvature . Thus, for example, in the present
universe it is meaningfid to talk of a particle provided only that the particle in
question has wavelength much smaller than the radius of spatial curvature of the
un iverse and has inverse frequency much sma ller than the Hubble time.
An important case where a natural positive and negative frequency decomposition
does exist is that of stationary spacetime, since here the Killing parameter provides
a preferred time c oordinate with respect to wh ich Fourier transforms can be taken .
Ashtekar and Magnon (1975 ) and Kay ( 1978) have shown that for the Klein-Gordon
field (with m > 0) in any globally hyperbolic stationary spacetime (with the norm
of the timelike Killing field bounded away from zero) one can define a natural Fuck
space of particle states and define the field operator i¢ on this-Hilbert space in analogy
with (14.2 . 13). Thus, the notion of particles is mathematically (and physically) weld
defined in stationary spacetimes . 1° The above discuss ion of the 5-matrix and the
above results on particle creation c an be carried over to spacetimes which merely
become stationary (rather than flag in the past and future, except that equation
(14 .2 . 1) need not-be satisfied" by the "two-particle amplitude" e.
As emphasized above, in spacetinies which fail to be asymptotically stationary in
the past and/or future it may not b e meaningful to try to characterize states of the field
in terms of ingaing, and/or outgoing particle states . However, we mention one
important general approach toward enabl ing one to do so . Consider a spacetime
(M, 8 b} which is asymptotically stationary in the past and- future and for which the
two-particle amplitude e satisfies equation (14.2 , 1). Then the " in" Fork - space
25(X;j : and the - "opt" Pock space 2s (X,,.) are well de fined, as is the S -matrix
relating the two spaces . We define the Feynman propagator, G1(x, y), of the scalIr
field in the spacetime (M, g b )- by

(Q~ jT(O(x) O(3'))1 0il
)
f4'n ( 4io

(14 .2.21)

Here we use Dirac notation for inner products, and the "time ordered product" of
field operators is defined b y

~"(~ (x)~(y)) =

+~(x >(y) ~:~' E P(X)
0(Y)O(x) if x ~ J'(y)

(14.2 .22)
.

[If x and y are spacelike separated, then i¢ (x) and O(3') - commute, so the two
expressions on the right-hand side of eq . (1 4.2 .22) agree . One can show that G1(x, y)
10. However, see the discussion at the end of section 14 .3 below .
11 . In the cage of a closed universe with initial and final static regimes, it is known that e satisfies
equation (14 .2, 1) (Fulling, Narcvwich, and Wald 1982) . If e does not satisfy equation (14,2 . 1), then the
S' .matrix does not exist, 1,e.,IIC . "in" "out" hack spaces cannot be viewed as representing the sam ean
. However,
dHubertspacofqnme in such cases as in the case of the "infrared catastrophe" o f
quantum eJectrodynarisics, it may still be possible to make meaningful physical predictions . The algebraic approach to quantum field theory (Haag and Kastler IWA) provides a framework for dealing with
this difficulty by generalizing the notion of states from that of vectors in a fixed Hilbert space to that of
positive linear functionals on the algebra of ubserv4tsles .
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is a Green's funct ion for the Klein-Gordon equation, i.e., in each variable it is a
distributional solution of the Klein-Gordon equation with a 8-function source at the
val 'of the other variable. Furthermore, it follows directly from the general form
(14.2:. 15) and (14 .2.16) of the field operator as well as the property (14.2.11) of the
vacuum state that A(x, y) "Propagates" only positive frequenc ies into the futurei .e., for a function f which vanishes outside a compact set, the quantity
f A(x , 3').f( y)V'---g d"3' is a purely positive frequency solution in the future-and it
propagates only negative frequencies into the past. Thus, g iven the notion of asymptotic states for the quantum field theory, one can define a Green's function for the
Klein-Gordon equat ion by equation (14 .x,21) from which the asymptotic notions of
positive and negative frequency decompositions can be recovered directly . Conversely, given a Green's function G(x, y) which satisfies appropriate properties-in
particular, which "propagates" in to the future only func tions which have positive
Klein-Gordon norm, and propagates into the past only . €unctrons w ith negative
Klein-Gordon norm--then we may use G to define . the notions of "positive
frequency" in the past and future . These definitions then may be used to define the
notion of asymptotic particle states of the quantum field so that (formally, at least)
G becomes the Feynm an propagator of the theory . Thus, the problem of defining
asymptotic states is equivalent to the problem of selecting an appropriate Green's
function for the Klein-Gordon equation to play the role of Feynman propagator..
Hence, in cases where natural candidates exist for the Feynman propagator (see,
e.g. , Hartle and Hawking 1976; Rumpf 1976), the notion of asymptotic particle
states can be defined.
One important regime where gravity should be suffic iently strong and time dependent to cause significant particle creation is in the early un iverse . Unfortunately,
since the universe is not bel ieved to be asymptotically stationary i n the past and since
there is no generally agreed upon prescription for defining the Feynman propagator,
one does not>have . a natural, unambiguous notion of incom ing particle sues. Furthermore , since one would not expect the approximation of treating the spaceti
metric classically to be adequate very near the "big bang" singularity, the applicab il ity of any notion of incoming particle states defined on a class ical s t yemodel
would be questionable. Despite these difficulties, quantum effects occurring in the
early u ni verse have been investigated by many authors, with full fledged efforts
beginning in the 1960s with the work of Par r (1969) an,d other. Indeed, much of
the theory of quantum fieids in curved spac ne was developed in conjunction with
these investigations . We shall not attempt to d iscuss this work here but refer the
reader to Birrell and Davies (1982) for a summary and bibliography. Instead, we turn
to the consideration of particle cre ation near black holes .
14.3 Particle Greaten near Blsck Holes
An important regime where spontaneous particle creation might be expected to
occur is in the vicinity of a black hole . Indeed, we already noted in cha pter 12 that
superradiant scattering is closely analogous to stimulated emission . This strongly
:-`emission" from a Kerr black hole should occur . It turns
suggests that spontaneous
out that such spontaneous particle creation near a Kerr black hole does ind eed take
place, and superradiant scattering indeed is the classical limit of the stimulated
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emission associated wi th this particle creation (Starobinslcii 1973; Unruh 1974 ; Wald
1 976) . Howevei , by far the most dramatic result arising from the investigation of
particle creation near black holes was Hawking's discovery that particle creation also
occurs near a Schwarzschild black hole, resulting in the "emission" of a thermal
spectrum of particles . We turn, now, to a derivation and discussion of this result,
referring the reader to Hawking (1975) and Wald (1975) for further details .
Consider, first, the extended Schwarzschild spacetime of " Figure 6.9, or Figure
12.3. Suppose we are interested in the classical wave propagation of a Klein-Gordon
scalar field in region I of this spacetime . Intu itively, one, might expect that any
solution of the source-free Klein-Gordon equation in region I either must have
"started from infinity" or must have entered region I from the white hole region M.
Similarly, at "late times," one might expect that every solut ion will propagate into
the black hole region II and/or propagate back to infinity. To inves tigate whether this
is t rue, we expand 0 in spherical harmonics and write the wave equation (14.2 .4)
fo r each mode of the form r '.f fir, t)Yr. (9, 0) . We obtain
_
1)
~ + 1 _ 2M t(d
az
+ 2 + m2 f = 0
(14. 3 . 1)
a2f
r
tit dr.
r
r
where the coordinate r, was defined by equation (6.4 , 20) , M is the mass of the black
hole, and m is the . mass of the Klein-Gordon field . But equation (14.3 . 1,) has
precisely the , farm of the wave equation for a massless scalar field in a twodimensional that spacetime (with Carte sian coordinates t, r,) with a scalar potential

zM) [l( t +

V(r.) = 1 - ---2
r r

1)

~~r

+ 3 + m2
r

(14.3 . 2)

(Similar results hold for electromagnetic, gravitational, neutrino, and Dirac perturbativris of Schwarzschild spacetime, and these results also generalize to the Kerr
black hole ; see Chandrasekhar 1983 for a complete discussion .) As r. -> - 00 (i .e .,
r -+ 2M), the pontial V(r.) behaves as (1 - 2MIr) - exP(r*/2M), i.e ., it falls
off exponentially in r, . As r. --* = (i.e., r -> ac), in the massive case V(r.) behaves
as -(m2 - MmZlr.), whereas if m = 0 we have V(r*) --' l(1 + 1)/r2,. Hence, the
theory of scattering by potentials in flat spacetime (see, e .g ., Reed and Simon 1979)
suggests that the following results 'should hold-in confirmation of the above intuitive expectations-although a complete proof has not yet been given : If m # 0, then
every wave packet should, in the asymptotic past, behave like a free (V = 0)
massless solution in {t, r.}-spice propagating in from r. -; -oo (i .e., from the white
hole horizon) together with a massive solution (distorted by a 1 /r . potential) propagating in from r. --)- oo . Similarly, in the asymptotic future, every wave packet
should behave as a free massless wave propagating to r, - * -oo together with a
(distorted) massive wave propagating to r. --~ ~ . If m = 0, then every wave packet
should approach a fry massless solution in both the asymptotic past and future and
hence should be of the form f+(u) + g+(v) as I .--* +«o and f_(u) + g_( v) as
t --* - 00 , where u = t - r, and v = t + r* . This would imply that a massless
Klein-Gordon field in Schwarzschild spacetime is determined by its value on the
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white hole horizon and -0- [which fixes f_(u) and g _ (v), respectively] or , equivalently, by its value on the black hole ho ri zon and %+ [which fixes g+(v) and ft(u)].
We shall assume the validity of th ese conclusions . In the massive case, the value of
the field at the white hole horizon should prov ide an appropriate characterization of
the part of the wave incoming from the white hole , but some characte rization other
than the value of the field at 0- must be used to describe the part of the wave
incoming from infinity . Similarly, a characte rization other than the value of the field
at P must be used tt} descrit e-.:the part of the wavy- which propagates out to infinity
at late times . In order to take advantage of the precise description of ingoing and
outgo ing parts of a massless field at infinity of the Schwarzschild spaeetime'2 in
terms of "data" on -0 " and -0 + , we shall explicitly treat the massless Klein-Gordon
case below. However, all the r esults should apply to the massive case, as well as to
other fields propagating i n the Schwarzschild background . The modifications which
arise in the case of _a Kerr black hole will be mentioned below :
We have concluded that thy - solut ions of the massless K lein .' Gordon equation in
the asymptotic past can be put into correspondence wi th funet ors on the white hole
horizon together with functions on fi r . Therefore, we expect the one-particle Hilbert
space , W., of incoming states to consist of the direct sum of a Hilbert space of
particles incoming from infini ty and a Hilbert space of particles com ing from the
white hole,
We have a veil defined, nature. norion of "positive frequency" solutions at V ,
namely those solutions whose Fourier transform on -0 - with respect to a BMS time
translation parameter-r-!- such as the Schwarzsch id advanced time coordinate v, equation (6 .4.22)--contains only positive frequencies . This allows us t o define a Hilbert
space Win,. of incoming particle states from infinity . However, it is considerably less
obvious how to de ftne the notion of "positive frequency" for solutions emanating
from the white hole. Indeed, there mar to b e two distinct natural candidates for
such a definition-namely, a "white hole incoming solution" could be defined to be
"positive frequency" if its Fourier transform on the white hole horizon has only
positive frequencies, where the, Fourier transform is taken either with respect to
(i) the Schwarzschild retarded-time coordinate u, equation (6.4. 21), (i.e. , the Killing
parameter along the generators of the horizon) or (ii) the Kruskal retarded time U ,
equation (6 .4. 26)s (i.e., the affine, parameter along the generators of the horizon) .
S ince the, Killing and fine parameters are distinct--quite generally, they are related
by equation (12.5 . 10)-these two definitions lead to distinct notions of "positive
frequency" and, hence, distinct constructions of the one particle Hilbert space of
white hole states, Xj,, ,,,,,. Thus, we have an important ambiguity in the definition of
X;l, and, hence, in the Hilbert space (Xa) of all incomin g states . A change in t he
definition of "positive fr uency" Qa the white hole horizon corresponds to a change
in the choice of incoming state
presenting the vacuum, Thus, the ambiguity in the
calculation of particle creation that:would result from the ambiguity in the definition
1 2. In other asymptotically flat spaceti mes, .V and .0' need not be good "initial data surfaces" for
massless fields ; see, C`ietvcb-0 9084
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of W.. w,, may be viewed as re sulting from the ambiguity in defining the condition that
no "parti cles" emanate from the white hole .

Similarly, there is an ambiguity in the definition of the Hilbert space, X..b„ of
particles propagating into the black hole, and hence in
and in Zs( X..) . In view of these ambiguities, i t might appear that no physically
meaningful predictions about particle creation near black holes can be made . However, the ambiguities i n the defin i tions of both incoming and outgoing states can be
treated in such a way as to extract unambiguous physical predictions as follows .
First, the ambi guities in the definition of X;,,,wh can be eliminated (Hawking 1975)
by replacing the extended Schwarzschild s pacetime by the space# i me approp ri ate to
a collapsing spherical body, Figure 6.1 1 or Figure 12,2 . This eliminates the white
hole horizon and thus makes be simpty which is unambiguously defined .
Furthermore, t he, spacetimes representing gravitational collapse--m opposed to the
extended 5chwazzschild solution---are believed to describe black holes occ urring in
nature , so in any case the calculation of particle creation in the spacetime of Figure
x. 11 or Figure 12 . 2 is of greater physical relevance than that of particle creation in
the extended Schwarzschild solution.
The black hole , of course, is the essential feature of the problem we wish to study ,
so the ambiguity in the definition of Xwbh remains. However , we still can make
important physical predictions which avoid this ambiguity as follows. The "out"
Hilbert space Is(Xw,. (D Xpu,,*) is naturally isomorphic to the tensor product space
Q %s (X&A,bh) and thus may be viewed as a "joint state"" of two systems :
(i) particles propagating out to infinity and (i i) particles propagating into the black
hole . Now, whenever in quantum mechanics one has a state * lying in a tensor
product X1 xQ W x of two Hube rt spaces Ni, 1i, one can form from * the density
matrix p E 9~C1 ~ SAC, by Making the trams of * (8) * E (
D Xz) O aa ONz)
~5 M Q fit) x~ W2 (& 5eC2) with aspect to a basis ofX2. N®More precisely , we define
p---viewed now as a linear map from %I into %i--bY the formula
(3+' , PO

= DW Q e;, 'Y')M vi

(E) er)

(14 .3. 3)

i- i

for all v, w E Ni, where {e,} is .an orthonormal basis of 5eC2 and the inner product
on the left-hand side of equation (14-3 .3) is taken in %I, while the inner products-on
the right side are taken in 9►L t (D Z . It follows immediately that for any observable
O for the first system we have
m 4 W) = tr (PO)

(14 . 3.4)

where tr denotes the trace of the linear map p0 . Since the probabilities for the
possible outcomes of any measurement can be expressed in terms of the expectation
values of projection operators, it follows that all information about the first system
can be recovered from p. In our case, we can "trace out" the degrees of fi-eedom
corresponding to particles which enter the black hole and thereby obtain a density
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matrix describing the particles which propagate out to infinity . This density matrix
does not depend on the choice of definition of "positive frequency" used in the
construction of X., b , for the following reason. A change in the definition of positive
frequency on the black hole horizon w ill induce a Bogoliubov transformation on the
annihilation and creation operators associated with the states representing particles
which enter the black hole, but will leave unchanged the annihilation and creation
operators associated with the states representing particles which propagate to
infinity . This will cause the expression for the "out" state ve ctor
T E 7-m =
Q Zg (Xw,b ,) to change to V _ YT with 5P of the form
Sq = I, X S2, where I, is the identity operator on and S2 is a unitary
operator on ~4s (Xu, &) . Consequently, by equation (14.3.3) the density matrix p'
associated with V wi ll agree with the -density matrix p associated with T . Hence one
obtains unambiguous physical predictions for the particle creation peen by a distant
observer at late times.
Thus, the densi ty mat rix, p, describing the spontaneously created particles which
escape to infinity can be unambiguously determined as follows . First, we choose any
convenient definition of "positive frequency" on the black hole horizon and construct
X,,.,,,bb. Then we obtain the operators C and D by solving for the classical scattering
of Klein-Gordon waves in the space time of Fig ure 1 2.2 . Then we obtain To = S J O;n)
from equ ation (14.2.20). Finally , we calculate p from To as described above .
It might be expected that particles would be created during the dynamic phase of
the collapse (the cietaiis of which would depend upon the details of the collapse) but
that after the Schwanschitd black hole has "'settled down" to its final static state, the
particle creation would cease. However, this is not what Hawking (1975) found . An
observer at infinity always "sees" dynamical aspects of the collapse, and the classical
scattering of positive frequency waves to negative frequencies ,continues to occur at
orbkrarily late times.
We begin our analysis of this particle creation effect by noting the following
behavior of solutions of the Klein-Gordon equation in the extended Schwarzschild
spacetime of Figure 6.9 or, Figure 12.3 which have time dependence e -1 in region
1. From equation (14.3 .1) it follows that near the hori zon (r, -~- -oo) each such
solution behaves as a "free wave" a exp(- iwu) + b exp(--i wv) in (t, r,)-space
where u ='t - r, and v = t + r* . The solutions with b = 0 are referred to as purely
"outgoing" at the horizon. By superposing solutions with b = 0 with different
frequencies, we may produce nonsingular wave packets which vanish on the black
hole horizon (u --), «o) . However, , each individual outgoing mode of frequency ca
possesses an "infinite oscillation" singularity on the black hole hor izon. Indeed, in
terms of the Kruskal coordinate U .= -e ` [whore x = 11(4M) i s the surface
gravity of the buck ej, the behavior of these solutions is a exp[icvx - ' ln(-- 0) .
Let 7 be any geodesic which enters # :Mack hole from regi on I and let d b e i ts affine
parameter, with A = 0 chosen to correspond to the intersection of the geodesic with
the horizon. Since A depends smoothly'on U and satisfies aU jdA * 0 on the horizon
(U = 0) , it follows that near A = 0 each outgoing mode oscillates as a function of
A as exp[iavx"' fin(--ah)], where a = dU/dA I A= o. Thus, the frequency of each
mode as locally determined by a freely falling observer entering the black hole
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diverges at the horizon in this characteristic manner . This divergence is related to the
fact that even for stat ic observers the gravitational redshift effect (calculated in
section 6.3) becomes infinite on the horizon .
The nature of the classical scattering relevant to the quantum particle creation
effect is best analyzed by considering the propagation of waves backward in time .
In particular, consider the solutions O,,, . in extended Schwarzschild spaceta me which
have time dependence e l , angular dependence Yr. (8, 0) and .are_ purely outgoing
at the horizon . We may view this solution as "starting" from I J . As this wave
propagates into the past , part of it -mill be scattered back to I -_ and part of it will be
scattered into the whits ,hole as ill ust rated in Figure 14 :2 . Now consider the same
"initial" wave at .0 + propagating : in the spaeet i rne of Figure 12.2, where collapse to
a Schwarzschild black hole has occurred, rather than in the extended Schwarzschild
spacetime. Again, part of the wave will be scattered directly back to I -, but we are
mainly interested in the portion of the wave corresponding to the part which-goes into
the white hole in the extended Schwarzschzld.spacetime . Now this part cif the wave
will propagate through the collapsing matter and end up atO as il lustrated : in Figure
14.3. We can obtain the approximate damn of this wave at - as follows: Let µ be
a null geodesic generator of the horizon and, for convenience, set equal to zero the
advanced time vo at which its continuation into the past intersects .0 -, vo = 4: Since
the locally measured frequency of the wave becomes infinite at µ in the
"Schx►arzschild portion'' of the spacetime , the, geometrical optics approximation (see.
chapter 4) will hold in the vicin ity of µ for the propagation of the wave from the black
hale horizon back to I -, Thus, to an approximation which becomes . more and more
exact as tine approac s A, the wave will have the form 00e is where ~00 is constant,,
and the surfaces of constant phase, Ss are null . Hence, the pattern made by the wavy ,
near v = 0 at .0- can be, obtained by continuing the null geodesic generators o f the
surfaces of constant S back to .0
However , the behav ior of the geodesics

Fig . 14.2. A conformal diagram of the extended Sehwareschiid s pacetime (see Fig .
12.3) showing the oscillations of a wave of frequency w, i .e, , £CO := -two. The
apparent increase in osciUation f Juency shown in the figu re on J+ at late retarded
time (which also occurs on .I+ at e arly retarded time and on .5 - at late and early
advanced times) i s merely an artifact of the conformal diagram caused by the
behavior of the conformal factor there. However, the increase in frequency shown on
the white hole horizon near its crossing point with the black hole horizon represents
a physical "infinite hiuashiff" singularity of the wave .
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Fig . 14.3. A conformal diagram of a spherically symmetric spacetime i n which
gravitational collapse to a Schwarzschild black hole occurs, showing the oscillations
of a wave which behaves as e'-' on ,0' . If one propagates this wave backward into
the past starting from 01, the part of the wave which propagates through the
collapsing, matter will produce an "infinite blueshift" singularity-of the same nawre
as shown on the white hole horizon- in Figure 1 4.2--ai advanced time uD on -4 - .

sufficiently near to A will be accurately described by a geodesic deviation vector rip,
i.e ., the'deviativn from µ of neighboring geodesics propagates linearly along µ.
Consequently, choosing the direction of 77" at 0- to be along the null geodesic
generator of I -, we see that new v - 0 the solution 0 will behave as a function o f
aneed time v on ,0 ' in the same way as ¢ behaves as a function of affine
parameter A along the geodesic-tangent to n ° at any other point of µ . However, this
latter behavior has wady been determined above on the horizon of the
"Schwarzschild portion" of the spacetime . Hence, we conclude that near v = 0 on
SO -, the time dependence of the solution is given by
> 0)
(14 . 3 . 5 )
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The crucial point is that although we sta rted with the purely pos itive frequency mode
e-i" at .0 + , the solution at .0 - is not purely positive frequency . Indeed, it is not difficult to show that the Fourier transfaaEm, ~, of ¢ with respect to v satisfies for a > 0
(14.3. 6)
(see, e.g., appendix A of bald 1975), so the magnitude of the negative frequency
part of 0 at .0 r is the factor :e 7. ' */" # ;ws the mWitude of the positive frequency part
of ¢. Note that the derivation of ( 1 4.3.5) i s independent of the details of collapse .
Note also that the decompositiou of 0 into positive and negative fre quency parts at
.0-obtained in the case of collapse t6 a black hole is equivalent to the decomposition
one would obtain in the extended Schwarzsch i ld spacetime using the affine parameter
(rather than the Killing parameter, or . may other choice) to define the notion of
positive frequency on the whiff hole horizon.
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To obtain the scattering operators on the one-particle Hilbert space, one should
work with normalized wave packets . Consider a positive frequency wave packet at
P composed mainly of frequencies near w and centered on retarded time u . For
large u (i .e., after the black hole appears to an observer at infinity to have "settled
down" to its final static state), the analysis given above can be applied to this packet
and equation (14 .3 .6) will continue to hold .13 It follows directly from general
properties derived in problems 2, 3, and 5 that the expected number of particles
spontaneously created in the state represented by this packet is (Hawking 1975 )
e-2~fX .
(N) =
~ ~ f~ - e -s~,/K ( 14. 3 . 7)
Here I t 12 is the square of the Kle in-Gordon norm of the part of the wave packet wh ich
would enter the white hole in the extended Schwarzschild solution . But this is equal
to the absorption cross section 'Qf the black hole for that mode. Thus, equation
(14.3.7) is wisely the formula which would hold for a perfect blackbody,emitter
at temperature giivem by
k7 =

1C
fi s
- c~
21re
8rrGM

(14 .3 .8)

i.e.,
T - 6 x 10-8(MaI1ft) K

( 14 .3 .9)

where k is Boltzman's constant and we have restored the G's and c's . This similarity
of black hole "emission" via particle creation with, blackbody emission extends well
beyond the -atgreement (14 .3.7) in expected numbers of particles . A complete analysis of the density matrix describing the outgoing state at infinity shows that it is
identical in all aspects to a thermal density matrix at temperature ( 14 . 3 .8) (Wald
1975 ; Parker 1975 ; Hawking 1976) . Furthermore ., in the presence. of incoming
particles the black hole continues to behave exactly l ike a blackbody (Panangaden
and Wald 1977). The significance of the fact that black holes behave like perfect
blackbodies will be explored further in the next section.
Note that the temperture of the particles "emitted" by the black hole is inversely
proportional to the mass of the black hole. Thus, if energy is added to a black hole,
the temperature decreases, i .e. , a black h4le has negative specific heat . Negative
specific heats are typical of self gravitating systems. For example, in Newtonian
gravity , a self-gravitating star composed of an ideal gas has a negative specific heat .
The main modification of the above analysis needed to treat the case of the Kerr
black hole arises - from the fact that the Killing field X ° = (d/dry + Of, (a/ 4)°,
equati on (1 2. 3.20), rather than the stationer Killing field (d/dt)p is normal to the
13. One rather disturbing festuc+e of the analysis should be pointed out . The mean frequency of the
wave packet at,f -increases with advanced time v as rcc " (see Wald 1976), which rapidly becomes very
large, in particular, much larger than the Planck frequency . These ultrahigh frequencies only enter the
intermediate stages of calculation---they do not appear in any of the final physical predictions-but even
so, one may feel uncomfortable that during the calculation one considers conditions so extreme that the
classical wave propagation used would appear to be very difficult to justify .
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horizon in this case. Consequently, for an "initial's wave at I' with time dependence
e-'O-" and angular dependence e u"16, the dependence of the solution on fine parameter along a geodesic which enters the black hole is exp [i (w - m S j„)K-' In ( - ah)I.
For the non-superradiant modes, the only change i n the final expression for the
matrix is the replacement of w by to - m S1j : For the superradiant modes , the form
of the density matrix changes (Wald 1975), but equation (14.3. 7) continues to hold
with w --* w - m tlH provided that I t 11 is interpreted to be negative. Because of the
frequency shift w --a w = m f1H in equation (14 . 3. 7), the Kerr black .hole preferentially loses angular momentum (sue Page 1976b for quantitative details ) .
It is noteworthy that the thermal nature of black hole emission can be related in
a direct manner to the properties of the Eucl idean Schwarzschild solution: As
discussed briefly in sectivn ,14. 1, in the Euclidean approach to quantum field theory
one seeks to define quantities on a "Euclidean section" and then obtain the physical,
spacetime quantities by analytic continuation . In particular, the Feynman propagator
for a field on spacetime is obtained by analytic continuation of the Green's function
on the Euclidean section . (Since the equation for a free field is elliptic rather than
hyperbolic on the Euclidean sec ti on, there often will exist a unique Green's function
on the Euclidean section sati sfying natural boundary conditions .) In our case, one is
naturally led to examine the properties of the Euclid6an Schwarzschild solution
obtained by analytically continuing t to real values of r = it in equation (6 .1 .44),
dsj _ + I - d 1_2 + I - -~- dr 2 + r2M3
r

(14. 3 : i4)

In Euclidean Schwazzsetii d space, we again encounter a singularity in the coordinate
components-of the metric at r = M. A s we shall see below, this singularity is again
merely a coordinate"' singularity but its nature is quite different from the Lorentzian
case. To ana1lyze .it, we define a new coordinate R by

(14.3.1 1 )
Then, we have
4

ds~ _

R2

d{~J4h~ +()dR2
+ r3dS1 ~
2

(14.3.12)

where now r is understood to be the function of R determined by equat ion (14 .3 . 11).
From eq,tation (14.3 .12),-it is ma nife st that the coordinate singularity at R = 0 (i . e . ,
r - 2M) is of the same nature as the coordinate singularity that occurs at the o rigin
of polar ccxorti notes on the'pl e, where now R plays the role of the radial coordinate
and T/4M plays
role of the an gular coordinate . Therefore, a natural choice of
manifold structure for- the . Euclidean Schwarzsch%ld solution is to periodically idenand then "add in" a single point 14
tify 7/4M-with period 21r-in the region r >
4y
In
this
way, one obtains a complete
in the "fit-7 plane" to extend the-space to R
Riemannian manifold (M,gam) with topology 14f = ll$ 2 X S2. Note that the Euclidean
14. Since the SchwarascFeild manifold is the "R-7 plane" crossed with the " 0- 0 2-sphere,,, one, of
course, really is "adding in" a 2-sphere to the manifold when one adds a point to the R-T plane .
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Schwarzschild manifold has no region corresponding to the region r < ?.M in the
Lorentzian spacetime .
With the above interpretation of the Euc lidean Schwarzschild solution, clearly
every continuous function on M is periodic in r with period 81rM. In particular, any
Green's function will satisfy this property in each of its variables. Hence, if the
Feynman propagator in the Lorentzian Schwarzschild solution is defined by analytic
continuation of a Euclidean Green's function, it automatically will be. periodic in
"imaginary time" T = it. However, this property of periodicity in imaginary time is
characteristic of-a thermal state, as we now shall explain.

Suppose we have an ordinary quantum mechanical system with a time independent
Hamiltonian operator H. The state of thermal equilibrium of the system at temperature k?' m j8'" ' is defined to be that described by the dens ity matrix
p = e"A`'/2

(14. 3, f 3)

Z = tr (e"P''')

(14 .3 .14)

where

Furthermore, in the Heisenberg representation, every observable 0 evolves with
time by
0 (to + t) = e ' ff"l* O (to)e-` ff'/"

(14 . 3. 15)

I n quantum field theo ry, one in general cannot rigorously define a Hamiltonian
operator H and, in any case , e-~' would not define a normalizable density matrix .
However, at least in a formal sense, equatiQn (14 .3. 13) still should describe a state
of thermal equ ilibrium and the field operator 0 should evolve w ith time via equation
(1 4 .3.15)'. We define the thermal.Feym an propagator at temperature kT = jV by

j
i 0r(xI,xs) = ~'[PTEO(x ) ~(X2)}a = Z'~'[e-~T(d~(X,)O(x2))l

(1 4.3 :10

where, on the right side of this equation, T denotes the time ordered product (see eq .
[14.2.22D. Now, suppose that we can analytically continue t to imaginary values,
t = -ir, such that equations (1 4.3 .15) and (14 .3 .16) continue to hold . Consider the
case where T2 - ~ ~. < 7, c r2 and let x' denote the "imaginary time translate" of
x, by j8h , i .e ., x ; has the same spatial coordinates as x, but has imaginary time
coordinate rl + Ph . Then, we have ,

ibr (xi,xz) = Z-'tc'[e-Aw 3`( O (xi)O(x2)))

Z_'tr [e _'"O (x2) 0 (xI)1
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where the cyclic property of the trace was used in the fifth line. More generally, when
restricted to the strip I ri - '721 < PA , AT(XI) x2) is periodic in each time varia ble
with period P = PA .
Thus, the Feynman propagator on Schwarzschitd spacetime obtained from the
Euclidean Schwarzschild solution is most naturally interpreted as a thermal Feynman
propagator fb~ the field at temperature
kT = ~ -' - h/P = A /$zrM

(14. 3 . 18)

This suggests the existence of a state of thermal equilibrium of the quantum field at
temperature (14 .3: 1 8 ) in Schwarzschild spacetime . This state-or, more precisely ,
density matrix-is known as the Hartle-Hawking vacuum (Hartle .and Hawking
1.976; Israel 1976) and it corresponds to what would result at late times if a thermal
distribution at temperature (14 .3 .1$) rather than I O;,,> was sent in from V . However, ate equilibriurn in Schww=hdd spacetime should not be possible unless
the Sehwarzschild black hole behaves like a perfect blackbody . Thus, the thermal
nature of particle creation by a -Schw child black hole is strongly suggested by the
properties of the Euclidean ScMwa zschild solution . Note that this argument for the
thenmal properties of a Schwarzschild black hole is applicable to the ease of a
nonlinear (i .e.., self-interacting) fief (Gibbons and Perry 1 976; Sewell 1982).
As a result of the thermal particle creation, it is clear that the quantum field carries
energy aw ay from a Schwarzschild b k=hole. The full stress-energy, properties-of
the quantum field in Schwarzschild spacetime c an be obtained from its stress-energy
operator T,* . ~~nce tl e prvbtem: of determining T,,b and using it to calculate "back
reacticm'! e f f e c t s of the quantum field on the sp2 cetime is of interest in many
applications (particularly, in cvsmolo ); we first shall discuss these issues in the
general context of quantum_ field theory in curved spacetime; -end then return to the
particular case of -a 'black bole .

It is natural to postulate that the stress-energy operator of a quantum field in curved
spacetime is gives ` in terms of the field operator by the same formula as applies
classically, i .e. , for the KIe-in-Gordon quantum field,
Tb =~a

qb Qb ~ Sati~
~
~~~
" 2 + 710^
2

(14 .3 .19)

Unfortunately, this formula requires us to compose two field operators at the same
spaceWne port. Since, as -mentioned aboveT ~ is well defined only as a distribution on spacetime, this product is ill defined . Indeed, if one formally substitutes
the mode sum ( 1 4 ,2.15) for ~ into equation {14 .3. 19}, the resulting exp ression one
obtains for Tom , diverges:
This divergence in the expxession fort,,b also occurs in Minkowski spacetime . In
that case, i t is interpreted as arising Exam the sum of the "zero-point energies" o f the
infinite, number of modes of oscillation of the field . The divergence is cured by
subtracting this zero-point energy from the formal expjression for T~ so that the
expected stress-energy of the va c m state vanishes, ~0 7 b 10 = 0. This is equ ivWent to normal ordering the expression
uu for Tom, i.e., placing all annihilation operators
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to the right of creation operators in the formal mode sum obtained from equation
(14.3 .19) . In this manner, one obtains well defined, finite expressions for matrix
elements of Tb between physically reasonable states .
In curved spacetime, there is, - in general, no mean ingful notion of an
"instantaneous vacuum sta#e" with respect to which one could "norms order" the
expression for T . Nevertheless, there exist a number of procedures for
"regulariz ing" Tom, i.e ., separating it in a natural way into the sum of a divergent part
and a finite part. Many of these procedures-such as dimensional regularization (see,
e.g., Brown 1977) and zeta futtcti4n regularization (Hawking 1977 ) -are ri gorously
defined only on a Riemannian manifold (see Wald 1979c), but at least one, of
them-namely, "po int-splitting„-also is well defi ned on Lorentzian spacetirn+es
(see Fulling 1983 for a summary of results). Unfortunately, the "divergent part" of
T.b cannot be •`absorW" into parameters already present in the theory; Le ., the
determination of 7 b suffers from the same "non-renormalizability" difficulty as is
present in fu ll quantum g ravity described in section 14 .1 above. Consequently, one
finds that one must introduce two new, nonclassical parameters into the expression
for t., corresponding to the freedom of adding in the identity operator times multiples
of the two conserved local curvature terms" of dimension (length)'` . Thus, there i s
a two-parameter ambiguity xn the expression for Tom,. However, L satisfies a list of
physically reasonable properties which uniquely determine it up to this twoparameter ambiguity (Wald 1977b, 1978 b), so it appears that this is the only ambiguity Present .
An impart feats of the expectation value (~ I t IT) of the quantum stressenergy operator Tb in a state 'P is that it need not satisfy any of the energ y conditions
that - may be satisfied by the elassi , - stres s-energy tensor . Indeed, even in flat
spacetim one can find sues Where- the expectation value of the normal ordered
Klein-Gordon stress-energy operator has negative energy d ensity in a region of
spacetime, even thou gh the energy density of the-classical stress-energy tensor of a
Klein-Gordon field is manifestly positive definite everywhere for all field
configurations (see problem 6) . Thus, properties which hold in classical general
relativity by virtue of energy condit ions satisfied by matter w il l not necessarily hold
for quantum fields . This has important consequences for the black hole area theorem,
as will be discussed further i n the next section.
In the context of quantum field theo ry in curved spacetime, it is natural to postulate
that the back-reaction effects of the quantum field on the grav itational field will be
governed by the semiclassical Einstein equation,

G.*

81r(* ~ Tab ~ 'Y}

(14.3. 20)

i. e ., it is physically possible for the space time to be ( M, gam) and for the quantum field
to be in state , T on (M, gam) if and only if equation (14.3.20) is satisfied. Actually,
equat ion (14.3. 20) would not be expected to ar ise as the lowest approximation to a
15. These terms are the a cs obtained by variati on of the actions fR 2 and fR bR I with respect to the
metric (see appendix E) . Most regularization prescriptions yield a precise value for one combination of
these parameters, but since different prescriptions sometimes lead to different values, i t probably is
wisest to re gard both of them as undetermined .
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quantum field theory of g ravity coupled to a matter field . This is because in the full
theory one would expect to have (G b ) = 81r{Td& } hold exactly, where G^,* is the
Einstein operator and the state implicit in the expectation values now includes the
degrees of freedom of the gravitational field. Furthermore, one would expect that Gam,
would be given in terms of the met ric operator by the same formula as holds
classically, G,* = G,*[ga]. However , since G,,b is a nonlinear function of grd we
expect ( G^,*) * G,*{~~4J Indeed , if we write 8~ = g~ i + ~~- where g~ is a
classical solution of Einstein's equation and I is the identity operator-and if we keep
in t,* in the formula for Gam, then ( G b) and Gab[(§,.b )) will di ffer
only terms
V A quadratic
by - 8 (tab), where F * i s given in terms of %b by a formula very similar to that for
T,* in terms of 0. (See eqs . (4 . 4. 54 and [4.4. 51 ] for an explicit formula for t b in
the case g~ _, r~~.) Consequently , in the lowest approx imation to a full quantum
field theory of gravity coupled to matter, one would expect to get the additional term
ingon the right-hand side -of equation (14. 3. 20) , and the contr ibution
87r(tab) ap
from this term should be comparable to th at of (t,* ) . One can interpret this fact as
saying thatAhe -quantum back-react ion effects caused by gravitons (Le.,, the quantized degrees of freedom of the line arized gravitational field) are as important as that
of any other qu antum field, and thus should not b e neglected in equation (14 .3.20).
Nevertheless, one can justify equation (14. 3 .20) in terms of a systematic approxi mation to a full quantum field theory including gravitation as follows . If we have N
matter fields present, then, roughly speaking, the effects of t he matter fields w ill be
N times as important as that of the gravitons . Hence, in the limit of large N, the
neglect of the gravitons should be justi fied, and one will obtain equation ( 14.3: 2f3)
(with a coefficient ofN an the right-hand side) as the lowest approximation in a "1IN
expansi on" of the full theory of quantum gravity coupled to matter. In any case,
equation ( 14.3. 20) should at least provide a qualitative indication of the back reaction effects produced by quantum fields on the gravitational field.
Unfortunately, the dynamics predicted by equation ( 1 4. 3.20) i s drastically different from classical general relativity. There ex ist many unphysical solutions of equation (14.3. 20) in which the spacetime curvature is in itially small but exponentially
grows with time with time scale of order of the Planck time . Indeed, Horowitz (1980)
has shown that for any massless quantum field , equation (14 .3.20) predicts this type
of instability of Minkowski space d me, Thus, the situation is very similar to that
which occurs ., in the classical electrodynamics of a point charge when radiation
reaction is taken into account (see,. e .g ., Jackson 1962), There, the "small" correction to the equations . of motion caused by raciiation reaction leads to new
"runaway" solutions. In the case of electrodynamics, one still can make physically
sensible predictions by simply disregarding these runaway solutions, although doing
so requires putting con straints on the initial conditions o f the point charge which
depend upon what external forces are to be applied in the future. It appears that it
will be much more difficult to develop procedures for extracting the physically
sensible solutions qf. equatian (14 . 3.20).
In the case of, a Schwarzsch ld black hole (or, more generally, in any vacuum
spacetime, Rte, = Q) the two lam curvature terms which enter the formula for tab
with undetermined coefficients vanish identically . Hence T* is completely well
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defined in the Schwarzschild spacetime . The value of { t,*) in the "Hartle-Hawking
vacuum" has been calculated : analytically on the hori zon by Candelas (1980) and
computed numerically near the black hole by Fawce tt (1983). The magnitude of the
Kruskal coordinate components of (T~) near the black hole are found to be of order
1/Ma in Planck units G = c = h = 1, as expected on dimensional grounds . Since
the background curvature is of order 1/M 2, for M >> 1 (i .e., in cgs units,
M » 10-5 g), the quantum field should make only a small correction to the
structure of the black hole . The energy flux into the b lack hole is found to be
negative, as must be the case s ince the "Hartle-Hawking vacuum" is time independent and the energy flux a t future null infinity is positive. Such a negative energy flux
is possible since, as mentioned above, (T~ ) need not satisfy any of the class ical
energy cc>nditiotts .
As disc ussed above, serious difficulties arise when one txio to use equation ,
(1 ,3 .20) to calculate the back-reaction effects , However, on physical grounds, one
expects that the main back-reaction effect of the qua ntum field will be to cause the
black hole to lose mass at the same rate at which energy is radiates; to infinity by
particle creation. This can be-calculated by multiplying (N), equation (14.3 .7), by
w and summing over .nwdes . Since the emission is of a blackbody nature, if the
absorption cross section I t 12 for each mode were the same as for a black sphere of
radius R in Minkowski spacetime and if kT » hcR-',,the energy flux for a massless
field with. two degrees of .; freedom would be given by Stefan's law,
dE/dt = crT4A = .a7'4 1rRI, where cs = Ir?k4/6f}h 3c2 is the Stefan- Boltzmann
constant. In the geometric optics approximation, the black hole does absorb just like
a black sphere of.radius R = 3 3j2 M (see chapter 6) . However, since the relevant,
modes in black hole particle -creation have frequencies of order Af-' (i.e ., one has
U - h cR-') one must use physical optics ' 6 (i .e ., exact wave propagation) to compute I t I2 accurately . Nevpitwless, Stefan's law provides a _ correct order of magnitude estimate for the energy fl ux from a 6Iack hole ... .: Hence, ignoring numerical
factors_,, we find that in Planck un its,..:. . the : mass loss rate of the black hole is
approximately

Thus, as the black hole loses mass, the increase in temperature more than compensates fur the decrease in area, and the energy loss due to part icle creation occurs at
a faster rate . Integrating equat ion (14.3 .21),-we obtain the striking conclusion that
a black hole should radiate all of its mass in a finite time r given in Planck units by
T

-MI

(14 .3 .22)

In cgs units M3 is _ i V (M /MO) 3 s, so the lifetime for total "evaporation" of a black
hole of a solar mass or larger i s enormously greater than the age of the universe .
16 . The failure of geometrical optics to accurately describe wave propagation well outside the horizon
(where most- of the sca€tering occurs) should be distinguished from the validity of geometrical optics to
describe wave propagation very near the horizon, as used above in the calculation of particle creation .
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Fig . 14.4 . A conformal diagram of a spacetime in which a black hole is produced
by the collapse of matter and "evaporates" as a result of the particle creation process .

However, if any primordial black holes of mass - 5 X 1014 g were produced in the
early universe, they would be undergoing the final stages of evaporation now (Page
1976a), and any primordial black holes of smaller mass would have already evaporated . Since the temperature of a black hole becomes large as evaporation occurs, a
significant amount of i-~iativn would result if many black holes of mass
sS x 10" g were produced in the early universe . As already mentioned at the end
of section 12.1, no such contribution to the x-ray bacitground has been observed
(Page and Hawking 1976),soit appears that we do not have a sufficient number of
low mass primordial black holes in our universe to be able to observe the effects of
black hole evaporation .
By the time the black hole has evaporated down to the Planck mass, we cannot
expect the approximation of treating gravity classically to be valid, and a description
of what occurs at that serge will have to await to complete theory of quantum gravity .
However, it seems natural to expect that the black hole will totally disappear at the
end of the process rather than, say, leaving behind aPlanck-siz+e black hole remant .
The causal structure of a spacetime in which a black hole is farmed and then
evaporates completely is illustrated in Figure 14 .4 .
Assuming that total evaporation occurs, we mention two important consequences .
First, it appears that conservation of baryons (andfor leptons) can be grossly violated
in the process of collapse to a black hole followed by evaporation even if baryon
number (and/or -lepton number) is conserved locally ; namely, we can form the black
hole out of matter with a large ne0aryon number (e .g., purely out of neutrons, with
no antineuttons) : The black hole uniqueness theorems discussed at the end of section
12.3 strictly apply only to the ease where certain classically describable fields are
present, but they strongly suggest that the -black hole produced by the collapse of
baryons will be indistinguishable from one produced by the collapse of antibaryirns .
Hence, in the particle creation process, there should be no preferential production of
baryons over antibaryons and, indeed, in any case most of the mass of the black hole
should be radiated away by massless particles carrying no baryon number . Thus, at
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the end of the evaporation process, the net baryon number should be very nearly zero
and a large change in baryon number w ill have occurred .
Second, as discussed above, the particles reaching infinity during the evaporation
process are described by a density matte . The use of a density matrix here is purely
for convenience, since the jo int state of the particles entering the black hole together
with those reaching infinity is pure, provided, of course, that the incoming state is
pure. However, if the black hole evaporates completely as in Figure 14 .4, then the
total state of the system should be described by a density matrix . Roughly speaking,
the correlations with the particles reaching infinity should propagate into the black
hole singulari ty and be lost forever when the black hole disappears . 'Mus, it appears
that in ; process of black hole formation and evaporation, an initial pure state can
evolve to a final density matrix (Hawking 1976 ; Wald 1980; see Page 19$ 0 for a
differi~g' view ) This shows that a ford of ti me reversal asymmetry must be present,
since an initial density mat rix never can evolve to a final pure state , although a
physically meaningful form of time revers al symmetry may still hold (Wald 1980) .
The existence of time reversal a symmet ry in the laws of;quantum gravity has been
suggested on other grounds by Penrose (1979) . Furthermcc+ ,the evolution of a pure
state to a density matrix in the process of black hole formation and evaporation may
be closely related to issues in qu antum measurement ,theory (Penrose 1981) .
Finally, we briefly describe a further result which shows a connection between
particle creation near a black hole and properties of the ordinary vacuum state of a
quantum field in Minkowski spacetimet This result also gives. insight into the physical meaning of "particles" in curved spacetime and the reasons for the mathematical
ambiguities in them definition:
The close mathematical analogy between the "R indler wedge" of Minkowski
spaceiime and .tie region r >
of 5chwarzschild spacetime already has been
displayed at tie . end of c hapter-6. Indeed, there, we used the extension of Kindler
spacetime to Minkowski spaceiime to motivate the Kruskal extension of Schwamchiid spaeetime. One ca n define a quantum field theory i n Windier spacetime by using
the Rindler time coordinate, rR , rather ihan_ a Minkowski time translation coordinate,
lm, to define the notion of "positive frequency." In other words, we may "quantize"
the field in (a wedge of) Minkowski spacetune by using a "boost" rather than an
ordinary time translation as our timelike Killing vector field . These two notions of
"positive frequency" differ, so one is led to distinct notions of "Kindler pariicl os" and
"1VIinkQwski particles" (Fulling I 973) . The relation, between the characterization of
states of the quantum field in te= of Kindler particles as compared with. their
characterization in terms of Minkowski, particles can be found by obtaining the
Bogoliubov transformat ion between Rindler and M in kowski annihilation and creation operators, using the same procedure, as in the case of true,. particle creation
described in the previous seption. Since the relat ion between Rindler time and
Minkowski time is essentially the s ame as that holding near the horizon between
Sehwarzschild time and Kruskal time, it should not be surprising ghat the Minkowski
positive and negative f1 reguency. parts of a solution which oscillates in Kindler time
like e -'Rare, again, -related by equation (1 4 .3.6) . In close mathematical analogy
with the calculation of true particle creation in the Schwarzschild spacetime, it is
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found here that the ordinary Minkowski vacuum 10) is formally represented by a
thermal density matrix of Rindler particles .
A Physical interpretation of this result was provided by Unruh (197 6) . He showed
that a particle detector which uniformly accelerates-i .e ., travels along a trajectory
of a boost Killing field is sensitive to the Rindler particles associated with that
Killing field. This is most easily seen by considering a simple model of a particle
detector consisting of an ordinary nonrelativistic quantum mechanical system : (e.g.,
a particle in a box) linearly coupled to the quantum field . Detection of a particle is
said to occur if a transition to a higher energy state occurs in the quantum mechanical
system. From ordinary tune-dependent perturbation theory, when the quantum field
is in the ordinary M nkow i vacuum stake, I 0}, the rate (i.e ., probability per unit
time) for a transition upward in energy by E for an accelerating point detector is found
to be (see Unruh 1976 or DeWitt 1979)
R

(E)

fT fT

« T'~ T -r T

e-

~~_f R3~

0 I ~ tx Et~1~ Ex (t~)J I U~ drRrltR

(14.3 .23)

where tR has been scaled so that it agree s with proper time along the world line, x(tR),
of th e accelerating particle detector. Thus, the transition probability is directly
related to a Fourier transform of the vacuum expectation value of the product of field
operators, where this Four ier transform picks out a positive frequency component
with respect to t 'R and a negative frequency component with respect to tR . However,
for an accelerating-detector these "positive . and negative frequency parts" are measured with respect to Rindler time rather than Minkuwslu time., Although by equation
(14.2 .13), 010) has no positive frequency pa rt with respect to Minkowski time and
(0has no negative frequency part (which accounts for why an inertial.. :particle
detector does not detect particles), they do have such positive and negative frequency
parts with respect-to Rindler time . This corresponds precisely to the above representation of the Minkowski vacuum as a thermal state of Rindler particles . Thus, Unruh
(1976) found that an accelerating particle detector in Minkowski spacetime would
behave as though it were placed in a thermal bath of "red" particles, with temperature given by
a
kT = h
(14 . 3 . 24)
21rc

Thus, the ordinary vacuum state in Minkowski spacetime is seen by an accelerating
observer to possess th ermal properties which are, formally very similar to the thermal
effects molting from true particle creation by a black hole. Unfortunately, in cgs
units ,.tquation (14.3.24)
T - 4 X 10-23a K

(14. 3 . 25)

so it is clear that this effect is much too small to be perceived by an ordinary
laboratory detector. However , the effect of this thermal bath on the spin of accelerating electrons may be measurable (Belland Lenaas 1983). Further discussion of
this effect from the viewpoint of an inertial observer is given by Unruh and Wald
(1984) .
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Thus, the "Rindler particles" defined by using a nonstandard notion of pos itive
frequency in Minkowski spacetime are seen, to be associated w ith true physical
effects . Rindler particles are "real" to accelerating observers! Th is shows that different notions of "particle" are useful for different purposes . Therefore , in a general
curved spat time where no timelike Killing field is present, it should not be surprising that there is no natural, universa lly applicable procedure for defining particles
and that, in a given spacetime, different constructions (such as constructions using
affine parameter or Killing parameter on the horizon of a blac k hole) will define
different not ions of particles. Although the notion of particles is very convenient for
many purposes, it is not an essential ingredient of quantum theory . Physical predictions always can be expressed in terms of matrix elements ( (Dj 0 IT) of an operator
0 between states (b and W , such as in equation (14.3 .23) or equation (14.3 .20).
These predictions will not depend upon how 41 and '+I+' are labeled in terms of particle
states .
A similar analysis of the behavior of a particle detector in Schwarzschild spacetime shows that when the field is in the Hartle-Hawking vacuum state, a sta tionary
detector at any radius r > 2M will behave as though immersed in a thermal bath at
temperature
hK '
(14. 3 .26)
1rcV
where V - (-6° 4)1/2 i s the redshift factor appropriate to that radius . Far from the
black hole (r -* oo) we have V ---o I and the effect may be interpreted as the response
of the detector to the "real" particles produced by the black hole (as well as those
incoming from f -)- Neat the black hale (r --* 2M) we have KJ V --* a, where a is
the proper acceleration of the detector (see eq. [12.5 .181), and the effect (which
becomes divergent at-the: horizon) may be interpreted as being due to the acceleration
of the detector . A freely filling d etector sees essentially no particles near the bl ack
hole (Unruh 1977) , in accordance with the negligible stress-energy (T'.b ) of the
quantum field near the horizon.
kT = 2

14.4 ,

Black Hole Thermodynamics

Ire secrion° 12. 5 we obtained a remarkable mathematical analogy between the
ordinary laws of ther modynamics and laws applying to black holes wh ich were
derived from classicW general relativity . As can be seen from Table 12 . 1, if one
makes the formal replacements E . -- > M, T --+ a+c, and S -+ A/8 1t'a in the laws of
dumnodynamics, one obtains valid laws applying to black holes. A hint that this
relationship might be more than just a formal analogy already arose from the fact that
the analogous quantities E and M actually represent the same physical quantity,
namely, total energy. However, s ince the thermodynamic temperature of a black
hole in cla ssical general relativity is absolute zero, the physical analogy appeared to
end there .
However, we now have seen that when quantum effects are taken into account,
then in a very real sense the thermodynam ic temperature of a black hole is not zero
but is KJ27r in units where k = A -- ~ G - c = 1 . A black hole absorbs and "emits"

1-Z
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particles exactly like a perfect blackbody at that temperature . Thus, T and x/2 1r are
nat merely analogous quantities bu t again represent dts same physical quantity. Setting a = (210', we see that the remaining analogous quantities are S and 4 A. Does
¢A physically represent the entropy of a black hole?
We now shall argue that the answer to this question appears to be yes . The
ordinary second law of thermodynamics states that the total entropy of matter in the
universe never decreases . However, if a black hole is present, one would l ike to
restrict at~endog to matter outside black holes, since matter that falls in is "swallowed
up" by the singularity within the black hole and, in any case, it cannot be measured
by an external observer . However, one easily can make the total entropy, S, of matter
outside black holes decrease by dropping matter into a black hole. On the other hand,
thearea theorem of classical general relativity states that the surface area, A, of a
black hole never decreases . However, on account of the quantum particle creation
proms, this law can be violated since (T b ) does not satisfy the - energy condition
assumed in the proof of the area theorem. Indeed, as discussed in the previous
section, an isolated black hole eventually "evaporates" completely, thereby decreasing its area to zero. Thus, when black holes are present and quantum effects are
taken into account, both the ord inary second law and the area theorem can be
violated. However, in the processes where &S < 0 due to loss of matter into a black
hole, we increase the black hole area, .SA > Q. Similarly, in the evaporation process
where M rC 0 , we increase the entropy of matter outside black holes, SS > 0, by
the emission of thermal radiation . Therefore, let us defrne the generalized entropy,
5', by (Bekenstein 1373b, 1974)
3

where we have restored the constants k, h, G, and c in this formula . The fact that
a deer ease in S seems - alwayg'to be compensated by an increase in A and, similarly,
a decrease tI} A seems' always to be compensated by an increase in -S, suggests that
in any process the generalized second taw ;
aS'

?'

0

(14 .4.2)

may be valid.
In fact, the law (14 .4 2) was first proposed by Bekenstein (with an undetermi ned
numerical fae#or in the coefficient of A in eq . [I4.4. 11) Prior to the discovery of the
quantum particle creation effects . However, in the context ofpurely classical general
relativity, equation (14.4.2) could be violatedby putting a black hole in a thermal
bath at a temperature lower than that formally assigned to the black hole, thereby
producing heat flow from a cold body (the bath) to a hotter body (the black hole) .
Alternatively, one could put matter in a box and carefully lower the box to the
horizon of the black hole before dropping it in. By this latter procedure, the entropy
of matter inside the, box still would be lost, but by "redshifting away" tote energy in
the box, the area grease o fthe black hale could be kept arbitrarily small . However,
when the qua.nturd`eff are taken into -account, these methods for violating the
generalized send ~aw_ do nit. i rk. In the- first example, the black hole will radiate
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more than it will absorb, so heat actually flows from the black hole to the bath. In
the second example, the effects of the radiation-described at the end of the previous
section-which is felt by any stationary body near the black hole alters the transfer
of energy into the black hole in just such a way as to ensure that the area increase
of the black hole always is large enough to keep equation (14. 4 .2) satisfied (Unruh
and Wald 1 982) . Thus, the general ized second law appears to hold, at least insofar
as it can be tested by gedankenexperiments .
Howeve r, - tie general ized second law has a natural and simple interpretation . It
can be v iewed as nothing mo re than the ordinary second law of thermodynamics
applied to a system containing a black hole . In order to maintain this view, one must
take the final step of as signing I A as thephysical entropy of a black hole. If this final
step i s taken; the analogy between the laws of thermodynamics and the laws of black
hole physics no longer would be an analogy at all . The laws of black hole thermodynamics (including the generalized second law) w ould be seen as being nothing
more than the ordinary laws of thermodynamics applied to a self-gravitating q uantum system containing a black hole .
Thus, the apparent validity of the general ized second law strongly suggests that
4A i s the thermodynamic entropy of a black hole. However, the underly ing physical
basis by whieh .4A arises as the black hole entropy remains unclear . Since the entropy
of an ordinary physical system is essentially the logarithm of the number of microscopic states compatible with the observed macroscopic state, the assignment of JA
as the black hole entropy seems to indicate that in a fu ll quantum theory of gravity
the number of "internal states " of a black hole will be N --- eAl4. :However, general
arguments for the validity of the second law of thermodynamics for ordinary systems
are based on notions of the "fraction of time" a system spends in a given macroscopic
state . Since the nature of time in general relativity i s drastically different from that
in nongravitational physics, it is not clear precisely how the generalized second law
will arise even if JA is a measure of the number of internal states -of a black hole .
Thus, we appear . to be in a situation with regard to black hole thermodynamics
which i s very similar to the situation with regard to ordinary thermodynamics prior
to the discovery of the underlying basis of these laws arising from statistical physics .
We have discovered the laws of black hole thermodynam ics-in this case by calculations and gedankenexperiments rather than by laboratory experim
underlying basis of these laws is not known and presumably will not be fully
understood . until we have a: quantum . theory of gravitation . Nevextheless, the existence of the laws of black hole thermo dynamics indicates the likelihood of a deep
connection between gravitation, quantum theory, and stati stical ph ysics . It remains
for future investigations to explore this connect ion further .

Problems
1 . Let V be the collection of infinite sequences of complex numbers
jai} = (air 42 , . . . ,} such that only finitely many of the at are nonzero . Define

addition and scalar multiplication on V by {a; } + fit } = {a, + b; } and c {al } _ JcQ, }
to make V a vector space over C . Define ({aj , {br }} = I u, b;.
f= I
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a) Show that ( , ) is an inner product, thus making V an inner product space .
b) Show that V is incomplete and thus is not a Hilbert space.
c) Let V' be the collec tion of sequences satisfying ii I u; 12 < oo. Define a vector
I
space structure and inner product on V' in the same way as for V. Show that V' i s
complete and thus defines a H ilbert space, usually denoted 12 . (You may use the fact
that C is -complete in your proof.)
2. a) Show that the annihilat ion and creation operators defined by equations
(14 .2. 10) and ( 1 .2. 12) sati sfy the commuta tion relations
[a( 5 )=C (P)] = 0
[a ( 5) , a I (P) j _ ( (r, P)I
for all v, p E X, where the commutator of two operators is defined by
[A, B ] = AB - BA, and I is the identity operator on 9,s (N)
b) Show that the operator

N (cr) = a t(a' )a (Fr )
can be interpreted as the number operator for the (normalized) state v E W, i . e. , the
eigenstates of N(cr) are the states with a defin ite number of particles in state cr, and
the eigenvalues of N(cr) in these eigenstates . are the number of such particles.

3. Define t h e operators A : Now -> X., B : X.. --+ W. by the "time reverse" of tie
definitions of C and D given in the text, i.e. , for 7 E Now , AT is the state in Xi,,
obtained by propagating into the past the solution f which agrees with T in the future
and taking its positive frequency part in the past, while BT is the state in W;,
associated with its negative frequency pa rt in the past . Use the independence of the
Klein-Gordon inner product, equation (14 .2.5), on the choice of Cauchy surface
together w ith the fact that in the asymptotic future or past the Klein-Gordon inner
product of any pos itive . frequency solution with any negative f requency solution
vanishes to prove that the following relations are satisfied by A, B, C, D :

AAA-BfiB=1 ,
B 'X = AT
CtC-DtD=1

,

DT = CtD
At = C, B t = - b
Note that the relation D t ?7 = C tD implies that E = 5C-' is symmetric, Et = K.

4 . Con sider a conformally invariant field ( see appendix D) in a spacetime of the
form illustrated in figure 14 . 1 which, in addi tion, is conformally flat, i.e.,
S.b = 91277.b everywhere . Show that no particle creation can occur .
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5 . With A and B defined as to problem 3 , it is clear that by "time reversal symmetry"
equation (I4 .2 . I7) must continue to hold if we interchange "in" and "out,,, replace
C and D by A and B, and replace S by S- ' .
a) Using this modification of equation (14 .2.17) and the results of problem 2(b) ,
show that the expected number of particles in state ~ e X.t spontaneously created
from the "in" vacuum state is given by

(Nc o,>) = IIB o-112
b) Using equation (14. 3 . 6) as well as the result of part (a) and the relations proven
in problem 3 , derive equation (14. 3 . 7) for pa rticle creation by black holes.
6. The classical Klein-Gordon s tress-energy tensor (4. 3 . 1Q) has manifestly positive
energy density everywhere; i .e . , for any timelike vector t' at any point we alw ays
have T,,b t°tb ? U. Show that this property does not carry over to quantum field theory
by finding a state, T , of the free Klein-Gordon field in Minkowski space#ime for
which the normal ordered stress-energy operator satisfies ( TI Tom, j4r) t°tb < 0 over a
region of spacetime. (Hint: Consider a state 41 obtained by superposi ng the vacuum
state with a small admixture of a two-particle state .) Note, however, that total energy
E = fy,(Tar, )f° nb, where e' is a time translation Killing field, always is nonnegative
for the free Klein-Gordon field in Minkowski spacetime .
7 . Consider a box of volume V filled with blackbody radiation and possibly alp
containing a black hole . Ignore the influence of the black hole on the d istr ibuti on of
radiation in the box . Suppose that the total energy contained in the box (i.e ., the mass
of black hole plus the ergs of the radiation) is E .

a) Wrste .down`:. the formula for -the total generalized entropy, S' , of the box as a
function of the mass-energy M apportioned to the black hole .
b) By extr+e muzMi g S ' with respe ct to M, determine the conditions which must be
satisfied by E and V in order that equilibrium between the black hole and radiation
be possible (Gibbons and Perry 1978) . For V = I meter, evaluate the nnini.mum
v alue of E needed for equilibrium" In the case where equilibrium is possible,
determine which of the extrema of S' are locally stable by computi ng the second
derivative of S .
c) Estimate the conditions on E and V such that the configuration of (globally)
maximum generalized ent ropy will contain a black hole rather than be pure radi ation.

APPENDIX A

TOPOLOGICAL SPACE S

In mathematics, many different proofs and arguments are based on the same or a
similar set of ideas . An important goal of mathematics is to isolate the key ideas in
as general a form as possible, since if one can derive general results about these ideas
in the abstract, one then may apply them to the cases of interest without duplication
of effort . The notion of a topological space provides a beautiful illustration of this
program . One starts with a very simple, abstract definition and ends up proving many
powerful results that have a very wide range of application . Our main interest here
in topological spaces arises from the fact that in general relativity spacetime has the
structure of a topological space . Indeed, spacetime has a great deal more structure,
and we circumvented the mention of topological spaces in chapter 2 by defining the
notion of a manifold directly . However, the purely topological arguments and results
discussed in this section play an important role in many of the constructions and
proofs of chapters 8 and 9 . Therefore, we collect in this appendix many of the key
definitions and theorems concerning topological spaces .
A topological space (X, J) consists of a set X together with a collection J of
subsets of X satisfying the following three properties :
(1) The union of an arbitrary collection of subsets, each of which is in J, is in 9".
If Oa E J for all a, then U Oa E
(2) The intersection of a finite number of subsets in J is in J If O 1 , . . . , On E J,
then
fl O; E J.
-I
(3) The entire set X and the empty set 0 are in 9".
5- is referred to as a topology on X, and subsets of X which are listed in the collection
J are called open sets .
Any set X can easily be made into a topological space by taking J = {all subsets
of X} (the discrete topology) or by taking J = {X, fib} (the indiscrete topology) . A
much more interesting example of a topological space is obtained by taking X = R,
the set of real numbers, and defining J to consist of all subsets of R which can be
expressed as unions of open intervals (a, b) . (Thus, with this choice of J on R an
open interval is an open set ; historically, this example is the reason why the terminology "open set" is used in the discussion of an abstract topological space .) More
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generally, for any metric space, the collection of all subsets which can be expressed
as unions of open balls yields a topology .
If (X, J) is a topological space and A is any subset of X, we may make A itself
into a topological space by defining the topology, ~f, on A to consist of all subsets
of A which can be expressed as intersections of elements of J with A,
a _ {U I U = A f1 0, 0 E 9"j. a is called the induced (or relative) topology .
If (X,, J,) and (X2, JZ) are topological spaces, we can make the product space
X1 X X2 = {(x, , xz) I x, E X 1 , x2 E Xz} into a topological space (XI X X2, J) by
defining J to consist of all subsets of X, X Xz which can be expressed as unions of
sets of the form O 1 X 02 with O, E J, and 02 E Jz . J is called the product
topology, and using the above definition of a topology on R, we can use the
construction of the product topology to define a topology on lfB" . The topology we
get is the same one as would be obtained by directly defining J to consist of all
subsets of R" which can be expressed as unions of open balls .

If (X, J) and (Y, a) are topological spaces, a map f :X -* Y is said to be continuous if the inverse image, f-1[0] = {x E X If (x) E 0), of every open set 0 in
Y is an open set in X . For functions from R into l{B, it is easy to verify that with the
above definition of a topology on R, this definition of continuity is equivalent to the
usual E - 6 definition . If f is continuous, one-to-one, onto, and its inverse is continuous, f is called a homeomorphism and (X, J) and (Y, ~P ) are said to be homeomorphic . Homeomorphic topological spaces have identical topological properties .
If (X, J) is a topological space, a subset C of X is said to be closed if its
complement X - C = {x E X I x 9_~: C} is open . Thus, for example, a closed interval [a, b ] of Ifs (with the standard topology on R) is a closed set . From the topological
space axioms it follows immediately that the intersection of an arbitrary collection
of closed sets is closed and the union of a finite number of closed sets is closed . Note
that a subset may be neither open nor closed (e .g ., the half-open interval [a, b) in R)
or may be both open and closed (as are all subsets in the discrete topology) . Indeed,
the possibility of having subsets which are both open and closed gives rise to a
topological definition of connectedness : A topological space (X, fl is said to be
connected if the only subsets which are both open and closed are the entire space X
and the empty set 0 . R" with the standard topology defined above is connected .
If (X, J) is a topological space and A is an arbitrary subset of X, the closure, A,
of A is defined as the intersection of all closed sets containing A . Clearly, A is closed,
contains A, and equals A if and only if A is closed . The interior of A is defined as
the union of all open sets contained within A . Clearly the interior of A is open, is
contained in A, and equals A if and only if A is open . The boundary of A, denoted
A, consists of all points which lie in q but not in the interior of A .
A topological space (X, J) is said to be Hausdorff if for each pair of distinct points
p, q E X, p 0 q, one can find open sets OP, O9 E J such that p E OP, q E Oq, and
o, fl Og =fib . It is easy to check that UB" with the standard topology is Hausdorff .
One of the most powerful notions in topology is that of compactness, which is
defined as follows . If (X, J) is a topological space andA is a subset of X, a collection
{Oa} of open sets is said to be an open cover of A if the union of these sets contains
A . A subcollection of the sets { Oa}which also covers A is referred to as a subcover .
The set A is said to be compact if every open cover of A has a finite subcover (i .e .,
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=a subcover consisting of only a finite number of sets) . Thus, for example, in any
topological space a set consisting of a single point is compact. On the other hand,
the open interval (0, 1) in (F8 (with the standard topology) is not compact since the
sets On = (1/n, 1 ) for n = 2, 3, . . . yield an open cover of (0, 1) which admits
no finite subcover.
The following theorems describe the implications of compactness and show the
utility of this notion . Proofs of the theorems can be found in nearly any textbook on
'topology (e .g ., Hocking and Young 1961 ; Kelley 1955) .
Perhaps the most important theorem concerning compact subsets of R is the
Heine-Borel theorem :
THEoltEm A .l (Heine-Borel) . A closed interval [a,b ] of real numbers is compact
(with the standard topology on l}B) .
The general relation between compact and closed sets is described by the following two theorems, the proofs of which are straightforward :
THEOREM A .2. Let (X, J) be Hausdorff and let A C X be compact . Then A is closed .
THEOREM A .3 . Let (X, J) be compact and let A C X be closed . Then A is compact .
Combining the above three theorems, we arrive at the following strengthened
statement on the compactness of subsets of R :
THEOREM A.4. A subset A of real numbers is compact if and only if it is closed and
bounded.
The property of compactness is easily proven to be preserved under continuous
maps . We have:
THEOREM A . 5 . Let (X, J) and (Y, Y ) be topological spaces . Suppose (X, J) is
compact and f : X - , Y is continuous . Then f [X ] = j y E Y I y = f (x)} is compact.
Because of the properties of compact subsets of R given by Theorem A .4, we have
as a corollary
TxEortEtvt A.6 . A continuous function from a compact topological space into R is
bounded and attains its maximum and minimum values .
The following theorem gives an immediate extens ion of results on compac tness for
D8 to results for R".
THEOREM A.7 (Tychonoff theorem) . Let (X,, J1) and (X2, 9-2) be compact topological
spaces . Then the product space X, X X2 is compact in the product topology .
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Theorem A .7 can be generalized to apply to the product of infinitely many
topological spaces, but the axiom of choice is needed for this generalization .
A corollary of this and the above theorems i s
TxEoxEm A .8 . A subset, A, of l{B" is compact if and only if it is closed and bounded.
Thus, for example, the n -dimensional sphere S" (defined as the set of points in
R"+' satisfying x~ + • + xn+ 1 = 1) in the induced topology is compact, since it
is easily seen to be a closed and bounded subset of l}$"
need is that of convergence'Afurthenoiwsal of sequences . A sequence
{x„} of points in a topological space (X, J) is said to converge to point x if given any
open neighborhood 0 of x (i .e., an open set 0 containing x) there is an N such that
x„ E 0 for all n > N. The point x is said to be the limit of this sequence . It is easy
to check that for R (with the standard topology) this agrees with the usual definition
of convergence . A point y E X is said to be an accumulation point (or limit point)
of {x„} if every open neighborhood of y contains infinitely many points of the
sequence . If {x} converges to x, then x clearly also is an accumulation point of the
sequence . However, in a general topological space, if y is an accumulation point of
{xn}, it may not even be possible to find a subsequence {yn} of points of the sequence
{xn } such that {y„} converges to y . However, the extraction of a subsequence convergent to y will always be possible if (X, J) is first countable, that is, if for each
p E X there is a countable collection {On } of open sets such that every open neighborhood, 0, of p contains at least one member of this collection . R"` with the standard
topology is first countable ; indeed, it satisfies the stronger requirement of second
countability : there is a countable collection of open sets such that every open set can
be expressed as a union of sets in this collection . For R", the open balls with rational
radii centered on points with rational coordinates compose such a 'countable collection of open sets .
An important relation between compactness and convergence of sequences is
expressed by the Bolzano-Weierstrass theorem :
THEOREM A .9 (Bolzano-Weierstrass theorem) . Let (X, J) be a topological space and
let A C X . If A is compact, then every sequence {x„} of points in A has an
accumulation point lying in A . Conversely, if (X, J) is second countable and
every sequence in A has an accumulation point in A, then A is compact . Thus,
in particular, if (X, J) is second countable, A is compact if and only if every
sequence in A has a convergent subsequence whose limit lies in A .
Finally, we define the notion of paracompactness, a property which manifolds are
required to satisfy in order to prevent them from being "too large ." Let (X, J) be a
topological space and let {Oa} be an open cover of X. An open cover {Vs} is said to
be a refinement of {Oa } if for each Vy there exists an Oa such that Vp C 0« . The cover
{Vp } is said to be locally finite if each x E X has an open neighborhood W such that
only finitely many Vp satisfy w f1 V. 0 0 . The topological space (X, J) is said to
be paracompact if every open cover {Oa} of X has a locally finite refinement {Us} .

Topological Spaces 42 7
It is not difficult to show (see, e .g., Hocking and Young 1961) that any Hausdorff
topological space which is locally compact (i .e ., such that every point has an open
neighborhood with compact closure) and which can be expressed as a countable
union of compact subsets is paracompact . Thus, R", S ' and their products are easily
verified to be paracompact . Indeed, it is not easy to construct examples of topological
spaces which satisfy all the requirements for a manifold but are not paracompact ; the
"long line" (see Hocking and Young 1961) is perhaps the simplest example, although
the axiom of choice is required to define it .
For a manifold, M, paracompactness has a number of important consequences . It
can be shown (see Kobayashi and Nomizu 1963) that paracompactness implies that
(1) M admits a Riemannian metric and (2) M is second countable . This latter result
implies, incidentally, that we can cover M by a locally finite, countable family of
charts ( i/r;, O,) with each O ; compact . Conversely, if M satisfies all the requirements
of a manifold (see chapter 2), then either of properties (1) or (2) implies that M is
paracompact .
Probably the most important consequence of paracompactness for a manifold is the
existence of a partition of unity . Given a locally finite open cover {Oa} of M, a
partition of unity subordinate to {Oj is a collection of smooth functions { f" } such
that (i) the support of f,,, (i .e., the closure of the set where f, is nonvanishing) is
contained within O,, (ii) 0 !5
1, and (iii) If, = 1 . [Since only finitely man y
are nonvanishing at any point, the sum in property (iii) is only a finite sum .] It can
be shown (Kobayashi and Nomizu 1963) that every locally finite open cover {Oa} of
NI such that each Oa is compact admits a subordinate partition of unity . The existence
A a partition of unity allows us to globalize many local results . For example, we can
grove the above mentioned result that a paracompact manifold admits a Riemannian
netric by covering it with a locally finite family of charts (1k,,, O,,) with D,,, compact,
lefining a Riemannian metric (gr)ab on each local coordinate neighborhood, and
getting gab = If. (9.).b, where { f~} is a partition of unity subordinate to {O ," }.
similarly, as discussed in appendix B, the existence of a partition of unity allows us
o define integration over a paracompact manifold .

APPENDIX B

DIFFERENTIAL FORMS , INTEGRATION , AND FROBENIUS 'S
THEOREM

In this appendix we shall collect a number of results related to differential forms and
integration . Most of these results require only manifold structure ; specifically, they
do not require the presence of a metric or a preferred derivative operator . Thus, they
are basic results of very general applicability in differential geometry .

B.1 Differential Forms
Let M be an n-dimensional manifold . A differential p-form is a totally antisymmetric tensor of type (O, p), i .e., coQ, . . .ap is a p-form i f
Wad . . . ap

=

(B . 1 . 1 )

"Q, . . . ap]

We denote the vector space of p -forms at a point x by A P, and the collection of p -form
fields by A . Note that A = {0} if p > n and dim AP
n! /p !(n - p)! for
X
p=
0 :_5 p :_S: n . If we take the outer product of a p-form u~a, . . . ap and a q-form µ b, • . . bq
we will get a tensor of type (0, p + q) ; but since this tensor will not, in general, be
totally antisymmetric , it is not a (p + q)-form . However , we can totally antisymmetrize this tensor , thus producing a map A : AP p X Aq --+ Ap+4 via

A

),

~CU / \ ~.L a . . .aP y . . . y q =
l

(P + 4) !
P• 9 •

"a 1

. . .aPI- Lb ~ . . .bq]

(B . 1 . 2)

-

(If p + q > n, this tensor, of course, will be zero .) We define the vector space of
all differential forms at x to be the direct sum of the Ax ,
n

Az = P=O Ax

(B .1 .3)

The map A : Ax X Ax --+ Az gives Ax the structure of a Grassmann algebra' over the
vector space of one-forms .
If we are given a derivative operator, VQ, we could define a map from smooth
p-form fields to (p + 1)-form fields b y
( P a l - . aP -* (P + 1) V[8 coa, . . .app

(B . 1 . 4)

If instead we were given another derivative operator Da, we would obtain the ma p
CUaj . . .ap --~-

(P + 1) t[bwQ, . . .ap]

1 . See, e . g ., Bishop and Cri ttenden (1964) for the defi n ition of a Grassmann algebra .
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However, according to equation (3 .1 .14), we have
P
V(b[Ual . . .ap~ - Q[b Ct)Q . . . .apl = Z C dfg~j CU. . . . .Id . . .aPl = 0

(8 . 1 . 6

j= 1

since C`ab is symmetric in a and b. Thus the map defined by equation (B .1 .4) is
independent of derivative operator, i .e ., it is well defined without the presence of a
preferred derivative operator on M. We denote this map by d. In particular, we may
use the ordinary derivative, aa, associated with any coordinate system to calculate
d.
Since the index structure of differential forms is trivial, it is customary to drop the
indices when writing them ; e.g ., we write w instead of coa . . . .ap and write to A µ
instead of (w A µ)a . . . . bq. (The only disadvantage in doing so is that we must
remember the dimensionality of the forms with which we are dealing .) We shall use
boldface letters for forms to avoid confusion with functions . We denote the
(p + 1)-form resulting from the action of the map d : AP --* Ap+' on the p-form to
by dw.
An important property of the map d is that d' = d o d = 0 . This result, known as
the Poincare lemma, follows from the fact that we can compute d using an ordinary
derivative operator . Indeed, restoring the indices, we have for an arbitrary smooth
p-form to,

{dZ( ,)v,Q, . . .ap = (p + 2)(p + 1) O~8 a, u,Q, . . .apj = 0

(B . 1 . 7)

because of the equality of mixed partial derivatives in R" .
Conversely, it can be shown (see, e .g ., Flanders 1963) that if one has a closed
p-form, i .e., a p-form a satisfying da = 0, then locally (i.e ., in any open region
diffeomorphic to R") this form is exact, i .e ., there exists a (p - 1)-form /3 such that
a = d/3 . However, in general this result is not valid globally . Indeed, an important
theorem in algebraic topology due to de Rham establishes that the dimension of the
vector space of closed p-forms modulo the exact p-forms equals a topological
quantity : the pth Betti number of the manifold . '

B .2 Integration
Let M be an n-dimensional manifold . At each point x E M, the vector space of
n-forms will be one-dimensional . If it is possible to find a continuous, nowhere
vanishing n-form field E = E~Q~ . . .and on M, then M is said to be orientable and E is
said to provide an orientation .3 Two orientations e and E' are considered equivalent
if E = fE', where f is a (strictly) positive function, so any orientable manifol d

2 . Roughly speaking, the pth Betti number of M is the number of independent p-dimensional
boundaryless surfaces in M which are not themselves boundaries of (p + 1)-dimensional regions . For
more details, including a complete statement and proof of de Rham's theorem, see, e .g ., Warner (1971) .
3 . For the case where M is an n-dimensional surface in the Euclidean space IF8"+', this definition of
orientability is equivalent to the more intuitive notion that there exists a consistent (i .e ., continuous)
choice of normal vector u ° to M : If a continuous nonvanishing u ° exists, then e =
u °' provides
an orientation of M, where e is an orientation of IF8"' . Conversely, if M is orientable, then
gal . . ' °"* Eon , ,
. aR provides a continuous normal vector .
I
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possesses two inequivalent orientations, usually referred to as "right handed" and
"left handed ." It is easy to check that the manifolds R" and S ' are orientable . Indeed,
it is not difficult to show that every simply connected manifold is orientable . (As
discussed further in chapter 13, a topological space is said to be simply connected
if every closed curve can be continuously deformed to a point . R" and S ' form ? 2
are simply connected .) Furthermore, the product of any two orientable manifolds is
orientable . Thus, we obtain a wide class of examples of orientable manifolds . On the
other hand, the Mobius strip [defined as R2 with the identification
(x, y) = (x + 1, -y)] provides a simple example of a nonorientable manifold .
We will define the integral of a continuous (or, more generally, a measurable4)
n-form field a over an n-dimensional orientable manifold (with respect to the orientation E) as follows . We begin by considering an open region U C M covered by a
single coordinate system qi. If we expand E in the coordinate basis of qr, we will
obtain
e = hdx' A . . . A dx"

(B .2 .1)

(i.e . Ea, . . .an = n! h(dx') [Q, • • • (dx") a„ ) , where the function h is nonvanishing . If
h > 0, the coordinate system, qi, is said to be right handed with respect to E; if
h < 0, qi is called left handed . We may also expand a in the coordinate basis ,
thereby obtaining

a - a(x', . . . , x")dx' A . . . A dxn (B .2 .2)
If oft is right handed, we define the integral of a over the region U b y

fu o [U]

(B .2 .3)

where the right-hand side is the standard Riemann (or Lebesgue) integral in ff8" . If
qi is left-handed, we define fu a to be minus the right-hand side of equation (B .2 .3) .
First, we note that fu a is independent of the choice of coordinate system, 4,,
covering U; namely, if we had used a different coordinate system 41 ' to cover U, then
the expansion of a in the new coordinate basis would b e
(B .2 .4)
But it follows from the tensor transformation law, equation (2 .3 .8), tha t
ax µ
a' = a det ax, v )

(B .2 .5)

The standard law for transformation of integrals in !18" then shows that our definition,
equation (B .2 .3), is coordinate independent .
To define the integral of a over all of M, we use the paracompactness property of
M . As discussed at the end of appendix A, a paracompact manifold can be covered
by a countable collection {O; } of locally finite coordinate neighborhoods such tha t
4 . a is said to b e measurable if for all charts its coordinate basis compone nts are Lebesgu e measurable
functio n s in R" .
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each 0i is compact . Fu rthermore, a partition of unity { f }subordinate to this covering
will exist . If I fO,[ o jf,~ I a j I dx' . . . dx" < cc , we say a is integrable and we define

fMIO,

a ~

(B .2 .6)

It can be shown that this definition is independent of the choice of covering {O ; }and
partition of unity {f} and thus properly defines fMa.
We can use the above definition of integration on manifolds to define the integral
of p-forms on M over well behaved, orientable p-dimensional surfaces in M. First,
we must define more precisely the notion of a "well behaved surface ." Let S be a
manifold of dimension p < n . If 0 :S -+ M is C ' , is locally one to one-i .e., each
q E S has an open neighborhood 0 such that 0 restricted to 0 is one-to-one-and
0' : 0 [O] --+ S is C ' , then OLS] is said to be an immersed submanifold of M . If,
in addition, 0 is globally one-to-one (i .e ., O [S] does not "intersect itself"), then
O[S] is said to be an embedded submanifold of M. (In some references the additional
condition is imposed on embedded submanifolds that O :S -> O [S] is a homeomorphism with the topology on O [S] induced from M. Roughly speaking, this
additional condition ensures that O [S] does not come arbitrarily close to intersecting
itself.) We shall use the notion of an embedded submanifold as our precise notion
of a "well behaved surface" in M. An embedded submanifold of dimension (n - 1)
is called a hypersurface .
For an embedded submanifold, there is a natural manifold structure on O [S]
obtained via 0 from the manifold structure on S . Thus, at each q E O[S], the
tangent space W. for O[S] is defined . This tangent space is naturally identified with
ap-dimensional subspace of Vq, the tangent space of q in M. Thus, a p-form /3 in M
at q naturally gives rise to a p-form (3 on (P [S] by restriction of the action of /3 to
vectors lying in W . The integral of f3 over the surface O[S] may then be defined as
simply the integral of the p-form %3 over the p-dimensional manifold O [S] .
An important special case of an embedded submanifold arises when O[S] is the
(n - 1)-dimensional boundary, 1V, of a closed region N C M such that N is a
"manifold with boundary ." Here, the notion of an n-dimensional manifold with
boundary, N, can be defined in the abstract in the same way as a manifold (see
chapter 2) except that !18" is replaced by "half of R"," i .e., by the portion of R" with
x' ~=-- 0. The boundary, IV, of N is composed of the set of points of N which are
mapped into x' = 0 by the chart maps . Note that these chart maps of N with x' set
to zero give 1V the structure of an (n - 1)-dimensional manifold without boundary .
Note also that int(N) = N - 1V is an n-dimensional manifold without boundary .
If N is an orientable manifold with boundary, then an orientation on N induces a
natural orientation on the boundary as follows : We consider the coordinate systems
on 1V which arise from deleting the first coordinate, x', of a right-handed coordinate
system on N in the family of charts that makes N into a manifold with boundary . We
wish to define an orientation on 1V which makes these coordinate systems be "right
handed ." In order to do so, we verify first that the Jacobian, det(ax' 1'/ax "), is
positive in the overlap region of any two such coordinate systems . Then, we choose
a partition of unity (F, U,) of 1V, where each U; is a coordinate neighborhood of this
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type . Finally, we define eon 1V by E = I F dx? - • • Al . Then E is continuous and
nonvanishing and thus defines the desired orientation of N. Having defined the
orientation of 1V, we may now state one of the most important results concerning
integration on manifolds, the proof of which can be found in many references (see,
e.g ., Flanders 1963) .
THEORE M B .2.1 (Stokes's theorem) . Let N be an n-dimensional compact oriented
manifold with boundary and let a be an (n - 1) form on M which is C' . Then

I

da =

m t(N )

I. a

( B .2 .7)

Integration of functions on an orientable manifold M can be accomplished if one
is given a volume element, that is, continuous nonvanishing n-form E. (A volume
element differs from an orientation in that orientations are considered equivalent if
they differ by positive multiples whereas volume elements are not .) The integral of
f over M is defined by

fM f -

IM

(B .2.8)

fE

where the integral of the n-form fE was defined previously . 5
If one is given only the structure of a manifold, M, there is no natural choice of
volume element . However, if M has a metric, gab, defined on it, then a natural choice
of e- is specified up to sign (i .e ., up to choice of orientation) by the conditio n
Ea l . . . aR EQ`

. . . an =

(B .2.9)

(- 1)'n! ,

where s is the number of minuses appearing in the signature of gam . (Thus, s = 0 for
a Riemannian metric, while s = 1 for a Lorentzian metric .) Note that differentiation
of equation (B .2 .9) using the derivative operator, Da, associated with the metric
implies that

which, in turn, implies that
(B . 2 . 11 )

Qb Ea, . . . an = 0

since QbEa . . . . an is totally antisymmetric in its last n indices and E °1 aII is nonvanishing . It is also worth noting tha t
Eal . . .a.

,
_ i sn l 5[a l b'5a 2 62
Eg . . .bn = (
)

San 'b„

~

(8 . 2 .1 2

where Sab is the identity map on the tangent space . Equation {B .2.12} follows from
the fact that the tensors of type (n, n) on an n-dimensional manifold which are totally
antisymmetric in all lower and all upper indices form cone-dimensional vector space
and thus must be proportional to the antisymmetrized product of fi°b tensors ; the
5 . Integration of fun ctio n s on a no n orientable manifold can be defined by choosing a con t inu ous
"n-form modulo sign" E' and performing integrals offE' over each of the local coordinate neighborhoods
by choosing the sign of E' which makes the coordinate system "right handed" with res pect to it .
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constant of proportionality is fixed by the normalization condition (B .2.9) . Contraction of equation (B .2 .12) over j of its indices yield s
Ea, . . .Qjal+I . . .an Ea

b

1 " ' aj j + 1 " '

bn = (-1)S(n - J)! j' 8[a;+ .bj + l

Sa^ I bn

(B .2 .13 )

Equation (B .2 .9) implies that the components of e in a right handed orthonormal
basis are

1 (-1)P if all µ ; are distinct
0 otherwis e

Eµ~ µrt

(B .2.14)

where P is the signature of the permutation (1, . . . , n) --o- (µ,, . . . , µn) . In a
coordinate basis, the components of e satisfy
b71 L ] v l
fA l , - -

g Fl n vn Ell l . . . ; yn EyI . . .yn =

( - 1)Sn l (B .2 .15)

vn

But the left-hand side of this expression is just (n!)( E12 . . .,,)2 times the determinant of
the matrix (g µ% and det(g µ') = 1 /det(gµ,) . Thus , choos ing the plus sign appropri ate for a ri ght handed coordinate system , we find
E12 . . .n = [( - 1)S det(S",) ] 1 12 = N/_Jg_J
(B .2. 16 )
where g = det(g,,v) . Thus, in any (right handed) coordinate basis, the natural volume
element defined by equation (B .2 .9) takes the form

E = g dx'A . . . Adx"

(B .2.17)

Using the natural volume element E associated with a metric, we can convert
Stokes's theorem, equation (B . 2 .7), into a "Gauss's law" form . Let N be an oriented,
compact n-dimensional manifold with boundary . Let gab be a metric on N with
associated volume element E. Given any C' vector field v°, we obtain an
(n - 1)-form a by

We have
ld a~ca ~ . . . an-1 - I10 [c IEGbl a l . . . an- I 1 v

b

= fl Eb[Q, . . .a„_,vc]vb ~

1 8 .2. . 1 9

where equation (B .2 .11) was used . On the other hand any totally antisymmetric
tensor of type (0, n) must be proportional to e, s o
Eb[a l . . .an-1 0,] 1Jb = j1Eca l . . .an-1

(B . 2 .20)

The function h may be evaluated by contracting with and using equation
(B .2.13) . We obtain
V

8vb= nh

Thus, we fi nd

(B .2.21)
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and thus Stokes's theorem states that

I

.€bai . . .aniV '
at cN>

J

where the natural volume element c on N is understood in the integral on th e
left-hand side of equation (B .2.23) .
The right-hand side of equation (B .2 .23) can be reexpressed as follows . The
metric gab on N induces a tensor field ha8 on AT by restriction of g ab to vectors tangent
to R. If hab is nondegenerate-which will be the case if N is not a null surface-we
may use it to define a volume element E on R. It is not difficult to show that
1
n Eat . . . a. = fljQj Eat . . . aj

9

(B .2 .24)

where nb is the unit normal to N and is chosen to be "outward pointing" if spacelike
and "inward pointing" if timelike in order that E be of the orientation class used in
Stokes's theorem . Contracting Va into both sides of equation (B .2 .24) and restricting
the resulting (n -1)-forms to vectors tangent toN, we obtai n
E bal . .

1
ilgiJb) Cal . .
.an-1 )b = (
.an- 1

(B .2 .25 )

where we view both sides of this equation as forms on N Thus, if 1V is not null, we can
express Stokes's theorem in the form .
Jjnt(J

l ava - L

naves

(B.2.26)

for all C' vector fields v° where the natural volume elements e and E on int(N) and
N, respectively, are understood . Of course, if 1V is null, equation (B .2.23) still
applies . Furthermore, in the null case, if we choose any E on N in the orientation class
used in Stokes's theorem and define n° to be the normal to 1V such that equation
(B .2.24) holds, then Stokes's theorem again takes the form (B .2.26).

B.3 Frobenius's Theore m
Let M be an n-dimensional manifold . An issue which arises frequently is the
following : At each point x E M we are given a subspace W C V of the tangent
space V with dim WX = m < n . The subspace Wx is required to vary smoothly with
x in the sense that for each x E M we can find an open neighborhood 0 of x such
that in 0, W is spanned by C ' vector fields . We denote the collection of subspaces
W by W . We wish to know whether we can find integral submanifolds of W, i .e .,
whether through each point x we can find an embedded submanifold S such that the
tangent space to this submanifold at each y E S coincides with W. An important
special case of this general problem arises when one has a metric on M and wishes
to know if a vector field ~a is orthogonal to a family of hypersurfaces (see, e .g .,
section 6 .1), i .e ., whether the (n - 1)-dimensional subspaces, W, orthogonal to e a
are integrable .
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If the subspaces W are one-dimensional, the above problem reduces to that of
finding integral curves of a smooth vector field v° . As discussed in section 2 .2, such
integral curves always can be found . However, if dim W > 1, it is possible for the
W-planes to "twist around" so that integral submanifolds cannot be found . To see that
this is the case, we note that if we could find integral submanifolds, we could span
W in a neighborhood of any point by coordinate vector fields X ;, . . . , Xm in M such
a
that [Xµ, X„] = 0 . Since any two vector fields Y°, Z which lie in W can be expressed
as linear combinations of these coordinate vector fields, this implies that for all Y',
Z° E W we have
[YI Z I = ElA+ Xl+ e g v Xv ] = E If. X., ( g v)
µ. v

( ))Xy

SfiXµ fv

E W

( 8 .3 . 1 )

u, v

If W satisfies the property that [Y, Z]° E W for all Ya, Za E W, then W is said to be
involute . We have just shown that a necessary condition for W to possess integral
submanifolds is that it be involute . Conversely, it can be shown (see, e .g., Bishop
and Crittenden 1964) that this condition is also sufficient . This result is known as
Frobenius's theorem .
TYHEoxEm B .3 .1 (Frobenius's theorem; vector form) . A necessary and sufficient
condition for a smooth specification, W, of m-dimensional subspaces of the
tangent space at each x E M to possess integral submanifolds is that W be
involute, i .e ., for all Y°, Z° E W we have [Y, Z]a E W .
Frobenius's theorem also has a dual formulation in terms of differential forms .
Given W C U as above, we can consider the one-forms to E U* which satisfy

coaXa = 0

(B .3 .2)

for all Xa E W. It is not difficult to see that such W's span an (n - m)-dimensional
subspace, T` C U*, of the dual tangent space at x. Conversely, an
(n - m)-dimensional subspace T' of V` defines an m-dimensional subspace WX of U
via equation (B .3.2) . Thus, we may reformulate our above question in berms of T `:
Under what conditions does a smooth specification, T", of (n - m)-dimensional
subspaces of one-forms at each point have the property that the associated tangent
subspaces W (consisting at each x of all vectors X° satisfying coaXa = 0 for all
cop E Tx*) admit integral submanifolds ?
According to Frobenius's theorem, integral submanifolds will exist if and only if
for all coa E T* and all Ya, Z° E W (so that cva Ya = coa Z° = 0), we hav e

Wa [y
To see what this implies for cvQ, we substitute our expression (3 .1 .2) for the commutator in terms of an arbitrary derivative operator Va to obtai n
(
)
fl = CUa Y bVb Za - Zbvb ya
_

b(,,
- Z° Yb Og CUQ + yaZ bO
Q

= 2Y°Zb V[b(dal

(B .3 .4)
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However, equation (B .3 .4) can hold for Y' and Z° in the subspace annihilated by T*
if and only if V[acvb] can be expressed as
n- m

«= i
where each v" is an arbitrary one-form and each µ ' E T* . Thus, we can reformulate
Frobenius's theorem in terms of differential forms as follows :
THEOREM B .3 .2 (Frobenius's theorem ; dual formulation) . Let T* be a smooth
specification of an (n - m)-dimensional subspace of one forms . Then the associated m-dimensional subspace W of the tangent space admits integral submanifolds if and only if for all to E T' we have dW = y µ a A v', where each
µ a E T* .
The dual formulation of Frobenius's theorem gives a useful criterion for when a
vector field ~a is hypersurface orthogonal . Letting T* be the one-dimensional subspace spanned by & = gab ~b, we see that ~° will be hypersurface orthogonal if and
only if V[a &] = ~ [avbl (where we have set µQ = & since T * is one-dimensional) . This
latter condition is equivalent to e[ a Vbf,] = 0, and thus we see that the necessary and
sufficient condition that ~° be hypersurface orthogonal is

APPENDIX C

MAPS OF MANIFOLDS, LIE DERIVATIVES, AND KILL ING
FIELD S

This appendix deals with topics related to the maps induced on tensor fields by maps
between manifolds . As will be shown in section C. 1, if we have a map , O :M -+ N,
between manifolds M and N, we c an use 0 to bri ng upper index tensor fields from
M to N and lower index tensor fields from N to M . If 0 is a diffeomorphism , all types
of tensor fields can be carried from M to N or from N to M. An impo rtant special case
of this result occurs when dir : M --+ M is a one-parameter family of diffeomorphisms
generated by a vector field v°. We can compare a given tensor field with the new
tensor field that arises from the action of 0, for small t. As will be shown in section
C .2, this gives ri se to the notion of the Lie deri vative with respect to the vector field
va. Finall y, a vector field which generates a one-parameter group of isometries is
called a Killing vector field . Using the general formulas for Lie derivatives , an
equation for Killing fields is easily obtained and some impo rtant properties of them
are derived in section C . 3 .

C.1 Maps of Manifolds
Let M and N be manifolds (not necessarily of the same dimension) and let
O :M- -> N be a C°° map. In a natural manner, 0 "pulls back" a function f:N--* If8 on
N to the function fo (A : M--+ !f8 obtained by composing f with 4i . Similarly, in a
natural way, 0 "carries along" tangent vectors at p E M to tangent vectors at
gy(p) E N-i.e ., it defines a map 0* :Vp-+ Vo(P)-as follows : For v E Vp we define
(k'v E Vo(P) by

for all smooth f: N --+ ff8, where we have dropped the vector indices on v and O*v
since that notation is inconvenient here . It is easy to check that O'v satisfies the
properties required of a tangent vector at di (p) and thus equation (C .1 .1) properly
defines the map 4i' . Note that qi* is linear and may be viewed as the "derivative of
0" at p . [The matrix of components of qi* in the coordinate bases of a coordinate
system {x "} at p and a coordinate system { y µ} at qi (p) equals the Jacobian matrix of
the map 4) between the coordinates, i .e., (0)µ„ = dy"ldx ".] By the implicit function theorem, qi : M -+ N will be one-to-one in a neighborhood of p if (A* : U -+ Vo( P )
is one-to-one .
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Similarly, we can use (A to "pull back" dual vectors at 4) (p) to dual vectors at p.
We define the map 4i* : V;(P) --> VP' by requiring that for all v ° E V p,

We can extend the action of 0, to map tensors of type (0, 1) at di(p) to tensors of
type (0, l) at p by
(0# T)a , . . . a, (U ,)°l . . . ( U 1) ° , = TQ, . . . al ((A* U j) a t

(4) V ) ,
* l a

( C . 1 . 3)

Similarly, we can extend the action of 0' to map tensors of type (k, 0) at p to tensors
of type (k, 0) at 0 (p) by
) , . . .bkl
(O* T b
N'l~bt

(N'k)bk = T

bi - . .bk(0

rN'l)bj

.

.

. (O

(
.Ia'k)bg

C . 1 .4)

(By eq . [C .1 .2], this is consistent with our original definition of di` on vectors .)
However, in general we cannot extend 0` or 0# to mixed tensors since di* does not
know how to "carry along" lower index tensors, while di* does not know how to "pull
back" upper index tensors .
As defined in chapter 2, a C°° map 0 : M -+ N is said to be a diffeomorphism if it
is one-to-one, onto, and its inverse is C . If 0 is a diffeomorphism (which necessarily
implies dim M = dim N), then we can use 0-' to extend the definition of 0* to
tensors of all types by using the fact that (0-')* goes from Vo(P) to V p . If T bj ' ' ' bka, . . . al
is a tensor of type (k, 1) at p, we define the tensor ( qi* T )b 1 . . . bkQI . . .a, at gy(p) by ,
, g . . . bkal
(O # 7 ) l
. . . al(AI)b, (I4) bk l t 0al
Tbl .

. bkQ'

(0a1
. . . al

( (P. ►u 0 b,

Q10- 11 *tr)°`

(C .1 .5)

Similarly, we could extend the map di* to all tensors . However, it is not difficult to
show that 0, =
so we need only consider 0 ' and (dill)' .
If O :M -+ M is a diffeomorphism and T is a tensor field on M, we can compare
T with 4)*T. If 07 = T, then even though we have "moved T" via 4), it has "stayed
the same." In other words, 0 is a symmetry transformation for the tensor field T. In
the case of the metric gab, a symmetry transformation-i .e., a diffeomorphism 0
such that (4)`g)ab = gab-is called an isometry .
We have already remarked in chapter 2 that if (A : M --+ N is a diffeomorphism,
than M and N have identical manifold structure . If a theory describes nature in terms
of a spacetime manifold, M, and tensor fields, P1 , defined on the manifold, then if
O :M -+ N is a diffeomorphism, the solutions (M, T(')) and (N, (A'V~) have physically identical properties . Any physically meaningful statement about (M, T(')) will
hold with equal validity for (N, qi'T(')) . On the other hand, if (N, T'(`)) is not related
to (M, P') by a diffeomorphism and if the tensor fields T (') represent measurable
quantities, then (N, T'(0) will be physically distinguishable from (M, P) . Thus, the
diffeomorphisms comprise the gauge freedom of any theory formulated in terms of
tensor fields on a spacetime manifold . In particular, diffeomorphisms comprise the
gauge freedom of general relativity .
It is worth noting that an alternative viewpoint on diffeomorphisms can be taken .
Above, we have discussed diffeomorphisms without introducing or making any
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reference to coordinate systems . We have taken an "active" point of view by associating with 0 a map from tensors at p to tensors at 0(p). However, if we are given
a coordinate system {x"} covering a neighborhood, U, ofp and a coordinate system
{yµ} covering a neighborhood, V, of gy(p), we may take the following "passive"
point of view . We may use 0 to define a new coordinate system x'µ in the neighborhood 0 = 0-'[V j of p by setting x'"`(q) = y µ( O (q)) for q E O . We then may
view the effect of 4) as leaving p and all tensors at p unchanged, but inducing the
coordinate transformation xµ --* x'-". This "passive" point of view on diffeomorphisms is, philosophically, drastically different from the above "active" viewpoint, but, in practice, these viewpoints are really equivalent since the components
of the tensor 4i* T at 0 (p) in the coordinate system { y µ} in the active viewpoint are
precisely the components of T at p in the coordinate system {x'"`} in the passive
viewpoint .

C.2 Lie Derivative s
Let M be a manifold an d let 0, be a one-parameter group of diffeomorphisms . As
discussed in section 2 . 2 , 0, will be generated by a vector field, v°. By the results of
the previous section , we can use Ot * to carry a long a s mooth tensor field T °, - , °kb , • • • b, •
Comparison of T a ~ , - akb 1 • • • bl and 0 * r T a, . . . akbl • . • bl for small t gives ri se to the notion
of the Lie de ri vative , £,,, with respect to v°. More preci sely , we define £„ by
£U7,a~ . . . akb,

. . . g~ =

lim

0

► t7, a , . . .akbl

t-~0

. . .b

, - 7' Q , • . . okbl
. . . bi
t

I

l/C .2, . 1

where all tensors appearing in equation (C .2 .1) are evaluated at the same point p .
Note that the vector index on v° is dropped in the symbol £U since its presence could
lead to confusion .
It follows immediately from its definition, equation (C .2 .1), that £, is a linear map
from smooth tensor fields of type (k, 1) to smooth tensor fields of type (k, 1) . It also
is not difficult to show (see eq . [C .2.4] below) that £, satisfies the Leibnitz rule on
outer products of tensors . Furthermore, since v° is tangent to the integral curves of
dig, for functions f:M - * fF8 we hav e

Note also that £„ T Q , ' ' ' °kb, . . . b, = 0 everywhere if and only if for all t, 0, is a symmetry
transformation for T ai , * - °kb , • • • b l •
To analyze the action of £„ on an arbitrary tensor field, it is helpful to introduce
a coordinate system on M where the parameter t along the integral curves of v ° is
chosen as one of the coordinates x 1, so that v° = (a/ ax 1)° . (This always can be done
locally in any region where v° 0 0 .) The action of 0, then corresponds to the
coordinate transformation xl --+ x' + t, with x z, . . . , x" held fixed . From the parenthetical remark below equation (C .1 .1), we have ( 0')µv = S µv and hence, the coordinate basis components of 4i * t T °' ' ' . °kb, • • • b , at the point p whose coordinates are
(XI, . . . , X n) are

(0 * rT µ1

. . . ukV1

. . . ,,XX 1 ,

' 1
, xn ) = 7 1

. . . kV
(
A
1 . . .y1 X l +

t, X z,

,X

)

. (C. 2. 3)
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Consequently, the components of the Lie derivative of T" ' ' ' °kb, • • . b~ in a coordinate
system adapted to va are simply
Ul µ I

V1,

- V1

. . ' µgv
. . . vl

ax

Thus, in particular, fit will be a symmetry transformation of T°, * * " kb . . . . b, if and only
if the components T", ' ' * "k,,, . . . „, in a coordinate system adapted to v ° are independent
of the integral curve coordinate x` .
We can obtain a coordinate independent expression for the Lie derivative of a
vector field w° by noting that in an adapted coordinate system we have by equation
(C .2 .4),
awµ
~„wµ
dx 1

=

(c . 2 .5)

On the other hand, since va = (a/ax`)° and w' = I w "(a/axµ)°, the commutator of
µ
V' and w" is given by
r V' w l µ

A~

- wv
(v"-ax"
ax
awµ
µ~

dW µ
dxT

(C .2 .6)

Thus, we find that the components of £„w° and [v, w]° are equal in an adapted
coordinate system . However, since both of these quantities are defined in a
coordinate-independent manner, we obtai n

which is the coordinate-independent formula we sought for the Lie derivative of a
vector field .
The action of the Lie derivative on all other types of tensor fields is determined
by equations (C .2 .2), (C .2 .7) and the Leibnitz rule . For example, for a dual vector
field, µa, we have by equation (C .2.2)

where w" is an arbitrary field . On the other hand , by the Leibnitz rule and equation
(C. 2 .7), we have,
£v(Aax'a) = K'a£vAa + A

. [V, w]a -

(C .2 .9 )

From the equality of the right sides of equations (C .2 .8) and (C .2 .9) we obtain a
formula which determines £UµQ . This formula is most conveniently expressed in
terms of a derivative operator . If Da is an arbitrary derivative operator on M, we have
by properties (4) and (2) of the definition of derivative operator (see section 3 .1 )
v ( lIawa ) =

(A
vb Qb

_ 'D bW a

aK'° )

Vb tL

a

+

U b/.Ga Ob W

a

(C . 2 . 10)
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On the other hand , we showed previously (see eq. [3 . 1 . 2]) that
[V,W]a

= U bOb W a - W b06U°

(C . 2 .11 )

Thus, we find
V byy aQb N'a + v b N'a 7byy ° = yy ' ,~ v N'a + /,1'a'D b06W °

~.l a W b06 U ° ,

(C.2 .12)

i .e.,
,fU µa

= v bVhµa

+

( C .2, . 13)

µb 0a'U b

More gener al ly for an arbi trary tensor field T ai ' kkb, • • • b, we find by induction that
. . .ak
. . . at
7' a l b
£v
T ° ~ b~•b~
= U 'V c
,

Ta,

. . . b, -

. ..

C..

. ak

b~ ••• b~

O va l
c

j= 1
I

+ 7,Q . . .akb'

l

. . . c . . . 6I 061 'D

C

( C . 2 . 1 4)

j= 1

Again, we emphasize that equation (C .2.14) holds for any derivative operator Da .
Finally, we already remarked in section C .l above that if 4) :M--+M is a diffeomorphism, then (M, gab) and (M, O`g ab ) represent the same physical spacetime . If
we consider a one-parameter family of spacetimes (M, gab (A)), then (M, Ok* gab (, l))
represents the same physical one-parameter family, where Ok is an arbitrary oneparameter group of diffeomorphisms . If, as in sections 4 .4 and 7 .5, we consider the
first order perturbation of gabi k-o obtained by differentiating gab(A) with respect to
A at A = 0, we find that yab = dgab/dA Ia=o and Yab = d(OaSab)IdA la-o represent
the same physical perturbation . But, it is not difficult to see tha t

where v° is the vector field which generates OA and gab = g ,,b (,k = 0) . Thus, the
gauge freedom in perturbations, yam, is given by £vg ab , where v° is an arbitrary vector
field . Furthermore, by equation (C .2.14) we hav e
£uga b = vcOcgab + gcbVavc + gacVbv

c

where the second line of equation (C .2 .16) holds when Va is the derivative operator
associated with gab . Thus, the gauge transformations of linearized general relativity
about a solution gab are

yab __+ y; =yam - Daub - obvQ

(C. 2.17)

This is closely analogous to the gauge freedom Aa -+A,,' = Aa - DaX of electromagnetism .

C.3 Killing Vector Field s
If 0t :M --+ M is one-parameter group of isometries, Ot* gab = gab, the vector field
~° which generates 0, is called a Killing vector field . As already remarked below
equation (C .2 .2), the necessary and sufficient condition for 0, to be a group of
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isometries is £~ga = 0 . Thus, according to equation (C .2.16), the necessary and
sufficient condition that f° be a Killing field is that it satisfy Killing's equatio n

Da ub + Obfa = 0

(C . 3 . 1 )

where 0a is the derivative operator associated with gab.
One of the most useful prope rties of Killing vector fields is given in the following
proposition .
PROPOSITION C .3 . 1 . Let f° be a Killing vector field and let y be a geodesic w ith
tangent u ". Then !~Qu° is constant along y.
Proof. We have
ubVb ( ~aua) - ubU' Qb & + &Ub

Qbu a

= 0

(C . 3 . 2)

since the first term vanishes by Killing's equation (C .3 . 1) and the second term
vanishes by the geodesic equation . ❑
Since in general relativity timelike geodesics represent the spacetime motions of
freely falling particles and null geodesics represent the paths of light rays, proposition C .3.1 can be interpreted as saying that every one-parameter family of symmetries gives rise to a conserved quantity for particles and light rays . This conserved
quantity enables one to determine the gravitational redshift in stationary spacetimes
and is extremely useful for integrating the geodesic equation when symmetries are
present (see section 6 .3) .
Another useful formula relates the second derivative of a Killing field to the
Riemann tensor . By definition of the Riemann tensor, we hav e
Va06 fc - Vb Va fc

=

Rab cd~d

( C .3 .3 )

On the other hand, by Killing's equation, we can rewrite equation (C .3 .3) a s
Qa Vb ~c + Ob

Vc ~a

f

- Ra bcd d

(C .3 .4)

If we write down the same equation with cyclic permutations of the indices (abc),
and then add the (abc) equation to the (bca) equation and subtract the (cab) equation,
we obtain
2 QbOc 6a

-

=

(R abcd + R ead - Rcab d)fd
-2Rcabd ~d

,

(C. 3 .5)

where the symmetry property (3 .2 .14) of the Riemann tensor was used in the last
equality . Thus, for any Killing field f°, we obtain the formula
Qa Qb ~c

=

-R bcadfd

( C .3 .6)

An important consequence of equation (C .3 .6) is that a Killing field, °, is
completely determined by the values of f° and Lab = Vaeb at any point p E M ;
namely, if we are given (e°, Lab) atp, then (~°, Lab) at any other point q is determined
by integration of the system of ordinary differential equations
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f
~ a ~a
'U QVaL bc

b

= V

( C .3 . 7 )

aLab ~

= - R bca % v '

,

( C . 3 .g )

along any curve connecting p and q, where va denotes the tangent to the curve .
Immediate corollaries of this result are (i) if a Killing field and its derivative vanish
at a point, then the Killing field vanishes everywhere, and (ii) on a manifold of
dimension n, there can be at most n + n(n - 1)/2 = n(n + 1)/2 linearly independent Killing fields [and, thus, at most an n (n + 1)/2 parameter group of isometries],
since this is the dimension of the space of initial data for (~°, Lam) .
It is worth noting that if we contract equation (C .3 .6) over a and b, we find
0° %6,

=

-R cd

e

d

( C . 3 .9 )

Thus, in a vacuum spacetime, Rid = 0, f° satisfies the source-free Maxwell equation
(4.3 .15) for a vector potential in the Lorentz gauge . (There is a sign difference in the
Ricci tensor term between eqs . [4 .3 .15] and [C .3 .9], so Maxwell's equation is not
satisfied when R,,bO 0 .) The Lorentz gauge condition VQ fa = 0 is also satisfied
because of Killing's equation, and thus all Killing fields in vacuum spacetimes give
rise to solutions of Maxwell's equation . Some solutions of physical interest can be
obtained in this way (Wald 1974b) .
In the case of a hypersurface orthogonal Killing vector field, Xa, we can obtain a
simple formula for VaXb . By Frobenius's theorem B .3 .2, there exists a vector field
va such that
Qa Xb = V[aXbfl = X[avb]

( C .3 . 1 0)

Assuming that Xa is not null, we may choose v° to be orthogonal to V . Contracting
equation (C .3 .10) with Xb, we obtai n
2 Da (X%) - - 2 v a XbXb

(C . 3 . 11 )

Hence, by solving equation (C .3 .11)for v° and substituting the result in equation
h
(C.3 .10), we find that an arbitrary hypersurface orthogonal Killing field X° Wit
X°XQ 0 0 satisfies
VaXb =

- X[a Qb] In I XcXc I

(C. 3 . 12)

Finally, we mention two generalizations of the notion of Killing vector fields .
First, a conformal isometry, 0, on a manifold, M, with metric, gam, is defined to be
a diffeomorphism 0 :M -+ M for which there is a function SZ such that
O `gab = SZZgab . (The fact that di is a diffeomorphism implies that fl is nonvanishing .
The case fl = 1, of course, corresponds to an ordinary isometry .) The infinitesimal
generator, 4i", of a one-parameter group, dir, of conformal isometries is called a
conformal Killing vector field . Clearly, the Lie derivative of g ab with respect to (p°
must be proportional to gpb. Thus, ~r° satisfies

0Q orb + 0b qrQ = agav

(C.3 .13)
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where 0Q is the derivative operator associated with gab . Taking the trace of equation
(C.3 .13), we evaluate the function a, thus obtainin g
V. orb

+

7b q1a

= n ( V ` ~,)g

b

(C . 3 .14)

where n = dim M. Equation (C .3 .14) is known as the conformal Killing equation .
In Proposition C .3 .1, we proved that for any geodesic with tangent ua and for any
Killing field ~°, the inner product, & u°, is constant along the geodesic . The same
calculation for a conformal Killing field yields
ub Ob

((

'au°)

V ` qr,)ubub
= 1(
n

(C .3 .15)

Thus , in general , qrQu ° is not constant along a geodesic . However , for a null geodesic
we have u bub = 0, so the right - hand side of equation (C . 3 . 15 ) vanishes . Thus ,
conformal Ki lling fields give rise to constants of motion for null geodesic s .
The second gener alization we mention of a Killing vector is that of a Killing
tensor . A Killing tensor field of order m on a manifold M with deri vative operator
% is defined to be a totally symme tric m-index tensor field , Kai . . . am = K(al . . . a.),
which satisfies the equation

Although equation (C .3 .16) is a natural generalization of Killing's equation (C .3 .1),
it should be noted that (aside from Killing vectors or Killing tensors formed from
products of Killing vectors) Killing tensor fields do not arise in any natural way from
groups of diffeomorphisms of M . However, Killing tensors share with Killing
vectors the property of giving rise to constants of the motion : A repetition of the
proof of Proposition C .3 .1 shows that for any geodesic y with tangent u°, the
quantity KQ , . . .amU " . . . Uam is constant along y. The Kerr metric (see chapter 12)
possesses a nontrivial Killing tensor Kab, and the constant of motion to which it gives
rise (together with the constants obtained from the two Killing vectors) enables one
to obtain all the geodesics explicitly .

APPENDIX D

CONFORMAL TRANSFORMATION S

Let M be an n-dimensional manifold with metric gab of any signature. If fl is a
smooth, strictly positive function, then the metric gab = SZzg ab is said to arise from
gab via a conformal transformation . It should be emphasized that a conformal transformation is not, in general, associated with a diffeomorphism of M . [As discussed
at the end of Appendix C, a diffeomorphism qi:M --+ M for which (fir*g)ab = SZzgab
is called a conformal isometry .] Conformal transformations occur in many contexts
in general relativity, in particular, in the definiton of asymptotic flatness (chapter 11) .
The derivative operator and curvature of gab are related in a relatively simple way to
those of gam. In this appendix we derive these relations and also discuss the behavior
under conformal transformations of solutions to some equations .
First, we note that in the case where gab is a Lorentz metric, a vector v° is timelike,
null, or spacelike with respect to the metric gab if and only if it satisfies the same
property with respect to gab . Thus, (M, gam) and (M, gam) have identical causal structure . Conversely, if the light cones of two Lorentz metrics gab and gab coincide at a
point p E M, then at p, gab must be a multiple of gam, gab = SZzgab . [Proof Let t°,
xi, . . . , xn_1, be an orthonormal basis of gab . Then to ± x° is null with respect to
gab and hence with respect to gam, which implies that, with respect to gam, to and x°
are orthogonal and their norms have the same magnitude. The fact that
ta + 2-' 12(x° + x;) is null for i * j then shows that x° is orthogonal to x, . Thus,
apart from a constant multiple, t°, x "t, . . . , xn_, is an orthonormal basis of gam .]
Consequently, if the spacetimes (M, gam) and (M, gob) have identical causal structure,
then gab must be related to g ab by a conformal transformation .
Since in the situation under consideration two metrics, gab and gab, are present,
confusion can arise as to which metric is being used to raise and lower indices . We
shall deal with this problem by explicitly writing the metric in all formulas in which
indices are raised or lowered. We shall denote the inverse metric to g ab as gab and
the inverse metric to gab as gab. Clearly, we have gab = SZ-zg` b , since then
g°bg, = gabg, = S°, . Note that gab is not equal to gab with indices raised by gab.
Let 0a denote the derivative operator associated with gam, and let Da denote the
derivative operator associated with gam . The relation between OQ and 0Q is given by
equations (3 .1 .7) and (3 .1 .28) . Reversing the roles of Va and ta in these equations (so that C` ab now is defined by taWb = VaCJb - C`ab W,), we find
Ccab

1 gcdlQa
= 2
gbd + Vbgad - Vdga b }
t

(D . 1)
445
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However, since OQg b, = 0, we hav e

Hence, we obtain
C cab

= fl

-

l gcdl
tgbdVafl + gad Vb ~

ga60dflJ

= 2S`(a0b) 1n fl „" gobe cdVd In fl

(D.3)

which expresses C`ab in terms of SZ and gab .
We can use equation (D .3) to compare the geodesics with respect to 0a with
those with respect to Da. The tangent, vQ, to an affinely parameterized geodesic y
with respect to Da satisfies
Va V

Hence, we have

c In fl

U aQQ'U b = 'p a Qa'U 6 + 'U ° C ba .'D c = 2'U b'D ,V

- (gac'U ' 'U ')g -- 4d

In

fl

(

D . S)

Thus, in general y fails to be a geodesic with respect to V . However, in the case of
a null geodesic, ga cv°v` = 0, equation (D .5) is just the (non-affinely parameterized)
geodesic equation (3 .3 .2) with a = 2v `V, In fl . Thus, null geodesics are conformally invariant, i .e., the null geodesics with respect to VQ coincide with those
with respect to t., with the affine parameter ~ for Da geodesics related to the affine
parameter A for %-geodesics by

dA =
c SZz
A

(D . 6)

where c is a constant .
The relation between the curvature, Rabcd, associated with t and the curvature,
R~cd, associated with Va is given by equation (7 .5 .8). Hence, using our formula
(D .3) for C`ab , we find
Rabc

d
d
d
e
d
,
= R~~
- ZO p C b]~ + ZC ~[Q C dg]

= R abc d + 25d[a Qbj Oc 111 fl - 2gdegc[aVb, Qe 111
+ Z ( Q [a In fl) Sdb]Oc In fl - 2 l Q[ a In fl)gb)cgdfVf In

- 28 c[a Sdb] g Of ( 0e In SZ) Vf In

11

(D .7)

Contracting over b and d, we obtai n
R, = R, - (n - 2) VQ Oc In fl - g, gde Vd Ve In SZ

+ (n - 2)(Va In SZ) 'V, In fl - (n - 2)g,,cSde(pd in SZ)Ve In fl

(D .8)

Contr acting Equation (D . 8) with g ' = fl -zg ,c' we obtain
h = fl -2{R - 2(n - 1)g "VaVc In f
l
- (n - 2)(n - 1)g Q`(C/o In SZ)C/c In SZ} (D . 9)
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where R = gRa6 and R = ga6Rab. Finally, from the definition of the Weyl tensor,
equation (3 .2 .28), we find that Ca6cd is unchanged by a conformal transformation of
the metric,
(D . 1 0 )

Cabe = Cabcd

(Note, however, that because it would be natural to use different metrics to raise and
lower indices on C,,bc d and Cabc d, the equality of Cabc d 8I1C1 Ca6cd depends crucially
on the index positions . For example, we have CQ6cd gde Cabce = f1'gde Cabc e =
S 12 Cakd .) Equations (D.8)-(D . 10) are the desired formulas expressing how curvature
is changed by conformal transformations.
Next, we analyze the conformal invariance of certain equations involving the
metric . An equation for a field tiY is said to be conformally invariant if there exists
a number s E R (called the conformal weight of the field) such that It is a solution
with metric gab if and only if LIB' = SVtiY is a solution with metric gab = ,f12 ga6• Many
equations for physical fields are conformally invariant, and the study of the behavior
of equations under conformal transformations also is useful for many mathematical
purposes .
As a first example, we show that the equatio n
abV

for a scalar field is not conformally invariant if dim M * 2 . (In the case of a
Riemannian metric, eq . [D.11] is a natural generalization of Laplace's equation to
curved space . For a Lorentz metric, eq . [D .11 ] is the massless Klein-Gordon equation considered in chapters 4 and 10 .) We have
a[V
= Q -2g ab

[ vAM50) - C ca 6 Vc 41~* ]

= fls-2g ab
•

S

Jj

Va ~6~ +

sf3

(2s + n

)!

- Z ,

s-3ga6vanV6

P

q) b
j
g 0a Dyf

• s(n + s

- 3

) fj s-4 4)g ab0a fj Ob fj

(D. 12)

Thus, if n = 2, we may choose s = 0 and equation (D . 12) then implies
ga6ta V6 O =0 if and only if ga60aVb o = 0 . However, if n :4 2, no choice of s will
make g°~~a06c~i vanish whenever gDaOb q) vanishes . Thus, equation (D. 11) is not
conformally invariant except in two dimensions .
However, for n > 1, it is possible to modify equation (D . 11) in a simple manner
so that it becomes conformally invariant . First, if we choose s = 1 - n/2 then
DQ fl Ob 4) term in equation (D . 12) will be eliminated . Using this choice of s and the
behavior of the scalar curvature, R, under conformal transformations given by
equation (D .9), we find that for n 0 1 the addition of the term aRO to equation
(D . 11) will cancel the O>g'Da VbS1 term and the 4)gabOa,fZ06,iZ in equation (D . 12)
provided we choose a = -(n - 2)/4(n - 1) . Thus, the equatio n
g°bDa 060 -

4~n - 1)

R4) =

0

( D . 1 3)
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is conformally invariant, with weight s = 1 - n/2, since we hav e
Da

(ga

t

n - 2

4(n - 1)

R

19

. Vb

n - 2
0 (D. 14)
4(n - 1) RI

Thus, equation (D. 13) provides a conformally invariant generalization to curved
geometry of the Laplace and Klein-Gordon equations in flat spaces .
Next, we demonstrate that Maxwell's equations ,

(D. 15)
~a Fb,] = 0

(D . 16)

are conformally invariant in four dimens ions . We have
g

1

Oc

(fj s Fab ) = fj -Zg ac

1vc ~~SFav)

- Ca a ~sFd6 ' -

C dc6

n

s ~'ad I

= SZS-zg'Vc Fab + (n - 4 + s)SZS-3g'FabOcfI

(D.17)

On the other hand, we hav e
Da ( fl SFv,]) = SZsV[a Fbl + s SZS- I (OCa fl)Fvc]

(D.18)

Thus, inspection of equations (D . 17) and (D . 18) shows that for n * 4 Maxwell's
equations fail to be conformally invariant, but in the physically relevant case of four
dimensions, conformal invariance holds with conformal weight' s = 0 .
Finally, we note the conformal invariance properties of the conservation equation ,

Da Tab = 0

(D.19)

for a symmetric tensor field Tab = T I. We hav e
pa (SZSTab) = Va (SZST aa) + C aaJPT~r, + C a,flST "

= SZSDa T°6 + (s + n + 2)SZsf ` TabDa SZ - SZS-'g b°T Da SZ

(D .20)

where T = gdT`d . Thus, we see that equation (D. 19) is not conformally invariant .
However, if we impose in addition to equation (D. 19) and Tab = Tba the requirement
that T = 0, then equation (D. 19) becomes conformally invariant with s = -n - 2 .
Conversely, suppose that the stress-energy tensor of a conformally invariant field is
itself conformally invariant in the sense that Tab --+ tab = SZ"'T°b under conformal
transformations of the metric and field variables . (This will be the case if Tab is
obtained by functional differentiation of a conformally invariant action with respect
to the metric [see appendix E] . We use the notation w rather than s here because the
conformal weight of TI need not be equal to the conformal weight of the field .) Then
1 . Note that for a ten sor fie ld, the assignm e nt o f conformal weight depends on index positio n s ; i . e .,
the c onformal we ig ht of Fab w o uld be s = -4 . An invarian t no tion o f co nformal weight is
s' = s - N, + N,,, whe re N, is the nu mber of "lo wer i nd ices" and N. is the numbe r of "upper indic es"
of the te nsor . Thu s, the invarian t conformal we ight of the Maxwe l l field is -2 .
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the conservation equation must be satisfied in both the original and conformally
transformed spaces . Hence, equation (D .20) shows that we must have T = 0 (as well
as w = -n - 2) . Thus, if the stress tensor of a conformally invariant field is
conformally invariant, its trace must vanish identically.

APPENDIX E

LAGRANGIAN AND HAMILTONIAN FORMULATIONS OF
GENERAL RELATIVITY

The dynamical content of general relativity is fully expressed by Einstein's field
equation, Gb = 8 ,rrTa6. Nevertheless, even in a purely classical (i .e ., non-quantum)
context, it is convenient and useful for many purposes to have Lagrangian and
Hamiltonian formulations of general relativity . For example, as we shall see below,
Einstein's equation can be derived from a very simple and natural Lagrangian, thus
contributing further to the aesthetic appeal of general relativity . The Hamiltonian
formulation yields insights into the nature of dynamics of general relativity . Indeed,
although we analyzed the initial value formulation of general relativity in chapter 10
using only the field equation, the viewpoint that Einstein's equation describes the
evolution of the spatial metric, ham, with "time" is perhaps best motivated via the
Hamiltonian formulation . In addition, the Hamiltonian formulation also motivates
the definition given in chapter 11 of the total energy at spatial infinity of an asymptotically flat spacetime .
However, an even stronger reason for studying the Lagrangian and Hamiltonian
formulations of general relativity arises from the desire to obtain a quantum theory
of gravitation . Although the entire content of a classical field theory is expressed by
the field equation, most prescriptions for formulating a quantum field theory associated with the classical theory require that the classical theory be expressed in a
Lagrangian or Hamiltonian form . In particular, the path integral formulation requires
that one have an action principle at the classical level-i .e., it requires a Lagrangian
formulation of the classical theory-while the canonical quantization procedure
requires that the classical field theory be cast in Hamiltonian form . Thus, the
Lagrangian and Hamiltonian formulations of general relativity may play an important role in the development of a quantum theory of gravity (see chapter 14) .

E. 1 Lagrangian Formulatio n
We begin our discussion by explaining what we mean by a Lagrangian formulation
of a field theory . Consider a theory involving a tensor field (or collection of tensor
fields) defined on a manifold M . We shall suppress all indices and denote the field
(or fields) by fir. Let S[ii] be a functional of car, i .e ., S is a map from field
configurations on M into numbers . Let 0„ be a smooth one parameter family of field
configurations starting from tk which satisfy appropriate boundary conditions . We
denote d PA/dA la=o by Ski . Suppose dS/da at h = 0 exists for all such one-parameter
450
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families starting from Oo. Suppose, furthermore, that there exists a smooth tensor
field X [which is dual to i/r, i .e ., if iJr is a tensor field of type (k, 1), then X will be
of type (1, k)] such that for all such families we have

d

(E . 1 . 1)

fm

where contraction of all indices in the integral is understood . Then we say that S is
functionally differentiable at fro . We call X thefunctional derivative' of S and denote
it as
=

X

(E.1 .2)
SI

X4 0

Consider, now, a functional S of the form

5 101 =

( E .1 .3)

IM 21ol

where Y is a local function of ip and a finite number of its derivatives, i .e. ,

_T I x = _T «(x), 0 41 (x), . . . , Ok 0 (x))

(E .1 .4)

Suppose that S is functionally differentiable and that the field configurations qr which
extremize S,
SS
841

=0

(E . 1 .5)

are precisely the ones which are solutions of the field equation for qi. Then S is called
an action, _T is called a Lagrangian density, and the specification of such an 2 is
what we mean by a Lagrangian formulation of the field theory .
Thus the notion of a Lagrangian formulation of a field theory is closely analogous
to that of a Lagrangian formulation in ordinary particle mechanics . In particle
mechanics one specifies an action functional of the particle path as an integral of a
Lagrangian function over the path . The variational problem analogous to (E. 1 .5) is
made precise by focusing attention on paths of finite length and extremizing the
action wih respect to path variations which keep the path endpoints fixed . By
analogy, to make our variational problem in the field case precise, we shall focus
attention on a compact region, U, of M and will consider one-parameter families bra
which keep fixed the value of qr on the boundary, U .
As a simple example, we give a Lagrangian formulation of the theory of a
Klein-Gordon scalar field 0 in Minkowski spacetime . We defin e
-TxG =

2(aa O a° O + m2 0

(E .1 .6)

1 . More general ly, if the re ex is ts a te nsor distribution X suc h that dS/dA `a=o = X[ S 41 ], we al so say
that S is functional ly differe ntiable and refer to X as the functional derivativ e of S at fro .
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(Here, the normalization of `EKG is chosen for later convenience in defining conjugate
momenta [see section E .2] .) We obtain
dSKG
dA ~

_f [d.ooda(80) + M2
A=0

= f [d.daoo - M100]&k

(E. 1 . 7)

where the natural volume element on Minkowski spacetime is understood in the
integrals, and the boundary term in the integration by parts does not contribute on
account of our boundary condition on O,,, which requires So = 0 on the boundary .
Thus, SKG is functionally differentiable and we hav e

E;G=8a8a_m2

( E .1 .8)

Consequently, equation (E . 1 .5) is just the Klein-Gordon equation (4 .2 .19), as desired . Similarly, the functio n

BEM = _ 41 Fab Fab = - aCa Ab] a [ aA b]

(E . 1 . 9 )

of the field variable AQ is a Lagrangian density for Maxwell's equations in Minkowski
spacetime . Indeed, equations (E. 1 .6) and (E .1 .9) often are taken as the starting point
for the study of Klein-Gordon and Maxwell fields : One writes down the simple and
natural scalar functions EKG or 2Fm and obtains the field equations via equation
(E .1 .5) .
For general relativity, the field variable is the spacetime metric, gab, defined on a
four-dimensional manifold, M . In this case, a slight awkwardness results from the
fact the natural volume element to use in the integrals (E .l .l) and (E.1 .3) is the
volume element End determined from g,,bvia equation (B .2 .9) . Consequently, the
volume element itself depends on the field variable, and hence its variation must be
taken into account when calculating functional derivatives . One way to handle this
situation would be to define 2 to be a totally antisymmetric four-index tensor rather
than a scalar, i .e., to incorporate the volume element into 2 . This would require us
to make a similar modification of our definition of functional derivatives . Instead we
shall follow the considerably less cumbersome procedure of introducing a fixed
volume element e,,bd = e[ab~d] on M and defining all integrals over M to be with
respect to end rather than E,,b d. One way to do this (at least over a portion of M)
would be to choose a coordinate system and take e,,Idto be the associated coordinate
volume element, but we emphasize that the introduction of a coordinate system is not
necessary . Since any two volume elements differ at each point by at most a scalar
factor, we have
End = feba

(E . 1 . 10)

In any basis where the nonvanishing components of end have the values ~-1, the
calculation which led to equation (B .2 .16) for the case of a coordinate basis and its
associated volume element shows that f = N/--g, where g denotes the determinant
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of the matrix of components, gµY, of the metric in that basis . Hence, we shall follow
the same notational convention as used for coordinate bases in section 3 .4a and
denote f as N/"---g . Given the volume element end on M, we define a tensor density
T°"' 6C • - . d to be a tensor which can be expressed in the form
7,a . . .bc

. . .d =

V -gTa

. . .6c

,

. . .d

(E .1 .11)

where t.- ' bc • • • d is a tensor whose value does not depend on the choice of eabcd. In
order that the action, S, of general relativity be independent of e abd , it is necessary
that the Lagrangian density _T be a scalar density . Similarly, in order for dS/dal to
be independent of end, the functional derivatives of S must be tensor densities .
We now shall demonstrate that-except for boundary terms to be dealt with
later-the scalar density
2G

= N/---g R

(E. i . 1 2)

is a Lagrangian density for the vacuum Einstein equation . The corresponding action
S [g ab] =

f

(E . 1 . 13)

-TGe

is known as the Halbert action. Here we have written e (using the differential forms
notation of appendix B) in order to emphasize our use of this volume element . In
addition, for convenience, we have taken the inverse metric gab as the field variable
rather than gam. For cone-parameter variation we define Sg°b to be dgab /dJl . However, in order to use without modification the results of section 7 .5 where gab was
used as the independent variable, we shall define 39a6 = dgab/dA . Thus, we warn the
reader that, since g°`gc6 = S° b, we have Sgab = -gg,,d Sg`d, i .e., in this section we
will not use the unperturbed metric to raise and lower indices of the metric perturbations . Note also that since gab and hence Sgab must be symmetric, one can add
an antisymmetric tensor to any functional derivative with respect to g ab without
affecting equation (E .1 .1). We eliminate this arbitrariness by requiring that all such
functional derivatives be symmetric .

For a one-parameter family starting from gab, we hav e
d -TG
A

= V"--g

(SRab)ga6 +

V

g Rab 3g° b

+

R3 (N/- g)

(E .1 .14)

From equation (7 .5 .14) of chapter 7, we hav e
9 °bSRa6 = D°va

(E.1 .15 )

where
V.

=

V

6(8gab) gcdva ( Sgcd)

-

(E. 1 . 1 6)

In addition, using equation (9 .3 .11), we have
1

S ~~) 2=8°b
~ SBa .
Nr- 9

gab agab

(E . 1 . 17)
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Thus we obtain

d ~= I d~G e =

J

VavaVe + J(Rab - ZRgab 8g ab~e
)

(E . 1 . 18)

The first term in equation (E .1 .18) is the integral of a divergence, 0°va, with respect
to the natural volume element E = Vr--g- e. Hence, by Stokes's theorem this integral
contributes only a boundary term . In fact, this term does not vanish for general
variations where gab is held fixed on the boundary, although it does vanish for
variations where the first derivatives of gab also are held fixed . However, in order to
simplify the discussion here, we shall ignore this contribution for the present . (At the
end of this section we shall calculate this term and show how to modify SGto cancel
its contribution .) Thus discarding the boundary term, we find

g b=
1 g (Rab- 2 Rg and}

(E .1 .19)

and equation (E . 1 .5) is seen to be equivalent to Einstein's equation in vacuum, as
desired . Thus, from the Lagrangian viewpoint, Einstein's equation arises in a very
natural way, since the Lagrangian density of equation (E .1 .12) is unquestionably one
of the simplest scalar densities which can be constructed from the spacetime metric .
It is interesting to note that instead of viewing the metric alone as the field variable
for general relativity, we could view the metric and the derivative operator Da as
independent variables . Remarkably, if we use the same Lagrangian density (E .1 .12)
but now view Rab as a function of the derivative operator alone (i .e ., independent of
g°b) and vary the Palatini action ,

c [8a6, Va] = j V-gRa68°be

(E .1 .20)

with respect to both gab and 0a, we recover Einstein's equation (E .1 .19) together with
the metric compatibility condition Dc ga6 = 0 on the derivative operator . To prove
this we begin by noting that since 0a can be expressed in terms of an arbitrary fixed
derivative operator Da and a tensor field C`ab (see section 3 .1), variation of Da is
equivalent to variation of C`a6 . In considering one parameter variations of gab and 0a,
it will be convenient to choose Da to be the derivative operator compatible with gab
at A = 0 . The key change from the previous calculation is that we must use equation
(7 .5 .10) rather than equation (7 .5 .14) to evaluate SRa6 . We find at A = 0
C =

-2

f gab

dA

0[a SC 'c]6 N'

g

B

+

J

Rah - 2 Rgab ~ Sg °b V - g

= -2 I g ° b va sc cc,b V'-g e

+

f

a6Cdabs
9

L

+ f(Rab -

C cd + C ccds C dab -

R gab g ~ e

2C dcb 3 C ,ad ]

~'

g8

e
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-

f [

+

C

bd

]

dsac + C dcga6 - 2C 6ca SC ca6 N/--g

f (Ra,

- 2 Rgab Sg a" V-9 e

e

(E .1 .21)

)

Here, the first term on the right side of the second line vanishes by Stokes's theorem,
since Da is the metric compatible derivative operator . (In this case there is no
boundary term since we require SC`s to vanish on the boundary .) The vanishing of
S WG /8C`a6 requires the term in brackets in the final equality of equation (E .1 .21) to
vanish when symmetrized over a and b, which, after some algebra, implies
C`ab = 0, i .e ., 0a = 0a . The vanishing of SWG /Sga6 yields Einstein's equation as
before .
The non-vacuum Einstein equation with matter fields such as the Klein-Gordon
scalar field or the Maxwell field also can be obtained from a Lagrangian formulation
in a very simple and natural manner . First, we must find a suitable Lagrangian
density _Tm for the matter fields in curved spacetime . In particular, for the KleinGordon field it is easily verified that functional differentiation with respect to 0 of
the action, SKG, obtained from the Lagrangian density ,

I

VI-_

a0 V

yields the Klein-Gordon equation (4 .3 .9) in curved spacetime . Similarly,
CEM -

- 4 V

g g °`BadFanFd

= -~g°c 8 'V[aAblV[ , Ad]

( E. 1 .23 )

yields Maxwell's equations in curved spacetime . To obtain the coupled Einsteinmatter field equations, we construct a (total) Lagrangian density, 2, by adding
together the Einstein Lagrangian density 2Gwith a multiple of the Lagrangian
density, 2,v, for the matter field ,

2 _

2G + aM 2M

( E. 1 . 24)

where am is a constant . Since -TGdoes not depend on the matter field, variation of
the total action, S, with respect to it will yield the same equation as variation of SM
alone . Variation of S with respect to g° b yields the equatio n

G.b = Rab - 2
1 Rgn = SIrTa6 ( E. 1 . 25 )
where the tensor T,,b is given by

am
Tab

1

5SM

8~r ~ Sga6

(E.1 .26)

For the Lagrangian densities (E .1 .22) and (E .1 .23), it is easily verified that for
appropriate choices of am, T~ agrees, respectively, with equations (4 .3 .10) and
(4 .3 . 14) . Thus, the Lagrangian density (E .1 .24) with 2M = 2xG and aKG = 16-7r
yields the coupled Einstein-Klein-Gordon equations, whereas (E . 1 .24) with
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2m = TEm and ate,,, = 4 yields the Einstein-Maxwell equations . More generally, if
one takes a Lagrangian density 2m as the starting point in the definition of a matter
field theory, then equation (E . 1 .26) may be used to define the stress-energy tensor,
Tom, of that field . If the Lagrangian density for the matter field does not depend on
the choice of derivative operator 0a, then the Einstein-matter equations also may be
derived from variation of the sum of the Palatini action and matter action .
The matter action SM must be invariant under diffeomorphisms, i .e ., if fa : M --,* M
is a one-parameter family of diffeomorphisms, we have SM[gab , 41]
Sm[fa`g"b, fA`qr], wherefA* is defined in appendix C . Hence, for such variations, we
have

o = d~~ = j g bsg~ + f s~ s

P

.

(E . 1 .27)

Recall from appendix C that for such variations, Sga6 has the general form
£„,gab = 20(°wb), where w° is an arbitrary vector field . Suppose, now, that 41 satisfies
the matter field equations . Then SSM/fi r j,# = 0 and the second term in equation
(E .1 .27) makes no contribution . Thus, using the definition (E .1 .26), we find that if
qr satisfies the matter field equations, then for all smooth wa of compact support, we
have

0

=

-

J

V

gTb v(aw6) e

f
Ta6vawb E

=

- j (0°Ta6) Wb E

(E.1 .28)

0°Tab =O

(E . 1 .29)

which implies that

Thus, for a diffeomorphism invariant action, Tab always is conserved by virtue of the
matter field equation . This reinforces the interpretation of Tab as representing the
stress-energy-momentum tensor of the matter field . Note also that by applying the
above argument to SG , it follows that (independent of any field equation) we hav e

VaGa6 = 0

(E.1 .30)

Thus, in the Lagrangian formulation of general relativity, the contracted Bianchi
identity may be viewed as a consequence of the invariance of the Hilbert action under
diffeomorphisms .
In Minkowski spacetime (R 4, 'qQ6) there exists an alternative procedure for defining
a stress-energy tensor associated with a field 0 starting from its Lagrangian _T .
Consider, for simplicity, the case where T is a local function of 77,,,b , fir, and as 41 but
no higher derivatives of 41. Then, the equation of motion for qr is

0

5S
= S~

a~

as

(E . 1 .31)

7
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Here, in the case where tp is a scalar field a .T /a(aa O) means the vector field V° which
at each point x satisfies

A
for all smooth one-parameter variations of 41 which keep fixed at x the value of all
quantities upon which T depends except da 4i . (The components of V° in a basis are
just the partial derivatives of _T with respect to the corresponding dual basis components of aa qr.) If 41 is a tensor of type (k, 1), then V° = a-T/a(aa41) will be a tensor
of type (l + 1, k), with contraction of all indices understood in equation (E .1 .32) .
Partial derivatives of 2 with respect to other tensor variables are defined similarly .
For an arbitrary smooth one-parameter family (pia, ( _qA)ab) of fields qiA and flat metrics
(71A)abs we have

5 .T

= d~ _ a~ ~~ +
a~ S(aa 41) + a~ 571.b
A a~ a (aa 41) a 77a b

(E . ~ .33)

where no boundary conditions on the varied quantities need be assumed here .
Consider, now, the variations of _T produced by a one-parameter family of diffeomorphisms generated by a vector field ~° . Then equation (E .1 .33) become s

S .T = £ex = e aa -T

= a£~~ + aka ~~ f f aa ~ + £
a f flab

(E . 1 . 34)

Now restrict attention to the case where ~° is a Killing field . Then the last term in
equation (E .1 .34) vanishes, and in the second term we have £eaa 41 = as (£~i/i) . Using
equation (E .1 .31 ) to substitute for aY/aqi, we obtai n
as

aka41) f~ ~ -

e

a~ = 0

(E. 1 . 35 )

This result is known as Noether's theorem as applied to the Poincare group of
symmetries . In particular, the validity of equation (E .1 .35) for all translational
Killing fields implies that the tensor

Sab = aka ab o - g abs

(E.1 .36)

41)

known as the canonical energy-momentum tensor, is conserved, aaS°b = 0. For the
Klein-Gordon field, we find that Sal agrees with Tab (up to a numerical factor), where
Tab is defined by equation (E. 1 .26) evaluated at Minkowski spacetime using the
curved space Lagrangian density (E. 1 .22) . However, this agreement does not occur
for higher spin fields . Indeed, in the case of a Maxwell field, Sal is not even gauge
invariant . Furthermore, in general Sab is not symmetric, nor does it naturally generalize to a conserved tensor in curved spacetime (Kuchar 1976) . Thus we adopt Tab
as our definition of the stress-energy tensor . It is the quantity which naturally appears
on the right-hand side of Einstein's equation (E .1 .25) in a Lagrangian formulation
of the Einstein-matter field equations .
We conclude this section by evaluating the boundary term occurring in the vari-
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ation (E .1 .18) of the Hilbert action when Sgab is required to vanish on the boundary
but no conditions are placed on the derivatives of Sg ' . We have

U

U

where n° is the unit normal to the boundary U (which is assumed to be non-null) and
the natural volume element on U is understood (see appendix B) . Using equation
(E.1 .16), we have on U
vana = nagl[V, (59a 0 - V.(590 1

( E. 1 . 38)

= -n a h b`Va( Sgb,)

where hab = gab ±- nanb is the induced metric on U (see chapter 10) and we have
h '0,(8g,,b) = 0 because Sgab = 0 on U . However, the right-hand side of equation
(E.1 .38) is related to the variation of the trace of the extrinsic curvature of the
boundary . We have

K = Kaa = h°bVanb

(E.1 .39)

and hence
SK = h°n (5C )bCn C
= 2

nc habg

L va(Sgcd) +

Vc (sgad)

-

= 2 n `h adVc(SSar)

Vd ( Sgac) ]

(E . 1 . 40)

Thus, under variations of the metric for which Sgab = 0 on U we obtain from
equations (E .1 .18), (E .1 .38), and (E .1 .40)
d1lG 2 rU SK + f U Gab Sg ab e
1
1

(E .1 .41)

In fact, equation (E .1 .41 ) continues to hold if we allow variations of g ab for which
only the induced metric on the boundary is held fixed, Shab = 0. This can be verified
directly or deduced from the fact that if 5hab = 0 on the boundary, we can find a
gauge transformation V(alb) with lb = 0 on the boundary which makes Sgab = 0 .
Since equation (E .1 .41) holds for all variations with Sgab = 0 on U and since all
terms in equation (E .1 .41) are invariant under such gauge transformations, this
equation must continue to hold for variations which merely satisfy Shy = 0 .
Thus, the extremization of S G with respect to variations with Sg ab = 0 or 5hab = 0
on the boundary contains an additional, unwanted term . However, this can be
remedied by modifying SG . We define

S G' =Sc+2fil K

(E. 1 .42)
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Then extremization of SG' yields the desired result since variation of the boundary
term in equation (E.1 .42) cancels the boundary term in (E .1 .41) . Thus, when
boundary terms are taken into account, S~ is the appropriate action to use for general
relativity.

E.2 Hamiltonian Formulatio n
A Lagrangian formulation of a field theory is "spacetime covariant ." One specifies
on the spacetime manifold an action functional of the field q1 whose extremization
yields the field equations . On the other hand, a Hamiltonian formulation of a field
theory requires a breakup of spacetime into space and time . Indeed, the first step in
producing a Hamiltonian formulation of a field theory consists of choosing a time
function t and a vector field to on a spacetime such that the surfaces, Y, of constant
t are spacelike Cauchy surfaces and such that ta0at = 1 . The vector field to may be
interpreted as describing the "flow of time" in the spacetime and can be used to
identify each 1, with the initial surface 1 o . In Minkowski spacetime the choice of t
and t° usually is made via a global inertial coordinate system, but in curved spacetime there may not be any preferred choice . In performing integrals of functions over
M it would be natural for most purposes to use the volume element Eab~d associated
with the spacetime metric . Similarly, in performing integrals over Y, it would be
natural in most cases to use the volume element (34,,b, = E d,,b nd, where nd is the unit
normal to 1I . However, these volume elements will, in general, be "time dependent"
in the sense that £fEab~d i6 0 and £1(3)eab, 0 0 . The use of a time-dependent volume
element on It is particularly inconvenient if we wish to identify 1, with 1 o in order
to view dynamical evolution as the change of fields on the fixed manifold 1o .
Therefore, we shall introduce a fixed volume element eab~d on M satisfying
£,e,,b,d = 0 . [One way to do this-at least locally-would be to introduce coordinates x', x 2, x 3 in addition to t such that t° = (a/ at)' and to take e to be the coordinate
volume element dt A dx' /\ dx2 A dx3.] On each fit, we define (3)eab, = edb~td .
Unless otherwise stated, all integrals over M will be performed using the volume
element eab,d and all integrals over 1, will be with respect to the volume element
( 3) e,,b,. Thus, in particular, in order that our results be independent of our choice of
e,,b,d, the Lagrangian density must be a scalar density on M and the momentum 7 r
(defined below) must be a tensor density on 1, As previously noted in our discussion
of the Einstein Lagrangian, the introduction of eab~d could be avoided by incorporating the volume element into the definition of Y , 7r, and other quantities, but we
choose not to do so since this procedure is rather cumbersome .
The next step in giving a Hamiltonian formulation is to define a configuration
space for the field by specifying what tensor field (or fields) q on 1, physically
describes the instantaneous configuration of the field 41. The space of possible
momenta of the field at a given configuration q then is taken to be the "cotangent
space," V q*, of the configuration space at q . Since the set of possible configurations
of the field is infinite-dimensional, we shall not attempt here to give a precise
definition of V . However, in the case where the allowed infinitesimal variations
(i .e ., "tangent vectors") Sq at q are represented by tensor fields on Y.t of type (k, 1),
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we shall take the space of momenta to consist of tensor fields, ~r, of type (l, k) on
~~, so that ~r maps Sq into f}~ via Sq ~ f ~~ ~rSq, where contraction of indices is
understood . A prescription must then be given for associating a momentum Tr to the
field ~r on ~~ . The final and most nontrivial step required for a HaFniltonian fot-~nulation of a field theory is the specification of a functional H[q, ~r] on fit, called the
Hamiltonian, which is of the form

H = J ~
~~

(E.2 .1)

where the Hamiltonian density ~ 'C is the local function of q, ~r and of their spatial
derivatives up to a finite order , such that the pair of equations ,
~H
q £rR ~" Sir '

SH

{E .2.2)

{E .2 .3)

is equivalent to the field equation satisfied by fir .
Given a Lagrangian formulation of a field theory, there is a standard prescription
for obtaining a Hamiltonian formulation which is closely analogous to the well
known procedure in ordinary particle mechanics . First, one takes q to be simply the
field ~i evaluated on fir. Then one views the Lagrangian density as a function of q,
its time derivatives, and its space derivatives . Assuming that ~ does not depend on
time derivatives of q higher than first order, we take the momentum, ~r, associated
with ~i on ~~ to be

~

_

a~

aQ

(E

.2 .4)

Next, we attempt to solve equation (E .2 .4) for q as a function of q and ~r. If this can
be done, we defin e

where q = q (q, ~r) is understood in this equation both in its explicit appearance and
in its implicit appearance in ~ . With this choice of ~'C, equations (E .2.2) and (E .2 .3}
are equivalent to equation {E .1 .5) . To see this, we defin e
r2

r2

t2

J = It H dt = Il dt I~f ~'C = -S + r~ dt ~~t ~rq
J

(E.2 . 6)

Then, for a smooth one-parameter variation of ~i which satisfies Sir = 0 at t = tl and
t = t2, we have

d1l - ,~t2
< dt ,~~
< Sq ~ + Sir Sir
Jr, J~,
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dt f [-*Sq

+ 45r] _ dS

46 1

(E.2.7)

'2

where an integration by parts was performed in the last line . Thus, comparing the
first and last line of this equation, we see that SS/84I = 0 if and only if equations
(E.2.2) and (E .2 .3) are satisfied . Thus, X is a Hamiltonian density for 4i.
The above procedure yields in a straightforward manner a Hamiltonian formulation of the theory of a Klein-Gordon field in Minkowski spacetime . We choose a
global inertial coordinate system to obtain t and t' and choose eab,d to be the natural
volume element e,,b .d since £Eabd = 0 . We choose q on 1, to be 0 evaluated on
and write IKG, equation (E . 1 .6), as
(E.2. 8)
where we use ordinary three-dimensional vector notation on Y, We fin d

a -TKG

(E.2.9)

a~
Hence, we define the Hamiltonian density by
X KG

~~ - YK G - 212 '+

0(~

V

'+

M202)

(E.2.10)

It then may be verified that for HKG = J Xxc, equations (E .2 .2) and (E . 2 .3) indeed
are equivalent to the Klein-Gordon equation . Note also that the numerical value of
HKGis just the total energy of the Klein-Gordon field .
For the case of the electromagnetic field in Minkowski spacetime, it is not as
straightforward to obtain a Hamiltonian formulation by this procedure . We provisionally take q to be the vector potential Aa evaluated on 2 :t and decompose it into
its normal and tangential parts,

"'A. = h a bA b

(E . 2 . 12 )

where n' is the unit normal to 1, and hab = 71ab + nano is the induced spatial metric
on 1, In ordinary three-dimensional vector notation, the Lagrangian density, equation (E.1 .9) is

(E.2. 13)
Hence the momentum conjugate to A i s
7r =A+ VV=-E

(E .2.14)

However, V does not appear in BEM, so the momentum Irv conjugate to V vanishes
identically,
IrV = 0

(E. 2. 15)
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Thus, we do not obtain an invertible relation between ir and q. Consequently, if we
define X by equation (E .2.5), we will not be able to eliminate q in favor of 1r and
q, and our general prescription for obtaining a Hamiltonian formulation breaks
down . This difficulty is directly related to the fact that there is gauge arbitrariness
in AQ, and hence we cannot expect to get deterministic dynamics for Aa of the form
However, this difficulty can be resolved by the following considerations . The fact
that Try vanishes identically suggests that we should not view V as a dynamical
variable . It suggests that we should take the configuration field q to be simply A .
Therefore, we define XEm b y
XEM

=

7r

•A -

-TEM

1 -. -~ -.
=2~r•~r+2B•B-~r• VV
2~r•~r+2B•B+ VV -

V •(VTr)

(E .2 .16)

where B = V X A . The last term on the right-hand side of equation (E .2 .16) is a
total divergence and thus contributes only a boundary term to HEM = fy, XE M which
vanishes in the limit as the boundary goes to infinity for the asymptotic conditions
usually imposed on V and r = -E . Hence we shall discard this term .
We now view HEm as a functional of A and '7r, with V effectively playing the role
of a Lagrange multiplier, i .e ., we append the equation
SHgM = 0

5V

(E.2 .17)

to the equations (E.2 .2) and (E.2.3) for A and _74T . Equation (E .2 .17) yields

whereas equations (E.2 .2) and (E .2 .3) yield, respectively ,

-~ -~
8-.-,
" _
IT--~ -~
A =SHE'
-- VV = - E - V V

(E . 2 .1 9)

5HEM

SA
Thus, we see that the system of equations (E.2.18)-(E .2 .20) is equivalent to
Maxwell's equations . Furthermore, we obtain from this formulation a natural
breakup of Maxwell's equations into the constraint (E .2 .18) and the evolution
equations (E .2 .19), (E .2 .20) . Note that, again, the numerical value of HEM for a
solution of Maxwell's equations is proportional to the total energy of the electromagnetic field .
Thus, we have obtained a Hamiltonian formulation of Maxwell's equations in
Minkowski spacetime which has the feature that a non-dynamical variable appears
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in X and effectively plays the role of a Lagrange multiplier enforcing the constraint
(E.2.17) . This type of Hamiltonian formulation is called a constrained Hamiltonian
formulation . As will be discussed further below, it can be expected to arise in any
theory where the field variables have a gauge arbitrariness .
We turn, now, to the task of obtaining a Hamiltonian formulation of Einstein's
equations . As in the previous cases, we choose a time function t and a "time flow"
vector field t' on M satisfying ta Vat = 1 . Note, however, that in this case one cannot
interpret t and t° in terms of physical measurements using clocks until one knows the
spacetime metric, which, of course, is the unknown field variable in Einstein's
equation . Given a metric gab, it is convenient to decompose to into its normal and
tangential parts with respect to the surfaces, Y, of constant t . As in chapter 10, we
define the lapse function, N, by
N = - g,,bta n b = (n a 0a t) - '

(E . 2 .21 )

and the shift vector Na by
Na = h ab l b

(E.2 .22 )

where again na is the unit normal to Y, and h,,,b = g,,b + nano is the induced spatial
metric on fit. Thus, N measures the rate of flow of proper time, z, with respect to
coordinate time, t, as one moves normally to I, whereas Na measures the amount
of "shift" tangential to 1 t contained in the time flow vector field t° (see Fig . 10.2 of
chapter 10) . In terms of N, N°, and ta, we have
N
and hence the inverse spacetime metric can be written a s
9 °b

= hab - n°nb = h ab - N-2(t° - N°){tb - N b)

(E.2 .24)

It is convenient to choose as our field variables the spatial metric, hab, the lapse
function N, and the covariant form of the shift vector, Na = habNb rather than the
inverse metric, g ab, which was used as the field variable in the previous section . The
requirements that h°`h, b be the identity operator on the tangent space to 1, and that
h'Vbt = 0 allow us to compute hab from hab and thence obtain N° = h°bNb . Thus,
from equation (E .2 .24) we see that the information contained in (hab, N, Na) is
equivalent to that contained in ga b
Again, we shall use a fixed volume element eabcd on spacetime satisfying
£,eakd = 0 and will use the volume element ( 3~eQb, = edabtd on J1. We note in
analogy with the remarks below equation (E .1 .10), we have (3) Eabc = V i2 (3) B ab, ,
where h is the determinant of the matrix of components, hµ,,, of hab in a basis where
the nonvanishing components of ( 3) eabc have the values ± 1 . It then follows that

V'-g = NVh

(E .2 .25 )

The first step in obtaining a Hamiltonian functional for general relativity is to
express the gravitational action in terms of (hab, N, Na) and their time and space
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derivatives . To simplify the discussion here, we will defer the analysis of boundary
terms until the end of this section . Thus, we start with the Hilbert action (E .1 .13)
rather than (E .1 .42) and for the present will discard the boundary terms which arise
in subsequent calculations . We express the scalar curvature, R, a s

(E .2 .26)

R = 2(Gbn°nb - Rabn°nb)
From equation (10 . 2 . 30) we have
I [(3)R -Kan an +
K
KZ]
Gann°nb = Z
2

(E .2 .27 )

where Kab is the extrinsic curvature of 1r and K = Kaa . On the other hand, from the
definition of the Riemann tensor, we have
Ran° n b = Ra,b`nanb
_na( Qa IV,

-

= K Z - Ka, Ka`

V, Va) n c

-

'Va(n°O

n ') +

Vc (n° 'Va n `)

(E .2 .28 )

The last two terms on the right-hand side of equation (E .2.28) are divergences and
thus will be discarded . Hence, from equations (E .1 .12) and (E .2 .25 )-(E.2 .28 ), we
obtain
(E .2 . 2 9)
2G = Nlh- N [ ( 3)R + Kab Ka" - KZ]
The extrinsic curvature, Kab, is related to the "time derivative,"liab = hacIlbd £thcd of h,,b by
Kab =

2

£n h ab = 2 [ncV

h ,,b + h a,Vb it c +

~ N - 1[Nn cO chab + hac Vb(Nn` ) +

j2 cb0 a 11 c3

hcbQa(Nn`)]

= 2 N- thachbdf£thcd - £Nhcd]

= ZN- ' [hab -

DaNb

- DbNa ~

(E . 2 . 30)

where Da is the derivative operator on Y., associated with hab (see chapter 10) and
equation (E .2 .23) was used to go from the second line to the third line . Thus,
substitution of equation (E.2 .30) into equation (E .2 .29) expresses the gravitational
action in the desired fonn given by Arnowitt, Deser, and Misner (1962) .
The momentum canonically conjugate to hab is
~~

=

~ ab
a~G =~K
Ahab

-

Kh a bl

(E .2 .3I)
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However, XC does not contain any time derivatives of N or Na, so their conjugate
momenta vanish identically . In analogy with the electromagnetic case, we interpret
this fact as telling us that N and Na should not be viewed as dynamical variables .
Hence, we redefine our configuration space to consist of Riemannian metrics, hab on
I, We define our Hamiltonian density b y
~v
WC, = ?T~ ab h

-TG

_h 1/ zN ( s )R + Nh - 11 2

ir

ab

Irab

-

I 7r2

2

h 1/z N _ (s )R + h- 11r` b1 b - ~{~ - 1

+ 2 7r°bDaNb

M2

_ ~b [Da(h - ' /2~` b )]

+ 2Da(h -112Nblrav)

(E.2 .32)

where ir = Iraa . Again, the last term in equation (E .2 .32) contributes only a boundary term to HG = f Wc,(3)e and will be dropped. Variation of HG with respect to N
and Na yields the equations
- (3 )R + h- 17rab i7~,b - ~h-i~a =

0

~

Da(h-i/2 7Tan ) = 0

(E.2.33)
(E.2 .34)

which, with the substitution (E.2 .31), can be recognized as the initial value constraint equations (10 .2.28) and (10 .2.30) found in chapter 10 . The dynamical equations (E .2 .2) and (E .2 .3) obtained from HG are (Arnowitt, Deser, and Misner 1962 )
h,b = S~~ = 2h- 1/2Nl grab - ZhabIr l + 2D(aNb)

(E.2 .35)

- 1 (3
Shy
~r°b = -SHE
_ -Nh 1/2 (s)Rab2
)Rhab 1
+

I
Nh- 112 han ~ 7rcd 7r cd _
2

_ 2Nh-' 1Z I

7T ac 1Tc

b

~ ~2

"- 1 1T?T ab

2

+ h 112Dc(h-11ZN' zrab) - 2 7r c(aDcNb)

(E. 2 . 36)

where, again, boundary terms have been ignored and equation (E .2 .34) was used .
Equations (E.2 .33)-(E .2 .36) are equivalent to the vacuum Einstein equation,
Rab = 0. Thus, we have succeeded in giving a constrained Hamiltonian formulation
of Einstein's equation .
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The presence of constraints in our Hamiltonian formulations of Maxwell's equations and Einstein's equations indicates that we have not isolated the "true dynamical
degrees of freedom" in our choice of configuration space . Even though we already
have eliminated V and N and Na as dynamical variables, the constraints tell us that
our phase space still is "too large ." This, in turn, is directly related to the gauge
freedom present in our configuration variables A and hab, respectively . In the Maxwell case, A and A - DX represent the same physical configuration . This suggests
that we should take our configuration space to be not simply the space of vector
potentials, A, but the space of equivalence classes, A, of vector potentials, where
two vector potentials are equivalent if they differ only by a gauge transformation .
The "cotangent space" at A then would be the space of linear functions of variations
of A which depend only on the equivalence class . Thus, the momenta would be
represented by vector fields '7r having the property tha t

(E .2 .37)
~r • [SA -- U(SX)] = r r • SA
J

However, this property holds if and only if

Thus, with our new choice of configuration space, the momentum space consists
precisely of the divergence-free vector fields on fir . But this means that the constraint
(E.2 .18) is automatically satisfied! We may drop the term V (V • ;i~) from equation
(E.2. 16) and take the Hamiltonian density to be simpl y

WEM = 2 (r • r + B • B)

(E .2 .39)

where, again, B = 0 X A . (Note that B depends only on the equivalence class o f
11
A and hence is a well defined function of A .) Hamilton'equations of motion (E. 2.2)
and (E.2.3) yield
A

= SHEM =

7r

(E.2 .40)

S 7r

SA
The equivalence classes appearing on both sides of equation (E .2 .40) can be eliminated by taking the curl of this equation . It then easily may be verified that equations
Tr are equivalent to Maxwell's equations, where
(E .2 .40) and (E .2.41) with E
=
0
follows automatically from the definition of B,
we remind the reader that V • B
whereas V • E = 0 follows automatically from our construction of the space of
momenta . Thus, by eliminating the gauge degrees of freedom in our configuration
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space by working with A rather than A, we have succeeded in giving a constraint-free
Hamiltonian formulation of Maxwell's equations .2
Similarly, in the case of Einstein's equation there is gauge arbitrariness in our
choice of configuration field hab . If 41 is any diffeomorphism of 1, then hab and ql*hab
represent the same physical configuration . This suggests that we should take the
configuration space of general relativity to be the set equivalence classes, hab, of
Riemannian metrics on Y, where two metrics are considered equivalent if they can
be carried into each other by a diffeomorphism . This configuration space is known
as superspace (Wheeler 1968) . Using superspace as the configuration space, we find
I
that for any vector field wa on Y.r the conjugate momenta r°b now must satisfy

f

,JT ab(Bhab

+

D(a Wb)) =

J

Ir

abshan ,

which implies that Tr°b automatically satisfie s
Da (h-i 1z 1r an) = 0

(E . 2 . 42)

(E . 2 . 43)

Thus, the constraint (E .2 .34) is eliminated by the choice of superspace as the
configuration space .
However, the constraint (E .2 .33) remains . This constraint may be viewed as
resulting from the gauge arbitrariness involved in the choice of how to "slice"
spacetime into space and time . It is very closely analogous to the constraint which
arises when one "parameterizes" an originally unconstrained theory in a fixed,
background spacetime, i .e ., when one introduces into the Lagrangian a time
function-which defines the choice of hypersurfaces, Y „ with respect to a reference
surface I-and treats this time function as a dynamical variable (Kuchai 1973,
1981) . In the case of such parameterized theories, the constraint analogous to
(E .2 .33) is linear in the momentum conjugate to the time function . One then can
2 . The relation between the constraint V • E = 0 and the gauge transformations AAA - DX can be
obtained more systematically as follows . Given a function f on phase space, we may associate with it
a vector field V on phase space by the requirement that for any function g on phase space, we have
V(g) = { f, g}, where the Poisson bracket If, g} is defined b y

Sf Sg _ Sg Sf

ffg}= j~ sys 7r

sys ~

(We have not defined infinite - dimensional manifolds here or vector field s on them, so these remarks
are intended only as heuristi c . ) One may verify directly that the vector field V associated i n this manner
with the "constraint function" f = 12t XE (where X is an arbitrary funct i on on Y. ,) is just
the infinite s imal generator of the one-parameter family of transformations on phase sp ace as sociated
with the gauge tran sformations A - A - DX . 'T `hus , in thi s sense, in electro magneti sm , the constrain :
"generates" the gauge transformations . By restricting to the " constraint submanifold" V • E = 0 and to
the space of orbits of V on this submanifold , we obtain a con si s tent, constraint- free Hamiltonian
formulation on a " reduced phase space ." Similarly , in the gravitational case , the vector field associated
with the constraint function 2h "z ~,5 D„(h `~Z 7r °b ) , where 6" is an arbi trary vector field on 1 , , generates
the one- parameter family of diffeomorphisms on Y., a s sociated with f° . Thus, one is led to choose as the
new configuration space the met ri cs on E , modulo diffeomorphisms (or , more precisely, modulo diffeomorphisms which can be continuously deformed t o the identity ; see Friedman and Sorkin 1980) .
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"deparameterize" the theory by solving the constraint for this momentum . However,
in the case of Einstein's equation, the constraint (E .2 .33) is quadratic in the momentum, and a similar deparameterization does not appear to be possible . Thus, it does
not appear possible to find a choice of configuration space for general relativity such
that only the "true dynamical degrees of freedom" are present in its phase space . The
presence of the constraint (E .2 .33) appears to be an unavoidable feature of the
Hamiltonian formulation of general relativity . This provides a serious obstacle to the
formulation of a quantum theory of gravitation by the canonical quantization approach (see chapter 14) .
Finally, we return to the issue of boundary terms in the Hamiltonian formulation .
Consider, first, the case of a closed universe, i .e., M = R X Y. , where I is compact .
Consider the region, U, of M bounded by two constant time hypersurfaces 11 and
12 . Then the modified gravitational action SG, equation (E . 1 .42), will receive boundary contributions from E, and 12 . However, these boundary terms will be canceled
by the contributions of the third term on the right-hand side of equation (E .2 .28) .
Note that the fourth term in equation (E .2 .28) yields no boundary contributions since
n° Van` is orthogonal to the normal, n`, to 11 and XZ . In addition, the last term in
equation (E .2 .32) makes no contribution since there is no spatial boundary . Thus,
in the case of a closed universe, our final answer for HG is unchanged when all
boundary terms are reinserted . Note that because of equations (E.2 .33) and (E .2 .34),
the numerical value of HGvanishes for every solution . This suggests that we should
define the total energy of a closed universe to be zero . In other words, it suggests
that there does not exist a nontrivial notion of total energy in a closed universe .
However, this argument is not conclusive, since one always can "parameterize" a
theory in the manner mentioned above so as to make its Hamiltonian vanish . If
general relativity could be "deparameterized," a notion of total energy in a closed
universe could well emerge .
Consider, now, the case of asymptotically flat spacetimes . Again, consider a
region of M bounded by two hypersurfaces 11 and 12 . As before, we wish to consider
metric variations for which hab is held fixed on ,% 1 and 12, but now the most natural
spatial boundary condition is that the variations preserve asymptotic flatness rather
than that the induced metric be held fixed on a distant spatial boundary . This new
boundary condition requires the addition of further boundary terms into the gravitational action (E. 1 .42) . Furthermore, the boundary terms3 from equations (E .2.28)
and (E .2.32) now will contribute to HG . Instead of keeping careful account of all
these terms, we shall proceed by calculating the boundary terms arising from variations of HG and then modifying HG to get rid of these terms . Introduce on 1,
asymptotic Cartesian coordinates as described in problem 2 of chapter 11 . We
consider the case where to asymptotically becomes a time translation at spatial
infinity, i .e ., we take N --> 1 and Na ---> 0 as r -> oc. Let S denote a coordinate sphere
of radius r . Then, only the term -h112N(3)R in equation (E .2.32) produces a non3 . To avoid confusion, we remaind the reader that in equation (E . 1 .42) K is the trace of the extrinsic
curvature of the boundary, whereas in equation (E .2 .28) Kb is the extrinsic curvature of 1' .
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vanishing boundary term on S in the limit r --> oo when HG is varied . But the
calculation of this term is the three-dimensional analog of the calculation of the
boundary term in the gravitational action given at the end of the previous section,
except that we no longer require the metric to be held fixed at S . Thus, using equation
(7 .5 .14) (or, even better, using the three-dimensional analog of the first line of eq .
[E.1 .38]) we find that for a one-parameter variation of hab and Trab which preserves
asymptotic flatness, we have (Regge and Teitelboim 1974)
dHG= fI A
an_8h~
]
~ An STr
B ab
A
t

- SC

(E .2.44)

Here Aab and B`~ are given by the right-hand sides of equations (E .2.35) and
(E.2 .36), respectively, and the boundary term SC is given b y

SC = lim
(rah"`[Dc(Shb) - Da(8hb)]
r

(E .2 .45)

`-'°° 1s

where r° is the unit normal to S and the natural volume element on S is understood .
We can rewrite SC in coordinate component form a s

SC = lim
v

1

L

h_ a8h
(

!~x

r

C~C

Jim Js
ax " dxrµ

(E .2 .46)

where we have discarded terms which do not contribute in the limit as r -> 00 . Thus,
in order to get a Hamiltonian whose variation produces no boundary terms from
spatial infinity, we define a new gravitational Hamiltonian H~ b y

where a is the term inside the braces in equation (E .2 .46) . The right-hand sides of
equations (E .2.35) and (E .2 .36) then truly are the functional derivatives of HG with
respect to hnb and Tr°b for variations which preserve asymptotic flatness .
The numerical value of HG for a solution of Einstein's equation is just a . This
suggests that a should be interpreted as proportional to the total energy of an
asymptotically flat spacetime . This provides the motive for the definition given in
chapter 11, equation (11 .2 .14) . (The constant of proportionality between a and
energy can be determined by evaluating a for the Schwarzschild solution .) Similarly,
the definition of total momentum, equation (11 .2.15), can be motivated by examining the boundary terms in HG which occur when we take N --)' 0 and require Na to
go to a translation as r ---> oo . Indeed, a notion of angular momentum (see problem
6 of chapter 11) arises from consideration of more general asymptotic behavior of
the lapse and shift (Regge and Teitelboim 1974) .

APPENDIX F

UNITS AND DIMENSION S

Geometrized Units
In this book, we have used "geometrized units," where the gravitational constant
G, and speed of light c, are set equal to one . All quantities which in ordinary units
have dimension expressible in terms of length L, time T, and mass M, are given the
dimension of a power of length in geometrized units . Since G = c = 1, all factors
involving G and c may be omitted from formulas, and, indeed this is why it is
convenient to use geometrized units in general relativity . However, if one wishes to
evaluate quantities in ordinary, "nongeometrized" units, the factors of G and c must
be reinserted . This is easily done as follows .
In "nongeometrized" units, the dimension of c is L/T and the dimension of G/c2
is L/M. Hence, the "conversion factor" relative to geometrized units for a quantity
with dimension of time is c, while the conversion factor for a quantity with dimension of mass is G/c2 . More generally, a quantity with dimension L"T'MP in ordinary
units has dimension L n+m+p in geometrized units and the conversion factor is
c'(G/c2)P. The dimensions and conversion factors for some frequently encountered
quantities are given in Table F . 1 .
In order to convert a formula written in geometrized units to one which is valid
in nongeometrized units, one first must identify the nongeometrized dimension of all
quantities appearing in the equation . Then one simply obtains the conversion factor
for each quantity from Table F .1 or computes it by the above formula . If one then
multiplies each quantity appearing in the equation by its conversion factor, the
resulting equation will be valid in nongeometrized units .
Planck Units
For calculations involving quantum effects in general relativity, it is natural to
employ Planck units where h is set equal to 1 in addition to G = c = 1 . In Planck
units, all quantities which in ordinary units have dimension expressible in terms of
L, T, and M now become dimensionless . In particular, all lengths are expressed as
dimensionless multiples of the Planck length, lp = (Gh/c3) I ll . To convert a formula
valid in Planck units to one valid in ordinary units, we simply identify the nongeometrized dimension of all quantities appearing in the equation . Then we multiply
each such quantity by its conversion factor, which equals its conversion factor fo r
470
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Tab le F . 1
CONVERS ION FACTORS TO G EOMETRIZED UNITS

Quantit y
Acceleration

N ongeom etrize d G eometrized Conversion
Dimension
D imensio n Factor
LT_'

L-1
2

c-Z

Angular momentum

Lz T- 'M

Electric charge (cgs)

L 3 / z T-i M i / z

L

G' iz/cZ

L 2 T -zM

L

G /c 4

L -` T -2 M

L-z

G / c°

1

G / c°

Energ y
Energy density

LT

Force

-2 M

L

G /c '

Length

L

L

1

Mass

M

G/c Z

L - 'M

L
L -Z

L - 'T -'M

L -Z

G/c°

T

L

C

LT -'

1

C_

Mass densit y
Pressure
Time
Velocity

G/c2

geometrized units divided by lP, where L" is the geometrized dimension of th e
quantity .
In Pl anck units, the fundamental scales of length, time, mass, and other quant ities
(with respect to which all physical quantities are expressed as dimensionless ratios)
are just the inverses of the above conversion factors . For the convenience of the
reader, we list some of these fundamental scales below , together with their values
in cgs units, calculated using the values c = 3 . 00 X 1010 cm s - ' , G = 6 .67 X
10-8 cm3 g -1 s -z, and -h = 1 .05 x 10 - 27 erg - sec.
length :
time :

!P = (Gh/c3) 1/2 -= 1 .6 X 10-33 cm,
tP = !P/c - 5 .4 X 10- 4 ° s ,

mass :

mp = IPCZ/G = 2 .2 x 10°5 g ,

energy:
EP = lPC°/G -~ 2 .0 X 1016 ergs = 1 .3 x 10 1 9 GeV,
mass density : PP = lPZCZ/G ~ 5 .2 x 109 3 g cm-3 ,
temperature : TP = EP/k = IPC°/Gk -= 1 .4 x I032 K .
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Chronological future, 190
Circular orbits : of Kerr, 320-321 ; of
Schwarzschild, 140-142
Closed set, 424
Closed universe, 95 ; evidence for or
against, 113-11 6
Closure of set, 424
Commutation relations in tetral approach,
51
Commutator, 18, 31, 440
Compact set, 424-126
Complex conjugate space, 347
Components of tensors, 21
Conformal invariance, 447-449
Conformal Killing vector, 443-444
Conformal (Weyl) tensor, 40 ; behavior
under conformal transformations, 447 ;
principal null directions of, 179, 187,
223n, 37 4
Conformal transformations, 445-449
Congruence, 216-21 7
Conjugate points, 223-233
Connected set, 424
Connection, 34-35
Connection 1-forms, 5 0
Conservation of energy, 63, 69-70, 70n,
292-29 4
Constant curvature spaces, 94-95
Constraint equations : in electromagnetism,
253, 254, 268, 462, 466 ; in general
relativity, 259, 265, 266, 465,
467-468
Continuous function, 424
Continuous timelike or causal curve,
192-193
Contraction, 20
Contravariant vector, 2 1
Convergence, 426 ; of sequence of curves,
193 . See also Expansion
Convex normal neighborhood, 191
Coordinate basis, 16, 47-49
Coordinate systems, 12 ; Gaussian normal
(synchronous), 42 ; harmonic, 260;
Riemannian normal, 42

Cosmic censor conjecture, 302-305
Cosmic microwave radiation, 111- 1 12
Cosmological constant, 99
Cosmological redshift, 101-104, 116
Cotangent vectors, 2 1
Countability properties, 426
Covariant derivative, 30-31 ; metric
compatible, 35-36
Covariant quantization, 383-384
Covariant vector, 2 1
Creation operator, 394
Creation of particles, 395-397, 399-406
Cross section, 364
Curvature, 36-41 ; conformal transformation
behavior, 446-447 ; Einstein tensor,
40-41 ; extrinsic, 230, 256, 464 ;
methods for calculating, 47-53 ; Ricci
tensor, 40; Riemann tensor, 37; scalar
curvature, 40; spinor analysis of,
370-374 ; Weyl tensor, 40
Curve, 17; null, 44 ; spacelike, 44 ; timelike,
44
Cygnus X-1, 307
de Sitter spacetime, 116
Deceleration parameter, 113
Decoupling of matter and radiation, 111,
11 2
Degeneracy pressure : electron, 132 ;
neutron, 134
Degrees of freedom : of gravitational field,
265-266 ; of particle systems, 245
Density matrix, 402 ; production of durin g
black hole evaporation, 414
Derivative operator (covariant derivative),
30-31 ; metric compatible, 35-36 ; on
spinors, 369
Deuterium synthesis, 111, 115-116
Deviation vector, 46
Diffeormorphism, 14, 438-439 ;
one-parameter group of, 18
Differential form, 26, 428-429
Dirac equation, 359, 375, 377
Direction-dependent limit, 277
Domain of dependence, 200-201
Dominant energy condition, 219
Dragging of inertial frames, 89, 187, 319
Dual of a differential form, 8 8
Dual vector, 19
Duality rotation, 89
Eddington-Finkelstein coordinates, 153n
Edge, 200
Einstein static universe, 116, 273
Einstein tensor, 40-41

Index
Einstein's equation, 72-7 3 ; Hamiltonian
formulation of, 463-465, 467-469 ;
initial value formulation of, 255-267 ;
Lagrangian formulation of, 453-456,
457-459 ; linearized, 185-186 ;
reduced, 261 ; semiclassical, 410-41 1
Electromagnetic field, 64, 70 . See also
Maxwell's equation s
Embedded submanifold, 431
Endpoint of curve, 193
Energy, 84, 285-295, 468-469 ; ADM,
293, 469 ; Bondi, 291-292 ;
conservation of, 63, 69-70, 70n,
292-294 ; extraction from black holes,
324-330, 338 ; of gravitational
radiation, 84-88, 292 ; of particle, 61,
69, 139 ; positivity of, 294-29 5
Energy conditions : dominant, 219 ; strong,
219 ; weak, 219, 219n
Energy-momentum 4-vector, 61, 69 ; ADM,
293
Entropy of black hole, 418
Equations of motion, 73-74, 78
Equations of structure, 52
Equivalence principle, 8, 66-67
Ergosphere, 319, 323, 324-325
Euclidean section, 386, 407-409
Evaporation of black holes, 412-414
Event, 4
Event horizon, 300, 311-312 ; angular
velocity of, 320, 331 ; surface gravity
of, 330-334
Expansion : of null geodesics, 222 ; of
timelike geodesics, 217
Expansion of universe, 98-100
Exponential map, 42
Extendibility of curves, 193
Extensions of spacetimes, 215 ; Kerr,
315-318 ; Schwarzschild, 148-157
Extrinsic curvature, 175-176, 230, 256,
464

Factor group, 368n
Feynman propagator, 398-399, 407-409
Fiber bundle : associated, 363 ; bundle of
bases, 361-362 ; cross sections of, 364 ;
principal, 361 ; spinor bundle,
365-366; tangent bundle, 364
Four-velocity, 61, 68
Frequency, 65-66
Friedmann universe, 101
Frobenius's theorem, 434-436
Functional derivative, 451
Fundamental group, 345
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Future : causal, 190; chronological, 190
Future directed : curve, 190 ; vector, 189
Gauge freedom, 260, 438, 467n ; for
perturbations, 75, 80, 185-186, 44 1
Gauss-Codacci relations, 258
Gaussian normal coordinates, 42
Gauss's law, 89, 433-434
General covariance, 57-58, 60
Generalized second law, 417-418
Generation of solutions, 180-18 2
Generic condition : null, 232 ; timelike, 227
Geodesic derivation equation, 46-47
Geodesic hypothesis, 67, 73-74
Geodesics, 41-47 ; conjugate points ,
223-233 ; extremal properties of,
44-45, 227-229 ; incompleteness, 215 ;
of Kerr spacetime, 320-321 ; null
congruences, 221-223 ; of
Schwarzschild spacetime, 136-148 ;
timelike congruences, 217-22 1
Geometrical optics approximation, 71,
404-405
Geometrized units, 470-471
Global inertial coordinates, 6
Global time function, 198, 209
Globally hyperbolic spacetime, 201
Goldberg-Sachs theorem, 223n
Gravitational collapse, 134-135, 155-157,
305-306
Gravitational radiation, 78-88 ; detection
methods, 81-82, 88 ; energy carried by,
83-88, 292 ; limit for black hole
collision, 327 ; production in linearized
gravity, 82-8 3
Gravitational redshift, 136-138
Graviton, 41 1
Group, 168 ; representation of, 34 4
Hamiltonian formulation of field theories,
459-469; electromagnetic field,
461-463, 466-467 ; general relativity,
463-465, 467-469 ; Klein-Gordon
field, 46 1
Harmonic coordinates, 260
Harmonic function, 53
Hartle-Hawking vacuum, 409
Hausdorff space, 424
Hawking radiation (particle creation by
black holes), 399-416
Heine-Borel theorem, 425
Helium synthesis : in early universe, 111 ; in
stars, 13 5
Hilbert action, 453-454, 457-459
Hilbert space, 390

488 Inde x
Homeomorphism , 424 Komar mass , 289
Kruskal extension, 148-157
Homogeneity of universe , 92 , 106- 107 ,
11 2
Lagrangian formulations, 450-459 ;
Homogeneous cosmologies, 168-179
Homomorphism, 344
electromagnetic field, 452 ; general
relativity, 453-456, 457-459 ;
Homotopic, 344
Klein-Gordon field, 451-45 2
Horizon : apparent, 311 ; Cauchy, 203, 204 ;
Landau-Lifshitz pseudotensor, 85, 292
event, 300, 311-312 ; particle, 1(}4-107
Lapse function, 255, 46 3
Hobble's constant, 98, 11 4
Left action, 360
Hubby's law, 98, 104, 114
Left invariant, 169
Hydrostatic equilibrium equation, 127
Left translation, 169
Hyperbolic equation, 250 ; system, 251
Length of curve, 43-44
5
Hyperboloid geometry, 9
Lense-Thirring effect, 89
Hypersurface, 43 1
Lie algebra, 170
Hypersurface orthogonality, 436, 44 3
Lie derivative, 439-441
Immersed submanifold, 431
Lie group, 168-169
Light bending, 143-146
Incompressible fluid stars, 128-129
Light cone, 189
Index notation, 23-26
Limit curve, 194
Inertial observers (special relativity), 6
Limit of sequence, 42 6
Inflationary universe, 107, 10 9
Linearization stability, 184, 186-187
Initial data set, 256, 264, 266
Initial value constraints : in
Linearized Einstein equation, 185-186
Linearized gravity, 74-88
electromagnetism, 253, 254 ; in general
LMC X-3, 30 7
relativity, 259, 265, 266
Locally nonrotating observers, 187, 319
Initial value formulation, 243-268 ; of
Lorentz force law, 6 9
Einstein's equation, 255-267 ; of
Lorentz transformation, 6, 350-352
Klein-Gordon field, 245-252 ; of
Maxwell field, 252-254, 267-268
Lorentzian metric, 2 3
Inner horizon, 316-31 8
Integral curve, 1 8
M87, 30 7
Integration on manifolds, 429-434
Mach's principle, 9, 71, 89, 187, 319
Interior of set, 424
Manifold, 12 ; with boundary, 431
Marginally trapped surface, 310
Irreducible mass, 326-327
Mass, 285-295 ; ADM, 293 ; Bondi ,
Isometry, 438 ; conformal, 443
291-292 ; formula for black holes,
Isotropic radial coordinate, 15 7
92-93,
106-107,
11
2
334-336; Komar, 289 ; positivity of,
Isotropy of universe,
294-295 ; of Schwarzschild solution,
124, 140 ; of spherical star, 126, 296 .
Jacobi fie ld, 223
See also Energy
Jacobi iden t ity, 27, 169-17 0
Mass density of universe, 114-115
Mass limits on spherical stars, 129-135
Kasner solutions, 176-17 9
Ken black holes, 312-324 ; particle creation
Matter dominated era, 11 2
Maximal Cauchy development, 264
near, 406-407
Killing tensor, 444 ; of Ken solution, 321
Maximum length curves, 233-237
Maxwell's equations, 70, 89, 376 ;
Killing vector field, 441-443 ; conformal,
conformal invariance of, 448 ;
443-444
Hamiltonian formulation of, 461-463,
Klein paradox, 330
Klein-Gordon field, 63, 70 ; behavior under
466-467; initial value formulation of,
conformal transformations, 447-448 ;
252-254, 267-268 ; Lagrangian
Hamiltonian formulation, 461 ; initial
formulation of, 452
Metric, 22 ; of spacetime, 59
value formulation, 245-252 ;
Lagrangian formulation, 451-452 ;
Microwave background, 111-112
Minimal substitution, 68, 70, 71
quantum theory of, 392-399

Index 48 9
Mobius strip, 363
Moment of time symmetry, 265
Momentum : ADM formula, 293 ; conjugate
momentum of fields, 459-460, 461,
464, 466, 467 . See also
Stress-energy-momentum tensor
Multipole moments, 270
Naked singularity, 301, 302-305, 315
Neutrinos, 110 ; cosmological limits o n
mass, 112 ; cosmological limits on
number of species, 113 ; neutrino
equation, 359
Neutron star, 134
Newman-Penrose approach, 52, 372-373
Newtonian limit, 76-78, 12 7
Noether's theorem, 457
Normal neighborhood, 42, 191
Normal subgroup, 368n
Null cone, 189n
Null curve, 44
Null flag, 352, 354-355
Null hypersurface, 42, 65, 65n
Null infinity, 273, 276, 282
Null tetrad, 52, 37 3
Open set, 423
Open universe, 95 ; evidence for or against,
113-11 6
Orbit, 18, 360-361
Ordinary derivative, 32
Orientation : of a manifold, 429 ; of space,
60, 6(}n ; of time, 60, 189
Orthonormal basis (tetrad), 23, 49-53
Outer product, 2 1
Outer trapped surface, 31 0
Palatini action, 454-455
Paracompact space, 426-427
Parallel transport, 34
Parallelizability, 364
Parameterized field theory, 467-468
Particle horizons, 104-107
Particles in quantum theory : definition of,
392, 397-399, 414-416 ; creation of,
395-397, 399-406
Partition of unity, 42 7
Path integral quantization, 385-387
Pauli spin matrices, 35 1
Peeling property, 28 5
Penrose process, 324-326, 327
Perfect fluid, 62, 6 9
Perihelion precession, 142-143
Perturbations, 183-187

Planck length, 378
Planck units, 470-47 1
Poincare group, 283-285, 343-346,
353-354 ; representations of, 357-359
Poincare lemma, 42 9
Poisson bracket, 467n
Positive action theorem, 387n
Positive frequency, 392, 397-399 ,
401-403, 41 5
Precession of elliptical orbits, 142-143
Primordial black hole, 306, 307-308, 413
Principal null directions, 179, 187, 223n,
374 ; of Kerr metric, 31 3
Principal spinor, 374
Proper time, 44
Pseudotensor, 29 2
"Pull back" of map, 437-438
Pulsars, 135, 305 ; binary pulsar, 88
Quadrupole radiation approximation, 82-83,
86-8 8
Quantum effects, 378-420 ; accelerating
particle detectors, 414-416 ;
back-reaction, 409-414 ; particle
creation by black holes, 399-416 ;
quantum fields in curved spacetime,
389-399 ; quantum gravity, 380-38 9
Quasilinear equations, 25 1
Radial coordinate : isotropic, 157 ;
Schwarzschild, 120 ; tortoise, 15 2
Radiation dominated era, 107-112
Radiation gauge, 80-81
Raychaudhuri equation, 218
Recombination, 111, 11 2
Redshift : cosmological, 101-104, 116 ;
gravitational, 136-13 8
Redshift factor, 104, 138
Reduced Einstein equation, 261
Regge-Wheeler coordinate, 152
Reissner-Nordstrom solution, 158, 313 ,
317-318, 338
Renormalizability, 381, 383-384, 388, 410
Representation, 344 ; irreducibility, 357
Ricci rotation coefficients, 5 0
Ricci tensor, 40 ; behavior under conformal
transformations, 44 6
Riemann tensor, 37, 39-40 ; behavior under
conformal transformations, 446 ;
methods for calculating, 47-53 ; spinor
decomposition, 370-37 1
Riemannian metric, 23
Riemannian normal coordinates, 42
Riesz lemma, 390-391

490 Index
Right translation, 170
Rindler spacetime, 149-152 ; quantization
in, 414-41 6
Robertson-Walker model, 95-96

Scalar curvature, 40 ; behavior under
conformal transformations, 446
Schwarzschild interior solution, 128-129
Schwarzschild radial coordinate, 120
Schwarzschild radius, 124-125
Schwarzschild solution, 118-158 ; derivation ,
119-125 ; Euclidean, 407-409 ;
geodesics of, 136-148 ; Kruskal
extension, 148-157 ; particle creation
near, 399-41 6
Shear of geodesics : null, 222 ; timelike, 217
Shift vector, 255, 463
Signature of metric, 23
Simple tensor, 21, 21n
Simply connected, 344
Simultaneity, 4- 6
Singular boundaries, 213-21 4
Singularities, 211-242 ; definition, 212-216 ;
big bang, 99, 109 ; conical, 214 ; in
gravitational collapse, 239-241,
301-305 ; in Kerr solutions, 314-315 ;
naked, 301 ; in Schwarzschild solution,
152-157 ; theorems on, 237-241 ; in
universe, 99, 237-238, 240-24 1
SL(2,C), 348 ; relation to Lorentz group,
349-352
Slice, 200
S-matrix, 395-39 6
Smoothness: of maps between manifolds,
14 ; of tensor fields, 22 ; of vector
fields, 1 7
Sobolev norm, 249
Spacelike curve, 44
Spacetime interval (special relativity), 7
Spacetime metric, 5 9
Spatial infinity, 273, 276, 28 1
Special covariance, 58-59, 60, 342-343
Spherical symmetry, 12 0
Spi group, 285
Spin, 357 ; equations for spin-s fields,
358-359, 374-375 ; linearized gravity
as a spin-2 field, 75-76, 377
Spin coefficients, 52, 372
Spinor space, 347
Spinors, 34(}-377 ; bundle of, 365-366 ;
curvature expressed in terms of,
370-374 ; derivative of, 356, 369 ;
Dirac spinor, 359, 367n ; relation to
vectors, 353-354, 367

Spin-spin force, 338
Stable causality, 198
Static spacetimes, 119-120
Stationary, axisymmetric solutions,
162-168, 18 2
Stationary spacetimes, 119
Stokes's theorem, 432, 433-434
Stress-energy-momentum tensor (stres s
tensor), 61-62, 69, 455-456 ;
canonical, 457 ; energy conditions on,
219 ; of Klein-Gordon field, 70 ; of
Maxwell field, 70 ; of perfect fluid, 69 ;
of quantum fields, 409-412, 420
Stress tensor, 1 9
Strong asymptotic predictability, 299
Strong causality, 196
Strong energy condition, 219
Structure constant tensor, 169
Supergravity, 38 8

Supernova, 135, 305
Superradiant scattering, 327-330, 399-400
Superspace, 46 7
Supertranslations, 284
Surface gravity, 330-334
Symmetrization of tensors, 2 6
Synchronous (Gaussian normal) coordinates,
42
Tangent bundle, 364
Tangent vector, 15 ; classification into
timelike, spacelike, and null, 44 ; field,
17
Tensor, 20 ; field, 22 ; transformation law,
22
Tensor density, 453
Tetrad, 4 9
Teukolsky equations, 32 2
Thermal emission by black holes, 406
Thermalization in early universe, 108-109
Thermodynamic laws for black holes ,
330-337, 416-418
Tidal friction, 323 n
Time delay effect, 146-148
Time orientable, 189
Timelike curve, 44, 190, 192-193
Timelike infinity, 273
Tolman-Oppenheimer-Volkoff equation, 127
Topological spaces, 423-427
Torsion tensor, 31n, 53
Tortoise coordinate, 152
Transverse traceless gauge, 186
Trapped region, 310-31 1
Trapped surface, 239, 240, 3(}9-310 ;
marginally trapped, 310 ; outer trapped,
310, 311

Index 49 1
Twist : of null geodesic congruence, 222 ; of
timelike geodesic congruence, 217 ; of
vector field, 163, 18 1
Twistor, 387-38 8
Tychonoff theorem, 425-42 6
Uniform density stars, 128-129
Universal covering group, 345
Universal covering manifold, 345
Universal enveloping algebra, 357n
Universe : age of, 115 ; dynamics of ,
96-101 ; evolution of, 107-116 ; mass
density of, 114-115

Vector transformation law, 17
Viri al theorem , 296
Volume element , 432-43 4
Weak asymptotic simplicity, 282
Weak energy condition, 219, 219n
Weyl solutions, 167-16 8
Weyl spinor, 371, 373-374
Weyl tensor, 40 ; behavior under conformal
transformations, 447 ; principal null
directions of, 179, 187, 223n, 374
White dwarf, 132-13 3

White hole, 155, 300n

Vacuum state, 393, 4(}9, 414-416 X-ray sources, binary, 307
Vector, 15 ; dual vector, 19; vector field, 1 7
Vector potential, 64, 70-71 Zorn's lemma, 263

